Available online at www.sciencedirect.com

ScienceDirect
Comput. Methods Appl. Mech. Engrg. 373 (2021) 113489
www.elsevier.com/locate/cma

Optimal Bayesian experimental design for electrical impedance
tomography in medical imaging
Ahmad Karimia ,∗, Leila Taghizadeha , Clemens Heitzingera,b
a

Institute of Analysis and Scientific Computing, TU Wien, Wiedner Hauptstraße 8–10, 1040 Vienna, Austria
b School of Mathematical and Statistical Sciences, Arizona State University, Tempe, AZ 85287, USA
Received 13 May 2020; received in revised form 19 September 2020; accepted 5 October 2020
Available online xxxx

Abstract
Optimal design of electronic devices such as sensors is essential since it results in more accurate output at the shortest
possible time. In this work, we develop optimal Bayesian inversion for electrical impedance tomography (EIT) technology in
order to improve the quality of medical images generated by EIT and to put this promising imaging technology into practice.
We optimize Bayesian experimental design by maximizing the expected information gain in the Bayesian inversion process in
order to design optimal experiments and obtain the most informative data about the unknown parameters. We present optimal
experimental designs including optimal frequency and optimal electrode configuration, all of which result in the most accurate
estimation of the unknown quantities to date and high-resolution EIT medical images, which are crucial for diagnostic purposes.
Numerical results show the efficiency of the proposed optimal Bayesian inversion method for the EIT inverse problem.
c 2020 Elsevier B.V. All rights reserved.
⃝
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1. Introduction
Bayesian analysis in inverse modeling aims to compute expectations of so-called quantities of interest (QoI),
constrained by forward PDE models, using probabilistic methods under a prior probability on uncertain PDE
inputs, and taking the availability of possibly massive, noisy and redundant data into account. Prominent examples
are climate and weather forecasts, subsurface flow, nanotechnology, life sciences and biomedical data. Bayesian
inference tools have been so far applied successfully to many inverse problems in various applications (see for
example [1–3]).
Electrical impedance tomography (EIT) [4–8] is an imaging technology which reconstructs electrical properties
of the interior of a body using surface electrode measurements. The electrical and physical properties of a human
body produce great information about the body interior for the identification and characterization of inclusions, for
instance cancerous tissues. This phenomenon is exploited in EIT, where the electrical properties such as conductivity
information is used to build images of the interior. This technology has attracted lots of attention since it possesses
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lots of practical advantages such as non-invasive, safe, portable and comparatively low cost devices. EIT technology
has been applied for imaging in various medical fields; lung imaging [9–12] for example for the detection of
pulmonary edema, breast imaging for the detection of abnormalities [13,14] and brain imaging for the study of
epilepsy, migraine, and strokes [15–17] as a fast neuroimaging tool. Despite all advances, this charming technology
is not yet competitive with computed tomography (CT) and magnetic resonance tomography (MRI) and has not
yet been adopted widely as a clinical imaging tool; EIT is an ill-posed and nonlinear inverse problem [18], which
suffers from low spatial resolution [19,20] and a poor signal-to-noise ratio (SNR) [21] compared to conventional
tomographic imaging techniques such as CT and MRI. Using more electrodes increases the spatial resolution, but
housing many electrodes is not always possible in real-life scenarios. Furthermore, using a smaller FEM mesh size
may improve the image quality, but results in higher computational time and cost.
Mathematical modeling and numerical simulations of the EIT problem including uncertainty quantification and
efficiently solving the tomography inverse problem are essential for optimal and efficient design of EIT devices in
imaging technology. In [22], we developed a new PDE model for EIT and proposed Bayesian inversion techniques
for solving the EIT inverse problem. In this paper, we develop optimal Bayesian inversion for EIT in order to
infer internal electrical properties such as the conductivity of the body as accurately as possible, which results in
high-resolution and high-quality clinical images. We reach the goal by developing optimal reconstruction algorithms
and providing an optimal experimental recipe for the EIT inverse problem.
To present our recipe, one of the main questions which arises is how much information we can extract through
a Bayesian approach from given experimental data and how we can do so in an optimal manner. To answer this
question, we aim to calculate the expected information gain in the Bayesian inversion process, which specifically is
the expected logarithmic ratio between the posterior and prior distributions of the unknown quantities. Optimizing
this ratio as the objective function leads us to design real-time experiments and to obtain the most informative data
about the model parameters, which results in the most accurate identification/estimation of the unknown quantities.
Some important questions also arise in presenting this novel methodology for the EIT problem: Which frequency
within the allowed interval from 1 kHz to 1 MHz will be the optimal one and more informative in our real-world
EIT applications? How and where should the electrodes at the body surface be located to reach the target expected
information gain? And how many samples or iterations would be sufficient in Bayesian inversion in EIT real-time
measurements? To answer these questions, we will maximize the expected information gain over the EIT design
space: the new inversion recipe includes the presentation of optimal measurement frequency and optimal electrode
placement in the real-time measurements of EIT, which lead to estimate the parameter of interest in the model,
i.e., the conductivity of leg muscle, more accurately.
One of the difficulties in evaluating the expected information gain is that it involves nested integrations over a
possibly high dimensional domain, which is computationally expensive. The second challenge is the optimization
problem over a design space. In this paper, we develop a double-loop Monte-Carlo (DLMC) method for the EIT
problem to calculate the expected information gain as well as simultaneous perturbation stochastic approximation
(SPSA) to obtain optimal designs for the EIT problem.
This paper is organized as follows: optimal Bayesian inversion via the calculation of expected information gain
is presented in Section 2. The nonlinear forward PDE model was first proposed in our previous work [22], but for
the sake of accessibility, we provide some details on the nonlinear forward model equation and Bayesian inversion
for the EIT inverse problem in Section 3. One of the main challenges is the sensitivity of the conductivity on the
boundary measurements, which results from the severely ill-posed and nonlinear EIT inverse problem. The main
goal of this paper is to deal with this challenge by optimizing the EIT experimental designs. More precisely, we aim
to determine the optimal frequency and optimal electrode configuration in EIT based on the statistical interpretation
of the reconstruction problem. Section 4 is devoted to presenting the optimal Bayesian experimental design including
optimal frequency and electrode placement for EIT measurements by illustrating the numerical simulation results
of optimization of expected information gain. Finally the conclusions are drawn in Section 5.
2. Optimal Bayesian experimental design
In the context of Bayesian inversion theory [23–26], there are two approaches to optimization of Bayesian
experimental design: optimizing posterior covariance functionals with respect to the design/hyper parameters [27],
and optimizing the Bayesian expected information gain (EIG) [28–31].
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The first approach is based on the notion of distinguishability of the measurements. In the distinguishability
approach, the optimality criterion is defined by maximizing the difference between measurements corresponding to
two different predetermined parameter distributions and minimizing the volume of the posterior density. The second
approach to optimize Bayesian inversion is to maximize the information about model uncertainty. In this approach,
the expected information gain is taken as the design criterion into account and the optimal experiments are found
from a continuously parametrized design space by inferring the model parameters from noisy data/observations in
a Bayesian setting. The latter is the approach we follow in this paper.
2.1. Design criterion
In 1956, Lindley [32] suggested for the first time the use of Shannon expected information gain [33], which
is based on Bayes’ Theorem and the Kullback–Leibler (KL) divergence [34,35] from the posterior to the prior
probability density functions of the unknown parameters, which is a popular information-based utility function
to measure the information gain of data for Bayesian inverse problems. In order to formulate the approach in a
Bayesian setting, we assume that unknown parameters are random variables. Suppose (Ω , A, P) is a probability
space, where Ω is a sample space, A is σ -Algebra of all events, and P is a probability measure on (Ω , A). Let
the vector of real-valued random variables q ∈ Q, y ∈ Y and d ∈ D denote respectively the uncertain parameters,
data/observations, and the design variables. Based on this approach, the expected information gain is defined as
∫ ∫
( p(q|y, d) )
p(q|y, d) log
I (d) := E[D K L ] =
dq p(y|d)dy
(1)
p(q)
Y Q
to estimate the efficiency of the proposed experiment set-ups. In the above expression, p denotes the density
with respect to the Lebesgue measure and the simplification p(q|d) = p(q) occurs since prior knowledge on the
parameters does not vary with the experimental design. Furthermore, D K L is the Kullback–Leibler (KL) divergence,
which is defined as
∫
( p(q|y, d) )
DKL :=
p(q|y, d) log
dq
(2)
p(q)
Q
as a measure of the information gain from posterior to prior or the information lost when the prior probability
density function (PDF) is used to approximate the posterior PDF. The goal of optimal Bayesian experimental design
(OBED) is to maximize the expected information gain over the design space D to find the optimal experimental
design parameter(s)
d∗ = arg max I (d)

