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Zusammenfassung
In den letzten Jahren haben nanotechnologische Vorrichtungen, z.B. Silizium-NanodrahtSensoren, Feldeffekttransistoren sowie Nanoporen, auf natürliche Weise zu Mehrskalenproblemen geführt. Experimentell wurde gezeigt, dass Silizium-Nanodrahtsensoren winzige
Konzentrationen von Biomolekülen wie DNA-Oligomeren, Tumormarkern, toxischen
Gasmolekülen wie Kohlenmonoxid und die Diffusion von Ionen durch Transmembranproteine detektieren können. Feldeffekttransistoren (FETs) sind zu einem weit verbreiteten
Bauteil in der Elektronikindustrie geworden. Diese Bauteile basieren auf modernsten
Technologien und sind zugleich ein interessantes Modellsystem für stochastische PDEs.
Verschiedene Quellen von Rauschen und Schwankungen werden hier in die Modellgleichungen inkludiert. Die Dotierung von Halbleitern is inhärent zufällig und führt
zu einer zufälligen Anzahl von Verunreinigungsatomen, die an zufälligen Positionen
platziert werden und von denen sich die Ladungskonzentrationen und Mobilität an den
Standorten ändert. Die hier entwickelten Simulationswerkzeuge sind allgemein genug,
um viele Situationen mit einzuschließen, wo der Ladungstransport in einer zufälligen
Umgebung auftritt. Diese Effekte aufgrund der zufälligen Lage von Dotierstoffen sind
von zunehmender Bedeutung, da die Geräte in die Nanometer-Skala geschrumpft sind
und Milliarden von ihnen trotz der unvermeidlicher Prozessvariationen zusammen arbeiten müssen. In Feldeffektsensoren binden Zielmoleküle an zufällig platzierte Rezeptormolekülen in einem stochastischen Prozess, so dass der Detektionsmechanismus auch
inhärent stochastisch ist. Die Brownsche Bewegung der Zielmoleküle führt auch zu
Änderungen der Ladungskonzentration und der Permittivität. Die Zufälligkeit an der
Sensoroberfläche breitet sich durch die selbstkonsistenten Transportgleichungen aus und
führt schließlich zum Rauschen im Sensorausgang.
Diese Überlegungen motivieren die Entwicklung fortgeschrittener stochastischer numerischer
Methoden, um die Unsicherheit in nanoelektronischen Geräten zu modellieren. Wir
addressieren die numerische Herausforderung durch Verwendung von State-of-the-ArtMethoden, wie z.B., der Multi-Level Monte-Carlo-Methode (MLMC) und verbessern sie
indem wir die Diskretisierungsparameter im numerischen Ansatz so bestimmen, dass die
Rechenarbeit für einen vorgeschriebenen Gesamtfehler minimiert wird. Auf diese Weise
werden die verschiedenen Fehlerquellen optimal ausgeglichen.

Abstract
In recent years, nanoscale devices such as silicon nanowire sensors, field-effect transistors (FETs), and nanopores have been promising devices in medicine and engineering.
Silicon nanowire sensors have been used to detect minute concentrations of biomolecules
e.g., DNA oligomers, tumor markers, toxic gases and diffusion of ions through transmembrane proteins. FETs have become a very widely used device within the electronics
industry. These devices are cutting-edge technologies and, at the same time, an interesting model system for stochastic partial differential equations (PDEs).
Various sources of noise and fluctuations are included in the model equations here.
Doping of semiconductor devices is inherently random and results in a random number of impurity atoms placed at random positions. These effects due to the random
location of dopants are of increasing importance, as the devices have been shrunk into
the nanometer scale and billions of them are required to work together despite the unavoidable process variations. In field-effect sensors, target molecules bind to randomly
placed probe molecules in a stochastic process so that the detection mechanism is inherently stochastic. The Brownian motion of the target molecules also results in changes
in charge concentration and permittivity which propagates through the self-consistent
transport equations and finally results in noise in the sensor output.
These considerations motivate the development of advanced stochastic numerical methods to model the uncertainty in nanoelectronic devices. We develop stochastic driftdiffusion-Poisson system of equation to model the effect of randomness on charge transport. To that end, existence and local-uniqueness theorems for weak solutions of the are
presented and for the stochastic PDE an efficient computational technique (ScharfetterGummel iteration) is used to solve it. In order to calculate the ionic currents through
various transmembrane proteins a transport equation for confined structures is employed.
The computational significance of this continuum model is that the (6 + 1)-dimensional
Boltzmann equation is reduced to a (2 + 1)-dimensional diffusion-type equation and
ionic currents through confined structures can be calculated immediately.
We address the numerical challenge by using state-of-the-art methods, such as multilevel
Monte Carlo method, and improve on it by determining the discretization parameters in
the numerical approach such that the computational work is minimized for a prescribed
total error. In this way, the various sources of error are balanced optimally. To further
improve the computational efficiency, a randomized low-discrepancy sequence such as a
randomly shifted rank-1 lattice are applied.
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Chapter 1

