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Abstract: We apply a previously developed approach for the automated design of optical
structures to two cases. This approach reduces the basis of the electromagnetic system to obtain
fast gradient-based optimization. In the first case, an existing photonic crystal demultiplexer
is optimized for higher power transmission and lower crosstalk. In the second, new optical
diodes for plane- and cylindrical-wave incidence are designed using a photonic crystal as a
starting point. Highly efficient and aperiodic devices are obtained in all cases. These results
indicate that aperiodic devices produced by this automated design method can outperform their
analytically-obtained counterparts and encourage its application to other photonic crystal-based
devices.
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1. Introduction

Photonic crystals, metamaterials, and other optical nanostructures have been attracting interest
due to their unique and effective light-manipulation abilities. The advent of optical computing
has brought the promise of higher bandwidth and lower energy dissipation [1], at the cost of
reinventing traditional electrical structures for photonics, such as diodes, logical gates [2,3], and
demultiplexers. Demultiplexers are crucial for splitting optical signals in photonic circuits in
general, but particularly for the goal of all-optical computing, and have been designed via e.g.
arrayed-waveguide gratings [4], microring resonators [5], shape optimization [6], and photonic
crystals [7–9]. Passive optical diodes, or devices that allow asymmetrical optical transmission,
have been of great interest due to their potential as building blocks in optical computing and
communication. As such, they have been developed using a variety of methods, including
nonlinearity [10], magneto-optical effects [11], metamaterials [12,13], gratings [14,15], and
photonic crystal-based structures [16–18]. Photonic crystals for these applications are typically
periodic with the exception of defects introduced to the design for specific light localization
properties. However, in [19], the advantage of exploring aperiodic layouts was demonstrated
by showing via statistical analysis that their additional degrees of freedom allow better control
of the electromagnetic fields. As expected, this phenomenon was more pronounced in the near
field, which is the region of interest in photonic crystal design. Previous results in [20] suggest
that better focusing of light can be achieved via optimization which yields irregular layouts.
The restrictive nature of periodic structures is also apparent when designing multi-frequency
photonic crystal devices using bandgap information; often, the range of compatible frequencies
is somewhat restricted by the geometry.
In this work, we present aperiodic two-dimensional nanostructures consisting of circular

silicon rods in air which were automatically designed for two applications: multiplexing and
one-way transmission of transverse magnetic (TM) waves. The work herein builds upon an
optimization approach for the design of photonic structures introduced in [20] and later extended
to multiple-frequency devices such as demultiplexers in [21]. In this approach, rods are replaced
with multipole expansions and the interactions between them are described as a compressed
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multiple-scattering system [22,23]. This system is analytically differentiable as a function of the
rod radii, facilitating fast gradient-based optimization. We believe these devices are not only
useful for the applications outlaid above, but also that the methodology used to design them may
be applied to better many other photonic structures.
Prior work on optimizing photonic structures has used e.g. topology optimization [24], with

finite differences or finite elements as the underlying electromagnetic solver, which requires
computationally expensive and repetitive solutions with many degrees of freedom. Conversely,
our method represents each rod with a small multipole expansion, substantially compressing
the electromagnetic system of equations. In [25], genetic optimization of a small number
of parameters in photonic crystal slab cavities obtained optimal quality factors, though the
wave expansion required a large basis which inevitably led to long run times. Recently, a
periodic photonic-crystal-based LED structure was optimized for color conversion in [26] where
a homogenization technique was applied to the unit cell. In contrast, our approach allows for
aperiodic solutions, whether in radii or in location.

2. Formulation of our approach

We assume an arbitrary layout of M dielectric circular rods with radii Rm in two-dimensional
space. Our goal is to optimize a function f (Pi(`j)) where i denotes a specific combination of
wavelength, refractive index, and incident field, and `j is a curve through which power flow is
calculated, such that

Pi(`j) =
1
2
<

∫
`j

(Ei ×H∗i ) · n̂ dl. (1)

For each setting i = 1, . . . , I, we use the multiple-scattering formulation to arrive at our system
of equations