(3)

d∈D

by providing the most informative observations.
2.2. Quantification of the design criterion
As the expected information gain (1) has no closed form, it should be approximated numerically. The numerical
evaluation of the design criterion is computationally expensive, since it involves calculation of nested integrals on
one hand, and searching the whole design space to find the maxima on the other hand. This evaluation is even harder
and in some cases infeasible when, for instance, a higher-dimensional parameter or design space or an expensive
forward solver is involved. Here, we propose a numerical methodology for the evaluation of the expected information
gain of the EIT model parameters, namely the double-loop Monte-Carlo approximation, which is computationally
efficient and speeds up the EIT Bayesian experimental design calculations.
2.2.1. Double-loop Monte-Carlo approximation
In the context of partial differential equations (PDEs), Monte-Carlo methods have been proven to dramatically
reduce the computational complexity of the integration in Eq. (1). We propose an optimal double-loop Monte-Carlo
method to efficiently compute the EIG of the parameters of interest in the EIT inverse problem using a Kullback–
Leibler divergence measure in simulation-based optimal Bayesian experimental design. As Eq. (1) has no closed
form, we first rewrite it as
∫ ∫
( p(y|q, d) )
p(y|q, d) p(q)dqdy
(4)
I (d) := E[DKL ] =
log
p(y|d)
Y Q
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using Bayes’ theorem, in order to approximate it numerically. The double-loop Monte-Carlo approximation of I is
defined as
N
)
p(yi |qi , d)
1 ∑ (
I (d) ≈
log 1 ∑ M
,
(5)
N i=1
j=1 p(yi |qi, j , d)
M

