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a b s t r a c t

We develop a meshless numerical procedure to simulate the groundwater equation
(GWE). The used technique is based on the interpolating element free Galerkin (IEFG)
method. The interpolating moving least squares (IMLS) approximation produces a set
of functions such that they are well-known as ‘‘shape functions’’. The IEFG technique
employs the shape functions of IMLS approximation. The shape functions of IMLS ap-
proximation vanish on the boundary and also they satisfy the property of the Kronecker
Delta function. Thus, Dirichlet boundary conditions can be exactly imposed. In this paper,
we check the unconditional stability and convergence of the proposed numerical scheme
based on the energy method. The numerical results confirm the theoretical analysis.

© 2019 Elsevier B.V. All rights reserved.

1. Introduction

The EFG technique was introduced by Belytschko [1–3]. The EFG and IEFG techniques and also their modifications as
two numerical procedures have been used for solving different linear and non-linear PDEs. For example the interpolating
EFG technique is based on the interpolating moving least squares approximation. The IMLS was developed by Lancaster
and Salkauskas [4]. Authors of [5] proposed a simple way to construct the shape function of interpolating MLS. Also,
they proposed an improved boundary element-free method (IBEFM) for solving two-dimensional potential problems [5].
Furthermore, the main aim of [6] is the use of the revised interpolating MLS shape functions in the boundary element
procedure to simulate 2D elasticity models. The main purpose of [7,8] is to propound an improved IMLS for solving 2D
elasticity and potential problems. Authors of [9] developed an error estimation for the IMLS that is presented by Lancaster
and Salkauskas [4]. The error estimate of the approximation function and its first and second order derivatives of the IMLS
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method are developed in [10] based on the n-dimensional space. Authors of [11] proposed a new method for deriving
the IMLS approximation and they developed the complex variable MLS (CVMLS) approximation with error estimate.

Authors of [12] employed the IMLS method to present a novel IEFG method for solving two-dimensional elastoplasticity
models. The IMLS approximation in the complex sense was developed in [13] to simulate the temperature field problems.
Furthermore, the IMLS technique has been used in [14] to solve nonlinear elastic models. The main target of [15] is to
expand a new meshless technique using the boundary integral equation for solving 2D elastodynamic models. The main
target of [16] is to explain the complex variable reproducing kernel particle method (CVRKPM) for solving the bending
problems of isotropic thin plates on elastic foundations. In [17], the authors presented the dimension split element-free
Galerkin (DSEFG) method for three-dimensional potential problems. The moving Kriging element-free Galerkin method
has been combined in [18] with the variational multiscale algorithm to obtain acceptable and high-resolution solutions.
The proposed technique in [18] is tested for some PDEs with discontinuous solution such as Burgers, Sods shock tube,
advection-reaction-diffusion, Kuramoto-Sivashinsky, Boussinesq and shallow water equations.

The main aim of [19] is to propose the interpolating moving least-squares (IMLS) method based on a nonsingular
weight function to obtain the approximation function then the improved element-free Galerkin (IEFG) method based
on a nonsingular weight function for solving elastic large deformation problems is presented. The interpolating moving
least-squares (IMLS) method based on a nonsingular weight function is proposed in [20] to construct the approximation
function to simulate the problem of inhomogeneous swelling of polymer gels. Authors of [21] developed the interpolating
EFG method based on a nonsingular weight function for solving elastoplastic large deformation problems.

Interpolating EFG method has been constructed by many researchers such as 2D elastoplasticity problems [12,22], 2D
potential problems [23,24], 2D large deformation problems [25], 2D transient heat conduction problems [26], incom-
pressible Navier–Stokes equation [27,28], 2D Schrödinger equation [29], biological populations [30], two-dimensional
large deformation of inhomogeneous swelling of gels [31], etc. Authors of [32] analyzed properties, stability and error
of the MLS approximation and also to overcome the inherent instability, a stabilized approximation is developed and
analyzed. The main aim of [33] is to develop the interpolating stabilized EFG method for solving a neutral delay PDE
with fractional derivative in terms of Caputo fractional derivatives. Authors of [34] proposed a new numerical method
based on the interpolating element free Galerkin method for solving a class of wave models, i.e., the Korteweg–de Vries–
Rosenau-regularized long-wave equation with application in plasma physics. Error analysis and numerical simulation
of magnetohydrodynamics (MHD) equation based on the interpolating element free Galerkin method are developed
in [35]. The main aim of [36] is to propose a new truly meshless numerical technique based on the interpolating
MLS approximation to solve the one-and two-dimensional elliptic interface problems. The two-grid procedure has been
combined in [37] with the interpolating element free Galerkin method for solving nonlinear Rosenau-regularized long
wave (RRLW) equation with error analysis. Authors of [38] applied a finite element scheme and interpolating element
free Galerkin technique for the numerical solution of the two-dimensional time fractional diffusion-wave equation on the
irregular domains. An upwind local radial basis functions-differential quadrature (RBF-DQ) method with proper orthogonal
decomposition (POD) approach is presented in [39] for solving compressible Euler equation. Also the interested reader can
refer to [40–42] for alternative approaches in improving the moving least squares approximation. The main aim of [43]
is to explore the application of the meshless local radial basis function collocation method (LRBFCM) for the solution of
coupled heat transfer and fluid flow problems with a free surface. An interpolating element-free Galerkin scaled boundary
method is developed in [44] for analyzing steady heat conduction problems. Authors of [45] proposed an explicit local
radial basis function collocation method to simulate of laminar backward facing step flow under magnetic field.