(I − XiTi)βi = Xiαi, (2)

where Xi is a diagonal scattering matrix that additionally depends on the radius of the rods, and
Ti is a translation matrix that depends on the distances between the rods. αi are the resulting
coefficients of expanding the incident field with Bessel functions, βi are the outgoing multipole
coefficients, and the residuals of these systems are denoted by ci. As the multipole expansion
yields the representation Ei,z(r) = ei,z(r) · β, and similar representations for Hi,x, Hi,y, we can find
the derivatives of the power with respect to these coefficients, ∂Pi/∂βi. We can now construct
the gradient of f with respect to the radii for our optimization problem using the adjoint method
[27]. For complex vectors ζ i, we define the Lagrangian

Λ = f + 2<
∑
i
ζ>i ci, (3)

whose total derivative with respect to one of the radii Rm can be written as follows using the
chain rule,

dΛ
dRm

= 2<
∑
i

(
ζ>i (I − XiTi) +

∂f
∂βi

)
∂βi
∂Rm

− ζ>i
∂Xi

∂Rm
X−1i βi. (4)

Equating the expression in the parentheses with zero and solving the resulting adjoint systems of
equations for ζ i, which does not depend on m, means that the right-hand side of Eq. (4) can be
computed for all values of m with I system solutions. On the other hand, since we are solving for
ci = 0, we know that the total derivatives of Λ and f are equal. Finally, the derivatives of the
scattering matrices are computed analytically as a combination of Bessel and Hankel functions.
Thus both f and its gradient can be computed with the runtime complexity of 2I system solutions,
which in our case are accelerated with the Fast Multipole Method [28].
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3. Results and discussion

We first consider a two-input demultiplexer, or diplexer, where we take as a reference design
the device conceived in [29]. The device consists of a T-junction with a line defect input
waveguide where the bulk photonic crystal has rod radius r/a = 0.18 and a bandgap for
ωa/2πc = 0.303 − 0.444, for unit cell size a. In that work, both the selection of operating
frequencies and the design of the output waveguides were tuned manually such that the two
dispersion curves exhibited specific characteristics. This reference design was chosen since it
was highly efficient to begin with, and therefore any improvements achieved using optimization
would lend support to our method. This reference design is depicted in Fig. 1, where the unit
cell size is a = 1 µm, the refractive index of the rods is n = 3.4, and the two normalized input
frequencies are a/λ1 = 0.387, a/λ2 = 0.336. The diplexer is excited by a current filament, and
the desired outputs for λ1, λ2 are on the left and right sides, respectively.

Fig. 1. Diplexer before optimization. Unit cell size is a = 1 µm, lines indicate arcs through
which the propagated power was calculated for optimization. Black star denotes the input
current filament location.

We simultaneously optimized the radii of the 172 rods in this design to maximize desired
power flow while minimizing crosstalk and leakage by minimizing the objective function

f =
∑
i=1,2

P3−i(`i)

Pi(`i)
+
Pi(`3)

Pi(`i)
+
Pi(`2i+2)

Pi(`i)
+
Pi(`2i+3)

Pi(`i)
+ Cmax(0, 1 −

Pi(`i)

P∗i
)2, (5)

where Pi(`j) is the power flow of the i-th wavelength propagating through the arc `j; the arcs are
shown in Fig. 1. For each value of i, the first summand minimizes crosstalk, the last summand
penalizes solutions where the output power is smaller than a predetermined quantity, and the other
summands represent power leakage through the bottom and sides of the bulk photonic crystal.
P∗1, P

∗
2 were chosen to be 1.1 times their respective output powers in the reference design, and

C = 1000 is the penalty factor. Note that in the reference design, some of the rods in the fourth
and sixth rows are off the square grid. However, the starting point of our optimization process
has these rods on the grid to allow greater flexibility in choice of radii. The entire optimization
process took 1.5 hours on a 3.4GHz Intel Core i7-6700 CPU, where each rod was expanded into
21 cylindrical waves and the solver tolerance was 10−6.

Figures 2(a) and 2(b) show the electric field amplitude in the reference design when excited by
a 1 µA current filament with wavelengths λ1 and λ2, while Figs. 2(c) and 2(d) show the optimized
device. The left waveguide in the optimized design exhibits stronger localization for λ1 and less
crosstalk from λ2. The radii in the optimized device are less regular, with both symmetric and
asymmetric deformations surrounding both exit waveguides, for example, on the second column
from the left. We also see a gradual tapering of the radii around the input.