where qi are parameter samples drawn from the prior p(q) and yi are data samples drawn from the likelihood
p(y|qi , d). Furthermore, N and M are the number of samples in the outer and inner Monte-Carlo estimates,
respectively. Algorithm 1 summarizes the necessary steps for the calculation of EIG using the double-loop
Monte-Carlo method.
Algorithm 1 Algorithm to evaluate the EIG using double-loop Monte-Carlo
1. Draw a large size parameter samples (q1 , . . . , q N0 ) from the prior p(q).
2. Generate an index set of size N1 ≤ N0 of random samples of the integers 1 to N0 to obtain samples for the
outer loop (q1 , . . . , q N1 ).
3. Draw a data samples (y1 , . . . , y N1 ) from the likelihood p(y|qi , d).
4. Generate index sets of size M1 ≤ N0 of random samples of the integers 1 to N0 to obtain samples for the
inner loop (q1,i , . . . , q N1 ,i ) for i = 1, . . . , M1 .
5. Evaluate the double-loop Monte-Carlo estimator Eq. (5).

2.3. Stochastic optimization
As mentioned, an optimal experimental design aims to maximize the worth of information of an experiment for
statistical inference. This optimal process is of importance, especially for experiments that are long or expensive
to perform. Hence, in order to solve the optimization problem of Bayesian experimental design (3), iterative
search strategies and in particular stochastic optimization methods [36–39] instead of deterministic ones for highdimensional problems are proposed, since the objective function is noisy. Here, we develop the simultaneous
perturbation stochastic approximation (SPSA) algorithm [40,41] for the stochastic optimization of the noisy EIG,
which is approximated by the double-loop Monte-Carlo method.
SPSA is a gradient-based optimization algorithm in the stochastic setting, which is used when only measurements
of the objective function are available but no gradient information. The SPSA algorithm can be written in the general
recursive stochastic approximation (SA) form
dk+1 = dk − ak gk (dk ),

(6)

where k is the iteration number and gk (dk ) is the simultaneous perturbation estimate of the gradient, which is
approximated by finite differences using only two random perturbations, i.e.,
gk (dk ) =

y(dk + ck ∆k ) − y(dk − ck ∆k ) −1 −1
T
[∆k1 , ∆k2 , . . . , ∆−1
kp ] ,
2ck

(7)

where ∆k = [∆k1 , ∆k2 , . . . , ∆kp ]T is the mean-zero p-dimensional random perturbation vector with i.i.d. entries
drawing from a user-specified distribution satisfying certain conditions [36, Sections 7.3 and 7.4], and y is the
objective function. Furthermore ak is a non-negative scalar gain coefficient and ck is a positive scalar, which are
defined by
a
c
ak =
and ck =
,
(C + k + 1)α
(k + 1)γ
where a, C, α, c and γ are parameters of the algorithm and their values can be found in [40]. The advantage of
this stochastic approximation method is that in order to approximate the gradient only two function evaluations per
step are required, while in a full finite difference scheme 2 p evaluations are needed.
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3. Bayesian inversion for EIT
In EIT, the aim is to reconstruct the conductivity distribution inside an object using boundary measurements.
Information gained from the reconstructed conductivity is useful in a number of medical and engineering
applications including cancer detection, monitoring for internal bleeding and determining body composition. Owing
to increases in computational resources and knowledge transfer in EIT imaging methods (e.g. the EIDORS project),
the interest in use of EIT in medical applications has dramatically increased over the past 20 years. In this section,
we briefly review the forward and inverse EIT problem using the nonlinear elliptic PDE model, namely the nonlinear
Poisson–Boltzmann equation, which we presented in [22] to model electrodes in a bioimpedance tomography device.
3.1. The linear model
The EIT forward problem is to find the electrostatic potential in the physical domain and then to calculate the
electrical current flowing through the electrodes. Ignoring magnetic effects and assuming no internal current source
in EIT problems, the (complex-valued) linear model is the Poisson equation
∇ · (A∇u) = 0,

(8)

where
A(x, ω) := σ (x, ω) + iωϵ(x, ω)

(9)

is the admittivity, and σ and ϵ are the electric conductivity and permittivity, respectively. Also, ω is the frequency
of the electrical current. Since we restrict the present discussion to static fields, i.e., ω → 0+, the admittivity
is real and coincides with the static conductivity, i.e., A = σ (x), which we use here. Moreover, the impedivity
ρ = 1/A is just the resistivity of the body [25]. The linear model (8) is widely used for modeling EIT; the Electrical
Impedance Tomography and Diffuse Optical Tomography Reconstruction Software EIDORS [42] is based on this
model equation.
To find the boundary conditions, we assume that there are L contact electrodes eℓ , which are attached to the
surface of the body, i.e., eℓ ⊂ ∂ D, 1 ≤ ℓ ≤ L, such that eℓ ∩ ek = ∅ for ℓ ̸= k. We assume that the electrodes
conduct perfectly, and thus the tangential electrical field vanishes along the electrodes. Then, possible boundary
conditions on the electrodes are the Dirichlet boundary conditions
u(x) = Uℓ ,

x ∈ eℓ ,

1 ≤ ℓ ≤ L.