1.1. Governing model

The 2D groundwater equation (GWE) is [46,47]⎧⎨⎩
ut + µ∇u − ∇ · (D∇u)+ϖpp1f (u, v) = 0,
vt + µ∇v − ∇ · (D∇v)+ϖpp2g(u, v) = 0,
wt + µ∇w − ∇ · (D∇w)+ϖpp3h(u, v) = 0,

(1.1)

in which u, v and w denote the concentrations of the main ground substance, aqueous solution electrolyte and
microorganism, respectively [46,47]. Also, the nonlinear terms are

f (u, v) = g(u, v) = h(u, v) =
u

κ1 + u
+

v

κ2 + v
,

and µ and D are constants. Most real world problems can be modeled by the nonlinear PDEs [48,49]. The groundwater
model is one of the nonlinear equations to describe prevention of the groundwater contaminant [47]. Several scholars
investigated Eq. (1.1) for example improved finite volume approach [47], meshless local approaches [50,51], lattice
Boltzmann technique [52], a front-tracking method [53], the novel WENO methods [54], a finite element method [55],
etc. The interested readers can refer to [56,57] to obtain more information about Eq. (1.1). A new laboratory dataset on
the moisture-pressure relationship above a dispersive groundwater wave in a two-dimensional vertical unconfined sand
flume aquifer driven by simple harmonic forcing is presented in [58].
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2. Time-discrete formula

We define tk = kdt for k = 0, 1, . . . ,N , where dt = T/N . Let

vn−
1
2 = v(x, y, tn− 1

2
) =

1
2

(
vn + vn−1) , δtv

n− 1
2 =

1
dt

(
vn − un−1) , vn = v(x, y, tn).

Applying the Crank-Nicolson idea to Eq. (1.1), yields⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

∂un− 1
2

∂t
+ µ∇un− 1

2 − ∇ ·

(
D∇un− 1

2

)
+ϖpp1f

(
un− 1

2 , vn−
1
2

)
= 0,

∂vn−
1
2

∂t
+ µ∇vn−

1
2 − ∇ ·

(
D∇vn−

1
2

)
+ϖpp2g

(
un− 1

2 , vn−
1
2

)
= 0,

∂wn− 1
2

∂t
+ µ∇wn− 1

2 − ∇ ·

(
D∇wn− 1

2

)
+ϖpp3h

(
un− 1

2 , vn−
1
2

)
+ r(x)wn− 1

2 = 0.

(2.1)

Simplifying relation (2.1) yields⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

un
− un−1

dt
+ µ

[
∇un

+ ∇un−1

2

]
− ∇ ·

[
D

(
∇un

+ ∇un−1

2

)]
+ϖpp1f

(
un− 1

2 , vn−
1
2

)
= 0,

vn − vn−1

dt
+ µ

[
∇vn + ∇vn−1

2

]
− ∇ ·

[
D

(
∇vn + ∇vn−1

2

)]
+ϖpp2g

(
un− 1

2 , vn−
1
2

)
= 0,

wn
− wn−1

dt
+ µ

[
∇wn

+ ∇wn−1

2

]
− ∇ ·

[
D

(
∇wn

+ ∇wn−1

2

)]
+ϖpp3h

(
un− 1

2 , vn−
1
2

)
+ r(x)

[
wn

+ wn−1

2

]
= 0,

(2.2)

such that by linearization of Eq. (2.2), we find⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

un
+

dt
2
µ∇un

−
dt
2

∇ ·
[
D∇un]

= un−1
−

dt
2
µ∇un−1

+
dt
2

∇ ·
[
D∇un−1]

− dtϖpp1f
(
un−1, vn−1) ,

vn +
dt
2
µ∇vn −

dt
2

∇ ·
[
D∇vn

]
= vn−1

−
dt
2
µ∇vn−1

+
dt
2

∇ ·
[
D∇vn−1]

− dtϖpp2g
(
un−1, vn−1) ,(

1 +
dt
2
r(x)

)
wn

+
dt
2 µ∇wn

−
dt
2 ∇ · [D∇wn]

=

(
1 −

dt
2
r(x)

)
wn−1

−
dt
2
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+
dt
2

∇ ·
[
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− dtϖpp3h
(
un−1, vn−1) .

(2.3)

The vector–matrix form of (2.3) is⎡⎢⎣
1 0 0
0 1 0

0 0
(
1 +

dt
2
r(x)

)
⎤⎥⎦[ un

vn

wn

]
+

dt
2

[ 1 0 0
0 1 0
0 0 1

]
∇
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vn

wn

]

−
dt
2
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]
∇ · D∇

[ un
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wn

]
=
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1 0 0
0 1 0

0 0
(
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2
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)
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h
(
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)
⎤⎥⎦ , (2.4)
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or equivalently

M1Un
+

dt
2
I∇Un

−
dt
2
I∇ · D∇Un

= M2Un−1
−

dt
2
I∇Un−1

+
dt
2
I∇ · D∇Un−1

− dtNF
(
Un−1) , (2.5)

in which

M1 =

⎡⎢⎣
1 0 0
0 1 0

0 0
(
1 +

dt
2
r(x)

)
⎤⎥⎦ , M2 =

⎡⎢⎣
1 0 0
0 1 0

0 0
(
1 −

dt
2
r(x)

)
⎤⎥⎦ ,

I =

[ 1 0 0
0 1 0
0 0 1

]
, N =

[
wpe1 0 0
0 wpe2 0
0 0 wpe3

]
.

(2.6)

2.1. Analytical investigation for difference scheme (2.5)

In the current study, we want to analytically check the temporal discretization. In the error estimations, we assume
that r(x) is a positive constant.