In Fig. 3 we depict in detail the power density entering through the top of the device and exiting
the desired side for each frequency. Visibly more power is launched through the centers of the
desired outputs (Figs. 3(b,d)), at the expense of slightly larger side lobes. The power entering
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Fig. 2. Amplitude of the electric field Ez in the diplexer when excited by a current filament.
(a) Reference design with λ1, (b) reference design with λ2, (c) optimized design with λ1, (d)
optimized design with λ2.

and exiting the devices is computed as follows: the power density is integrated along the entire
top border as well as along each side border. The calculation was performed in this manner to
account for all of the power flowing through the device, including through the bulk photonic
crystal. For presentation purposes we omitted those parts of Figs. 3(a,c) where the power density
is essentially zero despite being integrated over. The optimized device has better matching to the
source, with total power flow through the top border of 55.48 µWm−1 vs. 54.39 µWm−1 in the
reference design for λ1, and 102.07 µWm−1 vs. 68.55 µWm−1 for λ2. This is unsurprising since
the reference design was originally simulated with a different source type; however, based on
these results we expect the optimization to also match well to other source types.
The ratios between the power exiting the sides and bottom, to the power entering the top

of the devices are summarized in Table 1, where the power is calculated according to Eq. (1)
using the complete side length. Here we see that for the optimized device, the percentage of the
power exiting the desired side is increased for λ2 and unchanged for λ1, and that the power at the
undesired side is reduced for both frequencies. Accordingly, the crosstalk for λ1 is −24.5 dB
before optimization and −27.4 dB after, while for λ2 optimization reduced the crosstalk from
−19.3 dB to −44.0 dB. The crosstalk was calculated by dividing the unwanted power transmission
ratio by that of the desired wavelength, in order to account for the different total power entering
each device for each frequency, as exemplified in Fig. 3. We observe that due to our optimization
of several objectives simultaneously, power loss through the bottom of the optimized device
slightly increased for λ1.

Table 1. Power Transmission for Diplexer

λ1, left λ1, right λ1, bottom λ2, left λ2, right λ2, bottom

Reference 99.5% 0.35% 0.12% 1.17% 98.6% 0.24%

Optimized 99.5% 0.18% 0.33% 0.004% 99.8% 0.19%

In Fig. 4, we present the power transmission of both reference and optimized designs for a range
of different wavelengths. The total power flow in the left and right directions is shown in Fig. 4(a),
where we observe once again that the power transmitted for λ2 (left vertical line) is much higher
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Fig. 3. Power density entering the top and exiting the desired sides of the reference and
optimized diplexers. (a) λ1 power entering the top, (b) λ1 exiting the left, (c) λ2 entering the
top, (d) λ2 exiting the right.

in the optimized design. For a/λ = 0.35 − 0.38, power flow to both sides drops precipitously
in the optimized device, but only on the right-hand side for the reference. Figure 4(b) shows
the same power normalized by the power entering the device for each wavelength. Interestingly,
there is a wider range of frequencies surrounding λ2 where both the power and the normalized
transmission to the left are large for the optimized device than for the reference design, despite
the optimization being performed at only two wavelengths.

Fig. 4. Power flow to the left and right sides of the reference and optimized diplexers.
(a) Absolute. (b) Normalized by power entering the device. Vertical lines indicate the
frequencies of interest λ1, λ2.
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Figure 5 shows the second device we designed, an optical diode structure that permits light
propagation in one direction while restricting it in the opposite direction. This device was
achieved by optimizing the radii of 70 dielectric rods ordered in a triangular lattice for maximizing
left-to-right power propagation from a plane wave while minimizing right-to-left propagation. In
this case, the optimization required 20 minutes before convergence. Each rod was expanded into
21 cylindrical waves and a relative tolerance of 10−6 for the electromagnetic solver.

Fig. 5. Amplitude of Ez for the designed optical diode in response to a unit plane wave. (a)
Left-to-right propagation. (b) Right-to-left propagation. Dotted line indicates where power
flow was optimized and calculated.

The optimization starting point had r/a = 0.2 for all rods, where the cell size is a = 600 nm
and the desired operating wavelength is λ = 1500 nm, both of which correspond to a normalized
frequency of ωa/2πc = 0.4, and we used a wavelength-dependent refractive index for the silicon
(n = 3.48 at λ = 1500 nm) [30].