(10)

We also assume that no current flows in and out of the body between the electrodes, which leads to the zero
Neumann boundary conditions
∂u(x)
= 0,
∂n

x ∈ ∂ D\

L
⋃

eℓ .

(11)

ℓ=1

3.2. The nonlinear model
To extend the model, we consider free charges of the background medium in the equation. Assuming that the
energies of all ions in the electric field are distributed according to a Boltzmann distribution, we define the charge
density of free charges in the system by
f free := η(exp(−βu) − exp(βu)) = −2η sinh(βu),
where η is the ion accessibility function. The constant β is defined as β := 1/UT , where UT is the thermal voltage at
room temperature and it is defined by UT := k B T /q in terms of the Boltzmann constant k B and the temperature T ,
and q > 0 the elementary charge. Here, we assume that the charge of single positive and negative charge carriers
is the same. In the definition of charge density of free charges, the exponential terms stem from the Boltzmann
distributions for two species of ions, which leads to sinh in the model.
Adding charge density of free charges f free to the fixed charges f fixed (for simplicity we denote it by f in the
equation), we arrive at the nonlinear Poisson–Boltzmann equation
−∇ · (A(x)∇u(x)) = f (x) − 2η(x) sinh(βu(x))
5
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as the extended model for the EIT problem. Therefore, the new forward problem describing EIT is to find the
potential u in the main object D, given the conductivity A, the voltage pattern U = (U1 , . . . , U L )T , the ion
accessibility function η, and the concentration f of fixed charges, that solves the (real-valued) nonlinear elliptic
PDE
−∇ · (A(x)∇u(x)) + 2η(x) sinh(βu(x)) = f (x)

(12a)

∀x ∈ D,
∀x ∈ eℓ ,

u(x) = Uℓ
∂u(x)
=0
∂n

∀x ∈ ∂ D\

(12b)
L
⋃

eℓ .

(12c)

ℓ=1

As mentioned before, in every measurement pattern a potential is applied to the electrodes and the resulting
electrical current on the rest of the electrodes is measured. The electrical current flowing through the electrodes in
the EIT problem [6] is calculated by
∫
∂u(x)
ds,
1 ≤ ℓ ≤ L.
(13)
A
Iℓ =
∂n
eℓ
The nonlinear Poisson–Boltzmann equation (12) has a unique solution and a pointwise estimate for the solution
of the equation has been presented in [43]. The required assumptions for the existence of a unique solution are
listed below.
L
Assumptions 1. The conductivity A : D → R2×2 and the voltage simulation pattern {Uℓ }ℓ=1
∈ R L satisfy the
following assumptions:

1. The coefficient A : D → R2×2 is a piecewise constant-valued matrix, which is uniformly elliptic and satisfies
A ∈ L ∞ (D; R2×2 ),

ess inf A(x) = A− > 0

(14)

x∈D

and contains the conductivity of the inclusion and the background medium, as the two materials are different
in their physical properties.
∑L
2. The voltages applied to the electrodes are chosen such that ℓ=1
Uℓ = 0.
To solve the proposed EIT model, the first order Galerkin finite element method is used and in order to illustrate
the numerical solution, a cross-section of a human right leg is assumed as the computational domain, where eight
electrodes are attached to its boundary. Fig. 1 (right) shows the domain with a finite element discretization. In
this figure (left), three different subdomains are displayed: the first subdomain is a circular bone (in dark blue)
surrounded by the second subdomain, the muscle (in brown), which itself consists of many partitions, and the rest
is fat (in blue). Each subdomain has its own electrical conductivity and in the solution of the forward problem the
FEM mesh is aligned with the inclusions such that each element has a constant value for the coefficient A.
Assuming that voltages of ±10 V are applied to the injection electrode pair under the neighboring/adjacent
method, Fig. 2 displays the obtained electrical potential as the solution of the model equation on the simulation
domain for three injection patterns.
3.3. The EIT inverse problem
The EIT inverse problem is to reconstruct the electrical and physical properties of the body interior, given the
electrode measurements on its surface. To solve this inverse problem, we propose Bayesian inversion techniques, in
which the solution of the inverse problem is the posterior density that best reflects the distribution of the parameters
based on the observations [23]. As the observations or measurements are subject to noise and the observational
noise, i.e., the error e due to modeling and measurement, is unbiased and i.i.d., it can be represented by random
variables as
(15)

M = G(Q) + e,

where e is a mean-zero random variable, M a given random variable representing observed data or measurements
with realizations y = M(ω) and Q an uncertain random variable with realizations q = Q(ω) representing parameters
6
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Fig. 1. EIT domain: cross-section of a right leg illustrating a schematic of the three subdomains (left) and the discretization by a FEM
mesh (right) used for solving the forward problem. (For interpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.)