Theorem 2.1. Let Un
∈ H1

0 (Ω). Then relation (2.5) is unconditionally stable.

Proof. The corresponding weak form for Eq. (2.5) is:
Find un

∈ H1
0 (Ω) such that

M1
⟨
Un,V

⟩
+

dt
2
I
⟨
D∇Un,∇V

⟩
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dt
2
I
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V
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⟩
+
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∂
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V

⟩
+

dt
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I
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∂
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V

⟩
− dtN ⟨F ,V ⟩ , ∀ V ∈ H1

0 (Ω). (2.7)

Let Ũn be an approximate solution of Un, then

M1
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⟩
+

dt
2
I
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dt
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I
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I
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dt
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∂
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V
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∂
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V

⟩
− dtN
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F ,V

⟩
, ∀ V ∈ H1

0 (Ω), (2.8)

in which F̃ = F (Ũ ). Subtracting Eq. (2.8) from Eq. (2.7) results in

M1
⟨
Θn,V

⟩
+

dt
2
I
⟨
D∇Θn,∇V

⟩
−

dt
2
I
⟨
Θn,

∂
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V

⟩
−

dt
2
I
⟨
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∂

∂y
V

⟩
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⟨
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⟩
−
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2
I
⟨
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⟩
+

dt
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⟨
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∂
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V

⟩
+

dt
2
I
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∂
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V

⟩
− dtN

⟨
F − F̃ ,V

⟩
, ∀ V ∈ H1

0 (Ω), (2.9)

in which

Θn
= Un

− Ũn.

Setting V = Θn in Eq. (2.9) yields

M1
⟨
Θn,Θn⟩

+
dt
2
I
⟨
D∇Θn,∇Θn⟩

−
dt
2
I
⟨
Θn,

∂
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Θn

⟩
−
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2
I
⟨
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∂
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Θn

⟩
= M2

⟨
Θn−1,Θn⟩

−
dt
2
I
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D∇Θn−1,∇Θn⟩

+
dt
2
I
⟨
Θn−1,

∂
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Θn

⟩
+

dt
2
I
⟨
Θn−1,

∂

∂y
Θn

⟩
− dtN

⟨
F − F̃ ,Θn⟩ . (2.10)

Using the Cauchy-Schwarz inequality, Eq. (2.10) yields
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M1
Θn

2
L2(Ω) +

dt
2

∥D∥
∇Θn

2
L2(Ω) ≤

dt
2

⟨
Θn,

∂

∂x
Θn

⟩
+

dt
2
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∂
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dt
2
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∂
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⟩
+

dt
2
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∂
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⟩
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F − F̃ ,Θn⟩ .

There exists a constant LF − F̃
 ≤ LΘn−1. (2.11)

By simplification we have

M1
Θn

2
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dt
2

∥D∥
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L2(Ω) ≤

dt
2
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L2(Ω)
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dt
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L2(Ω)

Θn

L2(Ω).

So, from the assumption

M2(i, j) ≤ M1(i, j), i, j = 1, 2, 3,

we can find
1
2
M1

Θn
2
L2(Ω) +

dt
4

∥D∥
∇Θn

2
L2(Ω) (2.12)

≤
1
2
M1

Θn−1
2
L2(Ω) +

dt
4

∥D∥
∇Θn−1

2
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C1Ldt
2 ∥D∥
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2
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C2Ldt
2 ∥D∥
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2
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+
dt
2
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2
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dt
4
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2
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dt
4
CΩ
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2
L2(Ω).

By defining the weighted normΘn
2
Hw (Ω) = M1

Θn
2
L2(Ω) +

1
2
dt ∥D∥

∇Θn
2
L2(Ω) ,

Eq. (2.12) can be changed toΘn
2
Hw (Ω) ≤

Θn−1
2
Hw (Ω) +

C1Ldt
∥D∥

Θn
2
Hw (Ω) +

C2Ldt
∥D∥

Θn−1
2
Hw (Ω) + dtCΩ

∇Θn
2
L2(Ω). (2.13)

From Eq. (2.13), we obtain
n∑

m=1

Θm
2
Hw (Ω) ≤

n∑
m=1

Θm−1
2
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C1Ldt
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Thus, we haveΘn
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∥D∥
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m=1
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∇Θm
2
L2(Ω). (2.15)

Applying the Gronwall Lemma to Eq. (2.15) results inΘn
2
Hw (Ω) ≤
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2
Hw (Ω) + dtCΩ
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∇Θm
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∇Θm
2
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}
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(
2CLndt

∥D∥

)
.

So it can be seen thatΘn

L2(Ω) ≤

Θn

Hw (Ω) ≤ C

{Θ0
2
Hw (Ω) + dtCΩ

n∑
m=1

∇Θm
2
L2(Ω)

}
.
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We know that in Hk
0(Ω) the norm ∥•∥Lk(Ω) and the seminorm |•|Hk(Ω) are equivalent, so it can be seen

Θn
2
L2(Ω) ≤ C

{Θ0
2
Hw (Ω) + dtCΩ

n∑
m=1

∇Θm
2
L2(Ω)

}
(2.16)
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2
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⏐⏐Θm
⏐⏐2
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}
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1

{Θ0
2
Hw (Ω) + dtCΩ
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m=1

Θm
2
L2(Ω)

}
≤ C∗

1

Θ0
2
Hw (Ω) exp (CΩT ) ,

which completes the proof. ■

Theorem 2.2. The semi-discrete scheme (2.5) has the convergence order O (dt).