The objective in this case was maximizing the power Pr propagating through the right side for
plane waves originating from the left, while minimizing the power Pl on the left side from plane
waves propagating in the x = −∞ direction. Pr, Pl were computed by integrating the x̂-directed
power flow density along the dotted lines in Fig. 5. This objective is expressed by minimizing the
function

f =
1
Pr
(1 + C

|Pl |

Pr
), (6)

where C = 1000 was chosen as the transmission ratio penalty factor.
Setting the optimization starting point of r/a = 0.2 for all rods places λ in a complete photonic

bandgap, as depicted in Fig. 6, which shows the band structure for the infinitely periodic version
of the device. This initial structure does not allow propagation of ±x̂-directed plane waves,
despite having only 7 cells in the x direction. The choice of the initial device was such that
the bandgap would prevent propagation in both directions, and the optimization process would
tweak the device to permit one-directional propagation. Indeed, we can see in Fig. 5(a) that
the electric field originating from the left propagates through the device, and is magnified in
certain regions on the right. On the other hand, when the field originates from the right as in
Fig. 5(b), the device creates a shaded area on the left with near-zero electric field amplitude. Due
to the optimization, all of the radii changed by at least 2.5%, with the most radical changes at the
corners of the structure, where a few rods have been nearly eliminated from the structure and
others have doubled in size.
We also investigated the performance of this device for a range of wavelengths surrounding

λ, namely 1400 to 1600 nm. In Fig. 7(a), we have the power flow measured in both directions,
normalized by the power flow in the absence of the device, P0. At 1500 nm, we have Pr = 1.37P0
and Pl = 2.06 × 10−6P0, as well as a FWHM of 9.65 nm for Pr. We may have Pr/P0 greater
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Fig. 6. Photonic band structure for a triangular array of dielectric (n = 3.48) rods of radius
r/a = 0.2 in air, for TM polarization. The insets depict the irreducible Brillouin zone in
light blue as well as the unit cell.

than unity, partially because the height of the device exceeds the length of the line on which the
power is measured. The ratio between right- and left-propagating power is depicted with a solid
line in Fig. 7(b), where a transmission ratio of 58.2 dB is achieved. The stark narrowbandedness
exhibited in both plots is expected since the optimization was performed for a single frequency.

Lastly, we optimized the same initial triangular lattice for one-way transmission in the presence
of current filament excitation, placed at (±5a, 0). The minimization process in this case required
19 minutes. This device had a transmission ratio of 46 dB at λ = 1500 nm, as plotted with a
dashed line in Fig. 7(b). The resulting structure, shown in Fig. 8, is irregular as well, with a large
variance of the radii present in the structure. In this case, the power density distribution after
optimization is concentrated in two lobes, as opposed to the strong central lobe in the plane-wave
case. Similarly to the optimized diplexer, there is tapering of the radii in the vicinity of the source
on the left. The high transmission ratios for both types of excitation suggest that our method may
find optimal devices for different incident fields.

Fig. 7. (a) Power transmission spectrum in both directions, normalized by the power flow
without the device. (b) Transmission ratio between right- and left-propagating light for the
device that was optimized for excitation by plane wave (solid line) and current filament
(dashed).
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Fig. 8. Amplitude of Ez for the designed optical diode in response to a 1 nA current filament.
(a) Left-to-right propagation. (b) Right-to-left propagation. Dotted line indicates where
power flow was optimized and calculated.

4. Conclusion

In summary, we designed two aperiodic devices, each consisting of a collection of dielectric
rods, using optimization. The first device, a diplexer, was the result of optimizing an existing
design and yielded better performance in our simulations. Next, we designed an optical diode
to realize passive one-way transmission. Here we began with a uniform structure based on
the photonic bandgap and obtained a device with a high transmission ratio. In both cases, the
resulting optimized devices had rather irregular and unintuitive radius distributions, which agrees
with the suggestion that irregular structures introduce additional degrees of freedom which may
be exploited for precise electromagnetic field control. These devices can find potential use in
optical computing, and the method we employed in this work shows promise for designing other
dielectric photonic devices.
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