Fig. 2. Solution of the nonlinear forward problem (in Volt) using the neighboring injection method illustrated in 8 patterns in the frequency
of 50 kHz for a cross-section of a right leg.

to be estimated. To describe the Bayesian inverse problem, we assume that for Oi ∈ V ∗ , i = 1, 2, . . . , m, which
denote m continuous, linear observation functionals on V , we define the forward mapping G : X → Rm as
(
)
X ∋ q ↦→ G(q) := O1 (u(·, q)), . . . , Om (u(·, q)) ∈ Rm ,
which takes one realization of input Q to a noisy set of observations, where u ∈ V is the solution of the forward
PDE [44,45].
To describe the Bayesian approach on function spaces, we formulate Bayes’ Theorem in a measure-theoretic
framework, which is suitable for problems on infinite-dimensional spaces. To this end, assume that (X, ∥ · ∥ X )
(infinite-dimensional) and (Y, ∥ · ∥Y ) (possibly infinite-dimensional) are separable Banach spaces and q ∈ X is a
random variable distributed according to measure µ0 on X , in which our prior beliefs about the unknown parameter
q are described. We assume the distribution of the measurement error e (data likelihood) is defined by
π (y|q) := π (y − G(q))

(16)
7
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to calculate the posterior probability measure µ y for q ∈ X given y ∈ Y , which leads to
π (q|y) = ∫

π0 (q)π (y − G(q))
R p π0 (q)π (y − G(q))dq

(17)

using Bayes’ formula, where π0 and π are the prior and posterior density functions and correspond to the probability
measures µ0 and µ y , respectively. Thus, we have
π (q|y) ∝ π0 (q)π (y − G(q))

(18)

with a constant of proportionality depending only on y.
As in infinite-dimensional spaces there is no density with respect to the Lebesgue measure, Bayes’ rule should
be interpreted as providing the Radon–Nikodym derivative between the posterior measure µ y (dq) = P(dq|y) (with
density π (q|y)) and the prior measure µ0 (dq) = P(dq) (with density π0 ), yielding
dµ y
(q) ∝ π (y − G(q)).
dµ0

(19)

Without loss of generality, we can view the right-hand side as the exponential of the negative of Φ(q, y), where
Φ : X × Y → R is called a potential. Hence, Eq. (19) can be rewritten as
dµ y
(q) ∝ exp (−Φ(q, y)),
dµ0

(20)

since the density π is nonnegative [46]. Furthermore, the posterior measure µ y in some PDE inverse problems can
be formulated as
dµ y
1
exp (−Φ(q, y)),
(21)
(q) =
dµ0
C(y)
where C(y) is a normalization constant and chosen such that µ y is a probability measure, i.e.,
∫
C(y) :=
exp (−Φ(q, y))dµ0 (q).

(22)

X

Furthermore, we assume that µ0 (X ) = 1 holds for the infinite-dimensional separable Banach space X .
The goal is to show that the posterior measure µ y of the form (21) is well-defined and that the problem is
well-posed with respect to its dependence on the data. To this end, the function Φ : X × Y → R should have
essential properties, namely lower and upper bounds and the Lipschitz property in q and y. As this function is
defined in terms of the function G : X → Rm , it is sufficient to prove the following properties of the function G
corresponding to the inverse problem of interest. This implies that Φ : X ×Rm → R satisfies Assumption 2.6 in [46]
with (Y, ∥ · ∥Y ) = (Rm , | · |).
Assumptions 2.

The function G : X → Rm has the following properties.

1. For every ε > 0, there exists a Z (ε) ∈ R such that the inequality
|G(q)| ≤ exp(ε∥q∥2X + Z (ε))

(23)

holds for all q ∈ X .
2. For every r > 0, there exists a K (r ) > 0 such that the inequality
|G(q1 ) − G(q2 )| ≤ K (r )∥q1 − q2 ∥ X

(24)

holds for all q1 , q2 ∈ X with max(∥q1 ∥ X , ∥q2 ∥ X ) < r .
To prove the well-definedness of the posterior measure and well-posedness of the EIT Bayesian inversion, we
need to verify if the bounds and Lipschitz properties in Assumption 2 hold true when G is given by the solution of
the (real-valued) nonlinear elliptic PDE model (12) (assuming that f = 0 and g is the Dirichlet data). Theorem 1
presents boundedness and Lipschitz continuity of the solution of the nonlinear EIT model by functions of the
parameters, which we need for the well-posedness of the Bayesian inversion for the new model. More details of
the proof can be found in [22, Proposition 1].
8
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Theorem 1. Suppose the real-valued nonlinear elliptic equation (12) (assuming that f = 0 and g is the Dirichlet
data) holds in the bounded domain D ⊂ Rn , n ∈ {2, 3}, with a smooth boundary ∂ D and A := eq =: η, where
q ∈ L ∞ (D). Then, the estimate
∥u∥ H 1 ≤ H e2∥q∥ L ∞

(25)

holds for all q ∈ L ∞ (D), and the estimate
∥u 1 − u 2 ∥ H 1 ≤ Se4 max(∥q1 ∥ L ∞ (D) ,∥q2 ∥ L ∞ (D) ) ∥q1 − q2 ∥ L ∞ (D)

(26)

holds for all q1 , q2 ∈ L (D), where H = H (∥∇g∥ L 2 (D) ) and S = S(∥∇g∥ L 2 (D) ) are functions and g ∈ L (D) is
the Dirichlet lift of g.
2