Proof. Let define

Ξ n
= un

− Un, n ≥ 1,

where Ξ 0
= 0. Then, the round off error is

M1Ξ
n
+

dt
2
I∇Ξ n

−
dt
2
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=

M2Ξ
n−1

−
dt
2
I∇Ξ n−1

+
dt
2
I∇ · ζ (x)∇Ξ n−1

+ dtR − dtN
(
F n−1

− F̃ n−1) . (2.17)

Analogous to Theorem 2.1, we can achieveΞ n
2
Hw (Ω) ≤

{
max
1≤m≤n

∥R∥
2
L2(Ω)

}
exp

(
2Lndt
∥D∥

)
≤ Cdt2,

which completes the proof. ■

3. Interpolating MLS approximation

Let uh(x) be approximate value of u(x) on Ω . Lancaster and Salkauskas [4] introduced the singular weight function

w(x − xI ) =

{
∥x − xI∥−α, ∥x − xI∥ ≤ δ,

0, o.w,
(3.1)

in which α is an even positive integer. The inner product

(f , g)x =

n∑
I=1

w(x, xI )f (xI )g(xI ), (3.2)

is defined for arbitrary functions f and g , and the associated norm is

∥f ∥x =
√
(f , f )x. (3.3)

We use the basis polynomials introduced in [32]. Now, we put

q1(x) =
p1(x)

∥p1(x)∥x
=

[
n∑

I=1

w(x − xI )

]−
1
2

, (3.4)

thus the orthogonal basis functions can be defined by

qi(x) = pi(x) − (pi, q1)xq1(x) = pi(x) −

n∑
I=1

pi(xI )w(x − xI )

n∑
I=1

w(x − xI )

, i = 2, 3, . . . ,m, (3.5)

in which q1(x) is orthogonal to qi(x). Using the orthogonal basis (q1, q2, . . . , qm) in the IMLS approximation, yields

uh(x) = vT (x)u + bT (x)s(x), (3.6)
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such that

u =
[

u1 u2 . . . un
]T
,

v =
[
v1(x) v2(x) . . . vn(x)

]T
,

b(x) =
[

q2(x) q3(x) . . . qm(x)
]T
,

s(x) =
[

s1(x) s2(x) . . . sm−1(x)
]T

= A−1
x Bxu,

and

vI (x) =
w(x − xI )∑n
J=1w(x − xJ )

, Ax = QT (x)W(x)Q(x), Bx = QT (x)W(x), (3.7)

Q(x) =

⎡⎢⎢⎣
q2(x1) q3(x1) . . . qm(x1)
q2(x2) q3(x2) . . . qm(x2)
...

...
. . .

...

q2(xn) q3(xn) . . . qm(xn)

⎤⎥⎥⎦ , W(x) =

⎡⎢⎢⎣
w(x − x1) 0 . . . 0

0 w(x − x2) . . . 0
...

...
. . .

...

0 0 . . . w(x − xn)

⎤⎥⎥⎦ . (3.8)

Finally, we can extract these basis functions

Φ∗(x) =
[
φ∗

1 , φ
∗

2 , . . . , φ
∗

n

]
= vT (x) + bT (x)A−1

x (x)Bx(x). (3.9)

4. Analytical investigation of full-discrete scheme

Before checking the convergence of the IEFG method, we review some preliminaries. We set

ωd
r = span {ϕ1, ϕ2, . . . , ϕd} , (4.1)

and also we consider the following Ritz-projection

Q 1
h : ω → ωr , (4.2)

such that for v ∈ ω(
∇Q 1

h v,∇ur
)

= (∇v,∇ur) , ∀ ur ∈ ωr . (4.3)

Lemma 1 ([9]). If ψ(x) ∈ Cm,1(Ω), then

∃ Cη > 0, s.t.
Dηψ − DηQ 1

h ψ

L2(Ω) ≤ Cηδm+1−|η|

|ψ |m,1.

Also, from Eq. (2.3) we have: Find a un
h ∈ ωd

r such that

M1
⟨
un, v

⟩
+

dt
2
I
⟨
D∇un,∇v

⟩
−

dt
2
I
⟨
un,

∂

∂x
v
⟩
−

dt
2
I
⟨
un,

∂

∂y
v
⟩

= M2
⟨
un−1, v

⟩
−

dt
2
I
⟨
D∇un−1,∇v

⟩
+

dt
2
I
⟨
un−1,

∂

∂x
v
⟩

+
dt
2
I
⟨
un−1,

∂

∂y
v
⟩
− dtN

⟨
F n−1, v

⟩
+ dt

⟨
Rn
t , v

⟩
, ∀ v ∈ H1

0 (Ω). (4.4)

Also, the IEFG formulation is:
Find a Un

h ∈ ωd
r such that

M1
⟨
Un

h , vh
⟩
+

dt
2
I
⟨
D∇Un

h ,∇vh
⟩
−

dt
2
I
⟨
Un

h ,
∂

∂x
vh

⟩
−

dt
2
I
⟨
Un

h ,
∂

∂y
vh

⟩
= M2

⟨
Un−1

h , vh
⟩
−

dt
2
I
⟨
D∇Un−1

h ,∇vh
⟩
+

dt
2
I
⟨
Un−1

h ,
∂

∂x
vh

⟩
+

dt
2
I
⟨
Un−1

h ,
∂

∂y
v
⟩
− dtN

⟨
F n−1, vh

⟩
, ∀ vh ∈ H1

0 (Ω). (4.5)

Lemma 2. Let⟨
Φ1,n

h , v
⟩

= −M1
⟨
Q 1

h u
n
− un , v

⟩
+

dt
2
I
⟨
Q 1

h u
n
− un ,

∂

∂x
v
⟩
+

dt
2
I
⟨
Q 1

h u
n
− un ,

∂

∂y
v
⟩
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+ M2
⟨
Q 1

h u
n−1

− un−1 , v
⟩
+

dt
2
I
⟨
Q 1

h u
n−1

− un−1 ,
∂

∂x
v
⟩
+

dt
2
I
⟨
Q 1

h u
n−1

− un−1 ,
∂

∂y
v
⟩
,

Then, we haveΦ1,n
h


L2(Ω)

≤ C (dt + δm).

Proof. From Lemma 1, the proof is clear. ■

Theorem 4.1. Let un and Un
h be solutions of (4.4) and (4.5), respectively. Thenun

− Un
h


L2(Ω) ≤ C (dt + δm). (4.6)

Proof. Subtracting Eq. (4.5) from (4.4), results

M1
⟨
un

− Un
h , v

⟩
+

dt
2
I
⟨
D∇un

− D∇Un
h ,∇v

⟩
−

dt
2
I
⟨
un

− Un
h ,
∂

∂x
v
⟩
−

dt
2
I
⟨
un

− Un
h ,
∂

∂y
v
⟩

= M2
⟨
un−1

− Un−1
h , v

⟩
−

dt
2
I
⟨
D∇un−1

− D∇Un−1
h ,∇v

⟩
+

dt
2
I
⟨
un−1

− Un−1
h ,

∂

∂x
v
⟩
+

dt
2
I
⟨
un−1

− Un−1
h ,

∂

∂y
v
⟩

− dtN
⟨
F n−1

− F
n−1
, v

⟩
+ dt

⟨
Rn
t , v

⟩
, ∀ v ∈ H1

0 (Ω). (4.7)

From (4.3), we have

M1
⟨
Q 1

h u
n
− Un

h , v
⟩
+

dt
2
I
⟨
D∇Q 1

h u
n
− D∇Un

h ,∇v
⟩

−
dt
2
I
⟨
Q 1

h u
n
− Un

h ,
∂

∂x
v
⟩
−

dt
2
I
⟨
Q 1

h u
n
− Un

h ,
∂

∂y
v
⟩

= M2
⟨
Q 1

h u
n−1

− Un−1
h , v

⟩
−

dt
2
I
⟨
D∇Q 1

h u
n−1

− D∇Un−1
h ,∇v

⟩
+

dt
2
I
⟨
Q 1

h u
n−1

− Un−1
h ,

∂

∂x
v
⟩
+

dt
2
I
⟨
Q 1

h u
n−1

− Un−1
h ,

∂

∂y
v
⟩

− dtN
⟨
F n−1

− F̄ n−1, v
⟩
+ dt

⟨
Rn
t , v

⟩
− M1

⟨
un

− Q 1
h u

n, v
⟩

+
dt
2
I
⟨
un

− Q 1
h u

n,
∂

∂x
v
⟩
+

dt
2
I
⟨
un

− Q 1
h u

n,
∂

∂y
v
⟩
+ M2

⟨
un−1

− Q 1
h u

n−1, v
⟩

+
dt
2
I
⟨
un−1

− Q 1
h u

n−1,
∂

∂x
v
⟩
+

dt
2
I
⟨
un−1

− Q 1
h u

n−1,
∂

∂y
v
⟩
, ∀ v ∈ H1

0 (Ω).

By using the definitions

Π 1,n
h = Q 1

h u
n
− Un

h , Λn
r,d = un

− Q 1
h u

n,

the previous relation can be rewritten as

M1

⟨
Π 1,n

h , v
⟩

+
dt
2
I
⟨
D∇Π 1,n

h ,∇v
⟩
−

dt
2
I
⟨
Π 1,n

h ,
∂

∂x
v
⟩
−

dt
2
I
⟨
Π 1,n

h ,
∂

∂y
v
⟩

= M2

⟨
Π 1,n−1

h , v
⟩
−

dt
2
I
⟨
ζ (x)∇Π 1,n−1

h ,∇v
⟩

+
dt
2
I
⟨
Π 1,n−1

h ,
∂

∂x
v
⟩
+

dt
2
I
⟨
Π 1,n−1

h ,
∂

∂y
v
⟩

− dtN
⟨
F n−1

− F̄ n−1, v
⟩
+ dt

⟨
Rn
t , v

⟩
− M1

⟨
Λ1,n

h , v
⟩

+
dt
2
I
⟨
Λ1,n

h ,
∂

∂x
v
⟩
+

dt
2
I
⟨
Λ1,n

h ,
∂

∂y
v
⟩
+ M2

⟨
Λ1,n−1

h , v
⟩

+
dt
2
I
⟨
Λ1,n−1

h ,
∂

∂x
v
⟩
+

dt
2
I
⟨
Λ1,n−1

h ,
∂

∂y
v
⟩
, ∀ v ∈ H1

0 (Ω).
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Thus, by assuming⟨
Φ1,n

h , v
⟩

= −M1

⟨
Λ1,n

h , v
⟩
+

dt
2
I
⟨
Λ1,n

h ,
∂

∂x
v
⟩
+

dt
2
I
⟨
Λ1,n

h ,
∂

∂y
v
⟩

+ M2

⟨
Λ1,n−1

h , v
⟩
+

dt
2
I
⟨
Λ1,n−1

h ,
∂

∂x
v
⟩
+

dt
2
I
⟨
Λ1,n−1

h ,
∂

∂y
v
⟩
,

we have

M1

⟨
Π 1,n

h , v
⟩

+
dt
2
I
⟨
ζ (x)∇Π 1,n

h ,∇v
⟩
−

dt
2
I
⟨
Π 1,n

h ,
∂

∂x
v
⟩
−

dt
2
I
⟨
Π 1,n

h ,
∂

∂y
v
⟩

= M2

⟨
Π 1,n−1

h , v
⟩
−

dt
2
I
⟨
D∇Π 1,n−1

h ,∇v
⟩
+

dt
2
I
⟨
Π 1,n−1

h ,
∂

∂x
v
⟩

+
dt
2
I
⟨
Π 1,n−1

h ,
∂

∂y
v
⟩
− dtN

⟨
F n−1

− F̄ n−1, v
⟩
+ dt

⟨
Rn
t , v

⟩
+

⟨
Φ1,n

h , v
⟩
, ∀ v ∈ H1

0 (Ω).