∞

Proof. We substitute v := u − g in (12), where g is the Dirichlet data and g is the Dirichlet lift of g. In order to
find estimates (25), we take the inner product with any v ∈ H01 (D), which leads to
⏐
⏐∫
⏐ ⏐ ∫
∫
⏐
⏐
⏐ ⏐
⏐
⏐
⏐
I := ⏐ A∇v · ∇v ⏐ = ⏐− A∇g · ∇v − 2η sinh(β(g + v))v ⏐⏐ ,
where A = eq . Using η = eq and sinh(β(g + v)) = (eβ(g+v) − e−β(g+v) )/2 as well as the triangle inequality, we find
⏐ ⏐∫
⏐ ⏐∫
⏐
⏐∫
⏐ ⏐
⏐ ⏐
⏐
⏐
q β(g+v) ⏐
q −β(g+v) ⏐
−∥q∥ L ∞
2
q
⏐
⏐
⏐
⏐
e
v⏐ + ⏐ e e
v⏐ .
∥∇v∥ L 2 ≤ I ≤ ⏐ e ∇g · ∇v ⏐ + ⏐ e e
Using the Cauchy–Schwarz and Poincaré inequalities and κ ≤ u = g + v ≤ λ, which is a pointwise estimate [43]
for the solution of the Poisson–Boltzmann equation, we can write
(27)

∥∇u∥ L 2 ≤ ∥∇v∥ L 2 + ∥∇g∥ L 2
≤ 2C p e
= H0 e

2∥q∥ L ∞

2∥q∥ L ∞

(∥∇g∥ L 2 + e

|βλ|

+e

|βκ|

)

,

where H0 := 2C p (∥∇g∥ L 2 +e|βλ| +e|βκ| ), C p is a Poincaré constant and κ and λ are constants. Finally, the definition
of H 1 -norm and inequality (27) lead to
∥u∥ H 1 ≤ H e2∥q∥ L ∞ ,

(28)

C 2p )1/2 .

where H = H0 (1 +
To prove inequality (26), we assume that u 1 and u 2 satisfy (12) with coefficients A1 = eq1 = η1 and
A2 = eq2 = η2 . Then, we subtract the term ∇ · (eq1 ∇u 2 ) and take the inner product with u 2 − u 1 . We follow
a strategy similar to the first part of the proof for the difference u 2 − u 1 to obtain
)
(
∥∇(u 2 − u 1 )∥ L 2 ≤ ∥q1 − q2 ∥ L ∞ e4 max(∥q1 ∥∞ ,∥q2 ∥∞ ) ∥∇g∥ L 2 + C p e|βλ2 | + C p e|βκ2 | + C p |eβ max(λ1 ,λ2 ) − e−β max(λ1 ,λ2 ) |
= S0 ∥q1 − q2 ∥ L ∞ e4 max(∥q1 ∥∞ ,∥q2 ∥∞ ) ,

where S0 := ∥∇g∥ L 2 + C p e|βλ2 | + C p e|βκ2 | + C p |eβ max(λ1 ,λ2 ) − e−β max(λ1 ,λ2 ) |, and κi ≤ u i ≤ λi , i ∈ {1, 2} are
the pointwise estimates for the solution of the nonlinear Poisson–Boltzmann equation [43], where κi and λi are
constants. Now, we can write
∥u 1 − u 2 ∥ H 1 ≤ (1 + C 2p )1/2 ∥∇(u 1 − u 2 )∥ L 2
(
)
≤ (1 + C 2p )1/2 ∥∇g∥ L 2 + C p e|βλ2 | + C p e|βκ2 | + C p |eβ max(λ1 ,λ2 ) − e−β max(λ1 ,λ2 ) | e4 max(∥q1 ∥∞ ,∥q2 ∥∞ ) ∥q1 − q2 ∥ L ∞
= Se4 max(∥q1 ∥∞ ,∥q2 ∥∞ ) ∥q1 − q2 ∥ L ∞ ,

where S := S0 (1 + C 2p )1/2 , which completes the proof.

□

In [22], we solved the EIT inverse problem corresponding to the nonlinear model (12) on the cross-section
of a right leg using real-world surface electrode measurements in order to identify the electrical conductivity of
muscle tissue inside the leg. To this end, we developed a Bayesian inversion theory for the proposed EIT model
and proposed an adaptive Markov-chain Monte-Carlo (MCMC) method in order to solve the EIT inverse problem.
One of the main challenges is the sensitivity of the conductivity on the boundary measurements, which results
from the severely ill-posed and nonlinear EIT inverse problem. In this paper, we aim to deal with this challenge
by optimizing the EIT experimental designs. More precisely, the goal is to determine the optimal frequency and
9
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Fig. 3. The expected information gain for different design patterns used in Fig. 2 in order to extract the conductivity of the muscle as
a parameter of interest in the frequency 50 kHz (left). The expected information gain for different numbers of samples used in Bayesian
inversion process in the frequency 50 kHz (right).