By setting vh = Ξ n
r,d, we obtain

M1

⟨
Π 1,n

h ,Π 1,n
h

⟩
+

dt
2
I
⟨
D∇Π 1,n

h ,∇Π 1,n
h

⟩
−

dt
2
I
⟨
Π 1,n

h ,
∂

∂x
Π 1,n

h

⟩
−

dt
2
I
⟨
Π 1,n

h ,
∂

∂y
Π 1,n

h

⟩
= M2

⟨
Π 1,n−1

h ,Π 1,n
h

⟩
−

dt
2
I
⟨
D∇Π 1,n−1

h ,∇Π 1,n
h

⟩
+

dt
2
I
⟨
Π 1,n−1

h ,
∂

∂x
Π 1,n

h

⟩
+

dt
2
I
⟨
Π 1,n−1

h ,
∂

∂y
Π 1,n

h

⟩
− dtN

⟨
F n−1

− F̄ n−1,Π 1,n
h

⟩
+ dt

⟨
Rn
t ,Π

1,n
h

⟩
+

⟨
Φ1,n

h ,Π 1,n
h

⟩
.

Thus, we can write

M1

Π 1,n
h

2

L2(Ω)
+

dt
2
I ∥D∥

∇Π 1,n
h

2

L2(Ω)

≤
dt
2
I
⟨
Π 1,n

h ,
∂

∂x
Π 1,n

h

⟩
+

dt
2
I
⟨
Π 1,n

h ,
∂

∂y
Π 1,n

h

⟩
+ M2

Π 1,n−1
h

 Π 1,n
h

 +
dt
2
I ∥D∥

∇Π 1,n−1
h

 ∇Π 1,n
h


+

dt
2
I
⟨
Π 1,n−1

h ,
∂

∂x
Π 1,n

h

⟩
+

dt
2
I
⟨
Π 1,n−1

h ,
∂

∂y
Π 1,n

h

⟩
− dtLN

Π 1,n−1
h

 Π 1,n
h

 + dt
Rn

t

 Π 1,n
h

 + dt
Φ1,n

h

 Π 1,n
h

 .
So

1
2
M1

Π 1,n
h

2

L2(Ω)
+

dt
4

∥D∥

∇Π 1,n
h

2

L2(Ω)
(4.8)

≤
1
2
M1

Π 1,n−1
h

2

L2(Ω)
+

dt
4

∥D∥

∇Π 1,n−1
h

2

L2(Ω)
+

dt
2

Π n

L2(Ω)

∇Π n

L2(Ω) +

dt
2

Π n−1

L2(Ω)

∇Π n

L2(Ω)

+
C1Ldt
2 ∥D∥

Π 1,n
h

2

L2(Ω)
+

C2Ldt
2 ∥D∥

Π 1,n−1
h

2

L2(Ω)

+
C3 ∥D∥

L
dt

Rn
t

2
L2(Ω) +

C1Ldt
4 ∥D∥

Π 1,n
h

2

L2(Ω)
+

C3 ∥D∥

L
dt

Φ1,n
h

2

L2(Ω)
+

C1Ldt
4 ∥D∥

Π 1,n
h

2

L2(Ω)
.

Now, Eq. (4.8) can be written as

M1

Π 1,n
h

2

L2(Ω)
+

dt
2

∥D∥

∇Π 1,n
h

2

L2(Ω)
(4.9)

≤ M1

Π 1,n−1
h

2

L2(Ω)
+

dt
2

∥D∥

∇Π 1,n−1
h

2

L2(Ω)

+
C∗

1 Ldt
∥D∥

Π 1,n
h

2

L2(Ω)
+

C∗

2 Ldt
2 ∥D∥

Π 1,n−1
h

2

L2(Ω)

+
C3 ∥D∥

L
dt

Rn
t

2
L2(Ω) +

C3 ∥D∥

L
dt

Φ1,n
h

2

L2(Ω)
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+
dt
2
CΩ

∇Π n
2
L2(Ω) +

dt
4
CΩ

∇Π n−1
2
L2(Ω) +

dt
4
CΩ

∇Π n
2
L2(Ω).

From Eq. (4.9) we arrive at

n∑
m=1

Π 1,m
h

2

L2(Ω)
+

dt
2

∥D∥

n∑
m=1

∇Π 1,m
h

2

L2(Ω)

≤

n∑
m=1

Π 1,m−1
h

2

L2(Ω)
+

dt
2

∥D∥

n∑
m=1

∇Π 1,m−1
h

2

L2(Ω)

+
C∗

1 Ldt
∥D∥

n∑
m=1

Π 1,m
h

2

L2(Ω)
+

C∗

2 Ldt
2 ∥D∥

n∑
m=1

Π 1,m−1
h

2

L2(Ω)

+
C3 ∥D∥

L
dt

n∑
m=1

Rm
t

2
L2(Ω) +

C3 ∥D∥

L
dt

n∑
m=1

Φ1,m
h

2

L2(Ω)
+ dtCΩ

n∑
m=1

∇Π m
2
L2(Ω).

Applying the definitionΠ 1,n
h

2

Hw (Ω)
= M1

Π 1,n
h

2

L2(Ω)
+

dt
2

∥D∥

∇Π 1,n
h

2

L2(Ω)
,

and applying the Gronwall Lemma to Eq. (4.10) results inΠ 1,n
h

2

Hω(Ω)
≤

CLdt
∥D∥

n∑
m=1

Π 1,m
h

2

Hω(Ω)
+ Cdt

n∑
m=1

Rm
t

2
L2(Ω) + Cdt

n∑
m=1

Φ1,m
h

2

L2(Ω)
+ dtCΩ

n∑
m=1

∇Π m
2
L2(Ω)

≤
CLdt
∥D∥

n∑
m=1

Π 1,m
h

2

L2(Ω)
+ Cndt

Rm
t

2
L2(Ω) + Cndt

Φ1,m
h

2

L2(Ω)
+ dtCΩ

n∑
m=1

∇Π m
2
L2(Ω)

≤

[
Cndt

Rm
t

2
L2(Ω) + Cndt

Φ1,m
h

2

L2(Ω)
+ dtCΩ

n∑
m=1

∇Π m
2
L2(Ω)

]
exp

(
CLndt
∥D∥

)

≤

[
CTdt2 + Cndt

(
dt2 + δ−m)

+ dtCΩ
n∑

m=1

∇Π m
2
L2(Ω)

]
exp

(
CLT
∥D∥

)

≤ C
(
dt2 + δ−m)2

+ dtCΩ
n∑

m=1

∇Π m
2
L2(Ω).

Since in Hk
0(Ω) the norm ∥•∥Lk(Ω) and the seminorm |•|Hk(Ω) are equivalent, by using the Gronwall inequality we haveΠ 1,n

h


L2(Ω)

≤

Π 1,n
h


Hw (Ω)

≤ C(dt + δm). ■ (4.10)

5. Numerical results

Here, we give three examples to check the accuracy and the efficiency of the proposed numerical procedure. We
survey the theoretical results with the numerical values. In this section, we verify that the theoretical orders are close to
the computational orders by using the following formula

Ratio = log2

(
E(h, 2dt)
E(h, dt)

)
, E(h, dt) = L∞(UApproximation − uExact).

In the current paper, let X = {xi}Ni=1 be a set of scattered data in Ω ⊂ Rn with fill distance

hX,Ω = sup
x∈Ω

min
1≤j≤N

ς − ςj

2. (5.1)

The radius of the weight function is r = 2.7hX,Ω . We employ the Gauss–Legendre–Lobatto quadrature with 16 integration
nodes to compute the appeared integrals in the weak forms.
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Table 1
Results obtained based on the IEFG method for Example 1.
dt T = 0.1 T = 1 T = 2 CPU time

L∞ Ratio L∞ Ratio L∞ Ratio

0.1 2.4201 × 10−2
− 1.5714 × 10−3

− 1.4041 × 10−4
− 5.31

0.05 1.4321 × 10−2 0.75 9.2213 × 10−4 0.76 8.2310 × 10−5 0.77 15.11
0.01 8.3782 × 10−3 0.77 5.4139 × 10−4 0.79 4.8231 × 10−5 0.77 38.41
0.005 4.8520 × 10−3 0.78 3.1241 × 10−4 0.79 2.7140 × 10−5 0.82 80.01
0.0025 2.5142 × 10−3 0.94 1.6347 × 10−5 0.93 1.4350 × 10−5 0.91 171.43
0.0013 1.2821 × 10−3 0.97 8.4241 × 10−5 0.93 7.3234 × 10−6 0.97 255.63
0.000625 6.4341 × 10−4 0.99 4.3238 × 10−5 0.96 3.7164 × 10−6 0.98 487.46
0.00031250 3.2174 × 10−4 1.00 2.1275 × 10−5 1.02 1.8574 × 10−6 1.00 866.33

5.1. Example 1 (accuracy test)

For the first example, we study [47,50]⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

∂u
∂t

+

(
∂u
∂x

+
∂u
∂y

)
− D

(
∂2u
∂x2

+
∂2u
∂y2

)
+ 0.6ϖp

uv
(1 + u) (v + 2)

= f (x, y, t),

∂v

∂t
+

(
∂v

∂x
+
∂v

∂y

)
− D

(
∂2v

∂x2
+
∂2v

∂y2

)
+ 0.6ϖp

uv
(1 + u) (v + 2)

= g(x, y, t),

∂w

∂t
+

(
∂w

∂x
+
∂w

∂y

)
− D

(
∂2w

∂x2
+
∂2w

∂y2

)
+ 0.6ϖp

uv
(1 + u) (v + 2)

+ 2w = h(x, y, t),

(5.2)

in which D = 10−3 and initial conditions are

u0 = v0 = w0 = sin(πx) sin(πy),

and with zero Dirichlet boundary conditions. Let the exact solutions be

u(x, y, t) = e−5t sin(πx) sin(πy), v(x, y, t) = e−2t sin(πx) sin(πy), w(x, y, t) = e−3t sin(πx) sin(πy).