electrode configuration in EIT based on the statistical interpretation of the reconstruction problem. The next section
is dedicated to the optimal Bayesian experimental design for EIT by means of maximizing the expected information
gain of the parameter extraction in Bayesian inference process, whose methodology was explained in Section 2.
4. Optimal Bayesian experimental design results
As mentioned, the sensitivity of the electrical properties such as conductivity on the boundary measurements due
to the severely ill-posed and nonlinear EIT inverse problem leads to optimize the effective experimental designs in
the problem in order to extract the unknown quantity as accurately as possible. Therefore, the goal here is to optimize
Bayesian inversion applied to the EIT problem in order to find optimal Bayesian experimental designs including
optimal frequency, optimal electrode placement, and optimal measurement strategies. In this section, we simulate
the optimal Bayesian inversion methodology and illustrate the numerical results for the example of a cross-section
of a right leg as a real-world application of EIT. The goal is to extract the electrical conductivity of muscle inside
the right leg using the optimal Bayesian inversion mechanism. First, we present the results of calculated expected
information gain for the posterior Markov-chain generated by the DRAM [47] as an adaptive MCMC reconstruction
algorithm and using the nonlinear Poisson–Boltzmann equation as the EIT model.
In Fig. 3 (left), the calculated information gain corresponding to the 8 injection patterns used in Fig. 2 is
illustrated. According to this result, the information that we can obtain from different EIT design patterns is not
the same. Fig. 3 (right) displays the information gain for different numbers of samples used in Bayesian inversion
process. According to this figure, there is no significant difference between the information gain from 10 k samples
and more than 10 k in our EIT problem. That makes it possible to use the lower value 10 k as the number of
samples in our calculations. This prior knowledge regarding an optimal number of samples will lead us to efficient
and low-cost calculations without losing (much) information.
Algorithm 2 The optimal Bayesian inversion algorithm
Choose d1 ∈ D as the initial vector of the EIT design parameters.
for k = 1 : Niter do
1. Calculate the expected information gain for the design parameter dk using the DLMC approximation
Eq. (5).
2. Terminate the algorithm if the number of iterations has reached Niter , express dk as the optimal design.
3. Update dk to a new value dk+1 using the recursive stochastic approximation form (see Section 2.3):
dk+1 = dk − ak gk (dk ).
4. Replace dk by dk+1 .
end for
4.1. Optimal frequency for EIT measurements
In this section, numerical results of optimal Bayesian inversion for the estimation of optimal frequency for the
EIT inverse problem, namely the extraction of the conductivity of a human leg muscle, are presented. Variation
10
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Fig. 4. Posterior distributions of the muscle conductivity for frequencies 10, 200, 500 and 900 kHz.

in the applied frequency as an EIT experimental design results in different Bayesian analysis. In Fig. 4, the
posterior distribution of the generated Markov-chains for four different frequencies is illustrated. According to these
results, the chains obtained for different frequencies have different characteristics and contain different amounts of
information.
These results motivated us to calculate the expected information gain of each frequency in the range from 1 kHz
to 1 MHz, which was very costly and time-consuming. The results are displayed in Fig. 5.
To overcome the problem of cost and complexity of calculations in order to reach a real-time experimental design
in the EIT problem on one hand, and according to the noisy objective function (see Fig. 5) on the other hand,
we employed a stochastic optimization method, namely the simultaneous perturbation stochastic approximation
(SPSA), which was explained in Section 2. This method is applied to the problem of maximization of the expected
information gain in order to obtain optimal and more informative experimental designs. According to the numerical
results, the optimal frequency for the described EIT problem is estimated as 162 kHz. Table 1 includes the results
for different frequencies.
In the optimal frequency, the conductivity of the muscle as the mean of posterior chain is estimated more
accurately and the distribution of the posterior has the highest expected information gain compared to other nonoptimal frequencies. Fig. 6 shows the posterior distribution and trajectory of the parameter of interest at the optimal
frequency 162 kHz in our EIT problem.
4.2. Optimal electrode configuration for EIT measurements
Due to the nonlinearity and ill-posedness of the EIT inverse problem, any small variation in the electrode
configuration leads to a big change in the gained information in Bayesian extraction process. In this section, we aim
11
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Fig. 5. The calculated expected information gains for different frequencies.

Fig. 6. The posterior distribution (left) and trace plot (right) of muscle conductivity for the obtained optimal frequency 162 kHz.
Table 1
Estimated mean values of muscle conductivity for various frequencies using Bayesian inference and corresponding
calculated values of expected information gain.
Frequency kHz

Conductivity
(True value)

Conductivity
(Estimated)

Error of
estimation

Expected
information gain

10
162 (Optimal)
200
500
900

0.3410
0.3754
0.3840
0.4460
0.4950

0.3500
0.3811
0.3905
0.4535
0.5069

0.0090
0.0057
0.0065
0.0075
0.0119

3.7819
4.4557
4.1200
2.4660
1.7007

to find the optimal electrode configuration including the optimal placement of injection and measurement electrodes
as well as the optimal measurement strategies using the optimal Bayesian inversion methodology that we proposed
in Section 2 and Algorithm 2. In Fig. 7, various electrodes placement is displayed. The calculated information gain
for the extraction of the muscle conductivity and mean of the estimated posterior chain for the unknown quantity in
each case are indicated in the figures as well. The numerical experiments confirm the sensitivity of the EIT inverse
problem on the electrode configuration and measurement strategy.
12
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Fig. 7. Various electrode positioning together with the corresponding expected information gains and means of the estimated posterior chains
are illustrated. Green electrodes are the injection pairs and red ones are measurement electrodes. (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of this article.)