Furthermore

f (x, y, t) = πe−5 t cos (πx) sin (πy)− 5e−5 t sin (πx) sin (πy)
+ πe−5 t cos (πy) sin (πx)+ 2Dπ2e−5 t sin (πx) sin (πy)+

+
3e−10 t sin (πx)3 sin (πy)3

5
(
e−2 t sin (πx) sin (πy)+ 2

) (
e−5 t sin (πx) sin (πy)+ 1

) ,
g(x, y, t) = πe−2 t cos (πx) sin (πy)− 2e−2 t sin (πx) sin (πy)

+ πe−2 t cos (πy) sin (πx)+ 2Dπ2e−2 t sin (πx) sin (πy)

+
e−10 t sin (πx)3 sin (πy)3

10
(
e−2 t sin (πx) sin (πy)+ 2

) (
e−5 t sin (πx) sin (πy)+ 1

) ,
h(x, y, t) = πe−3 t cos (πx) sin (πy)− e−3 t sin (πx) sin (πy)

+ πe−3 t cos (πy) sin (πx)+ 2Dπ2e−3 t sin (πx) sin (πy)

+
4e−10 t sin (πx)3 sin (πy)3

5
(
e−2 t sin (πx) sin (πy)+ 2

) (
e−5 t sin (πx) sin (πy)+ 1

) .
We consider this example to check out the theoretical results. Table 1 displays the error and convergence rate acquired
using the IEFG method for Example 1. In Table 2, we reported numerical results based on the finite volume method [47]
compared with the numerical results of the present method. Fig. 1 shows the graphs of error based on the EFG and IEFG
techniques for Example 1. From Fig. 1, we can see that the IEFG method is more stable than the EFG method.

5.2. Example 2

We investigate the following model [47]⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

∂u
∂t

+ µ
∂u
∂x

− D
∂2u
∂x2

+ µ
∂u
∂y

− D
∂2u
∂y2

+ 0.6ϖp
uv

(1 + u) (v + 2)
= 0,

∂v

∂t
+ µ

∂v

∂x
− D

∂2v

∂x2
+ µ

∂v

∂y
− D

∂2v

∂y2
+ 0.6ϖp

uv
(1 + u) (v + 2)

= 0,

∂w

∂t
+ µ

∂w

∂x
− D

∂2w

∂x2
+ µ

∂w

∂y
− D

∂2w

∂y2
+ 0.6ϖp

uv
(1 + u) (v + 2)

+ 2w = 0,

(5.3)



12 M. Abbaszadeh, M. Dehghan, A. Khodadadian et al. / Journal of Computational and Applied Mathematics 368 (2020) 112453

Table 2
Comparison between the obtained numerical results.
Finite volume method [47]

H h ∥eu∥ ∥ev∥ ∥ew∥

1/2 1/8 1.841 × 10−2 1.407 × 10−2 8.433 × 10−3

1/3 1/27 5.226 × 10−3 4.146 × 10−3 2.443 × 10−3

1/4 1/64 2.057 × 10−3 1.723 × 10−3 1.015 × 10−3

1/5 1/125 1.190 × 10−3 8.673 × 10−4 5.141 × 10−4

Present method

Number of collocation points ∥eu∥ ∥ev∥ ∥ew∥

20 1.110 × 10−2 1.521 × 10−2 9.131 × 10−3

40 8.413 × 10−3 7.791 × 10−3 3.889 × 10−3

80 3.521 × 10−3 2.551 × 10−3 1.503 × 10−3

160 1.280 × 10−3 9.188 × 10−4 7.010 × 10−4

Fig. 1. Diagrams of error for the EFG and IEFG techniques for Example 1.

in which µ = [µx, µy] = [1, 1] and D = 10−4 and zero Dirichlet boundary conditions. The groundwater model is a system
of nonlinear equations that it explains how to remove pollutants of groundwater [47]. Eq. (5.3) is an advection–diffusion
equation in which the coefficients of advection and diffusion are µ = [µx, µy] = [1, 1] and D = 10−4, respectively. Now,
we consider two initial conditions that they are near to the real world problems as

u(x, y, 0) = v(x, y, 0) = w(x, y, 0) = x(1 − x)y(1 − y), (5.4)

and

u(x, y, 0) = v(x, y, 0) = w(x, y, 0) = δ(0, 0). (5.5)

Relations (5.5) and (5.5) are smooth and non-smooth initial data, respectively. Fig. 2 demonstrates the contour of
approximation solution based on the component u and initial data (5.4) for Example 2.

Now, we consider initial date (5.4). The current example is very close to the experimentally test problems. The initial
conditions for the considered example are based on the delta function. The delta function is a discontinuous function thus
the initial condition is not smooth. We solve this case of groundwater model by using the proposed numerical procedure.
Figs. 3 and 4 illustrate the contour of approximation solution based on the component u at different values of final time
for Example 2. Eq. (1.1) is a system of nonlinear advection–reaction–diffusion equations. The studied model has been
proposed to simulate the prevention of groundwater contamination. Figs. 3 and 4 express that the pollution at the initial
time has been moved to out of the study region.

6. Conclusion

We proposed a novel meshless numerical procedure to analyze and simulate groundwater equation. The numerical
procedure is based on an improvement of the EFG method, e.g. interpolating EFG (IEFG) technique. The IEFG technique is
more stable than the classic EFG that this fact has been shown in the numerical results. The stability and convergence of
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Fig. 2. Contour of approximation solution based on the component u for Example 2.
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Fig. 3. Contour of approximation solution based on the component u for Example 3.
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Fig. 4. Contour of approximation solution based on the component u for Example 3.
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the new numerical formulation have been investigated. Also, we analyzed the existence and uniqueness of the full-discrete
scheme. The computational results confirm the capability of the present scheme in our investigation.
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