Fig. 8. Mean of the posterior chains in the optimization process versus the corresponding expected information gains.

Fig. 8 depicts the mean of the posterior chains generated in the optimization process versus the corresponding
expected information gains. This figure illustrates the convergence of the means to the true value of the muscle
conductivity, i.e., 0.3754, while reaching the maximum information gain using the optimal electrode configurations
chosen by the optimization algorithm.
4.2.1. Clustering the electrode configurations
Since the objective function is noisy, it is hard to decide exactly which configuration is eventually the optimal one.
According to various injection patterns, we need to use two and even more (near) optimal electrode configurations
for the process of the measurement and image reconstruction. Therefore, we split the obtained configurations into the
optimal and non-optimal ones and to this end we apply data clustering methods. The K -means algorithm is one of
the most preferred clustering tools in data mining for many real world applications [48,49]. Although this clustering
method is simple to understand and deploy, it suffers from some limitations; due to the use of the Euclidean distance,
13
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Fig. 9. Optimal (blue) and non-optimal (red) electrode configuration clusters using K -means clustering method (left) and MAP-DP method
(right). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

K -means assumes that the data space is isotropic in the sense that distances are unchanged by translations and
rotations and therefore each cluster consists of the data points lying within a sphere around the centroid. One of the
limitations of K -means is that this method implicitly assumes all clusters have the same radius while sometimes
they are very clearly identifiable. Additionally, K -means implicitly assumes each cluster has the same volume in
data space in the sense that each cluster contains the same number of data points, while there might be significant
differences in clusters density. Another limitation is that small changes in the data result in small changes to the
position of the cluster centroid, which is assumed as average of the data points in a cluster. Therefore, outliers can
significantly impair the results of K -means. Moreover, in the method of K -means it is assumed that the number K
of clusters is given, while this is rarely the case in practice. These limitations lead to inaccurate conclusions about
the structure in the data.
To overcome these limitations, we apply maximum a-posteriori Dirichlet process mixtures (MAP-DP) algorithm [50]. This method is statistically rigorous and it is based on nonparametric Bayesian Dirichlet process mixture
modeling, which is a probabilistic model and involves fitting a probability density model to the data, while K -means
is essentially geometric. This method for instance estimates the number of necessary clusters for given data points
using Bayesian nonparametric (BNP) models [51] as well as it separates outliers from the data efficiently and thus
the centroid is estimated accurately. Fig. 9 demonstrates the optimal and non-optimal electrode configuration clusters
using the two methods, i.e., K -means and MAP-DP algorithms. This figure clearly illustrates the efficiency of the
MAP-DP compared to the K -means by more accurately identifying the optimal configurations.
In Fig. 10, the standard uniform electrode configuration versus two optimal design patterns with high expected
information gains is displayed. The optimal patterns are proposed by the applied optimization method on Bayesian
results of the EIT inverse problem and they belong to the optimal cluster. Due to these results, injection from
the top-left of the computational domain with measurement electrodes which are close together leads to a larger
information gain and more accurate estimation of the muscle conductivity, whose true value is 0.3754, while
uniformly distributed electrodes result in a moderate information gain and an inaccurate estimation of the unknown
quantity compared to the optimal configurations. All experiments are performed in the optimal frequency of
162 kHz, which was calculated in Section 4.1.
The results of various electrode configurations shown in Figs. 7 and 10 including the corresponding expected
information gain and the estimated value for the muscle conductivity using Bayesian inversion are summarized
in Table 2. The comparison shows the efficiency of the presented optimal Bayesian inversion for the EIT inverse
problem.
5. Conclusions
We developed an optimal algorithm for Bayesian inversion for the EIT problem, which has applications in
medical imaging. The new inversion methodology presents an optimal EIT experimental design recipe including
14
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Fig. 10. Standard uniform (top) electrode configuration versus optimal (bottom) configurations with the highest expected information gains
and estimations of the muscle conductivity closest to its true value.
Table 2
Estimated expected information gains and mean of Markov chains for the muscle conductivity (true value: 0.3754)
for various electrode configurations.
Electrode configuration

Expected information gain

Estimated muscle conductivity

Non-optimal I (Fig. 7-left)
Non-optimal II (Fig. 7-right)
Uniform (Fig. 10-top)
Optimal I (Fig. 10-bottom left)
Optimal II (Fig. 10-bottom right)

1.5565
2.7911
3.8077
5.1297
5.2870

0.4386
0.3858
0.3831
0.3756
0.3748

the optimal frequency and electrode configuration by maximizing the expected information gain in the inversion
process, which results in accurate estimation of EIT model unknowns and high-resolution medical images. To this
end, we developed a double-loop Monte-Carlo method and simultaneous perturbation stochastic approximation for
the EIT inverse problem. The comparison of numerical results for various electrode configurations indicates the
efficiency of the proposed optimal Bayesian inversion methodology for the EIT problem. It is valuable to mention
that the optimal sensor placement would be affected by the object to be imaged and updates to the configuration
would be needed as the object is imaged. In clinical practice, electrode configurations should be implemented by
more advanced EIT devices.
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