Introduction
Designing fully functional nanoscale devices with sensing, computing, and actuating
capabilities has been a long-standing goal of science and engineering community. In the
last few decades, the noticeable advances in nanotechnology such as the development of
novel nanodevices like silicon nanowire sensors and multi-gate field-effect transistors are
pronounced.
Generally, uncertainty quantification (UQ) is the process by which uncertainties in a system are characterized and propagated to a given Quantity of Interest (QoI). In fact, the
UQ is a broad phrase used to describe methodologies for taking account of uncertainties
when mathematical and computer models are used to describe real-world phenomena.
This includes propagating uncertainty from unknown model inputs to model outputs,
the study of uncertainty in the models themselves, developing approximation schemes
that result in accurate computer models, robust design, model calibration, and other
inverse problems, model bias, and discrepancy etc. In nanoelectronic devices, noise
and fluctuations are of great importance, especially in nanometer-scale devices, as any
random effect becomes proportionally more important as devices are shrunk. In this
dissertation, we will focus on the UQ to model the complex systems which have complicated mathematical descriptions such as systems of partial differential equations. The
developed stochastic models, on one hand, enable us to study the physical behavior of
the semiconductor devices and model the noise and fluctuations due to their uncertainty.
Also, they are useful to decrease the cost of calculation in the computer model and obtain the solution with lower computational effort. Furthermore, in order to verify the
achieved results, several comparisons with the measurements will be drawn.
The main aim of this work is using uncertainty quantification to study the noise and
fluctuations in the nanoelectronic devices. Their physical behavior can be modeled by
using stochastic partial differential equations. The thesis is organized as follows.
• In Chapter 1, we first introduce three nanoelectronic devices, namely silicon nanowire
sensors, multi-gate transistors and ion channels. Then, we explain their physical/biological significance and different sources of noise in these devices will be
described in detail.
1

Chapter 1. Introduction

2

• In Chapter 2, we will present comprehensive PDE-based mathematical/physical
systems to model the randomness in the explained devices. An important feature
of the models used here is that the random coefficients in the stochastic equations
are computed from additional physical models, so that there are essentially no
free parameters or coefficient functions whose values are unknown or have to be
estimated. The system of stochastic PDEs representing a full transport model
and the additional models for the random coefficients together constitute the most
comprehensive model for this general type of devices developed and implemented so
far. Moreover, a transport equation for confined structures will be used to calculate
the ionic currents through various transmembrane proteins. The computational
importance of this model is that the (6+1)-dimensional Boltzmann equation is
reduced to a (2 + 1)-dimensional diffusion-type equation that can be solved with
small computational effort so that ionic currents through confined structures can
be calculated quickly.
• In Chapter 3, we will develop the advanced stochastic numerical techniques to
quantify noise and fluctuations in the devices. These methods will be compared
with popular stochastic approaches, e.g., Monte Carlo to explain their efficiency.
For the numerical approximation of the expected value of the solution of the system, we develop a multilevel Monte Carlo (MLMC) finite-element method (FEM)
and we analyze its rate of convergence and its computational complexity. This
allows to find the optimal choice of discretization parameters. Afterward, a multilevel quasi-Monte Carlo finite element method for a class of elliptic PDEs with
random coefficients will be presented. It will be shown that the computational cost
of the optimal multilevel randomized quasi-Monte Carlo method, which uses randomly shifted low-discrepancy sequences, is one order of magnitude smaller than
that of the optimal multilevel Monte Carlo method and five orders of magnitude
smaller than that the standard Monte Carlo method.
• In Chapter 4, we will concentrate on the application of uncertainty quantification
in the introduced nanoelectronic devices. The stochastic drift-diffusion-Poisson
system models a nanowire field-effect biosensor. This concrete model system serves
two purposes. First, it is a much more complex model system than a semiconductor
transistor and highlights the challenges of developing comprehensive models and
efficient numerical methods. It includes many other applications as special cases,
in particular, nanoscale transistors such as FinFETs. Second, it is a useful device
with important applications whose fabrication has been demonstrated. We apply
this approach to develop cardiac troponin sensors which have many utilities in
early diagnosis of cardiovascular diseases. In ion channels, the transport equation
will be used to calculate the ionic current through three different ion channels. The
simulated currents are compared with measurements, and very good agreement is
found in each case.
Finally, the conclusions will be drawn in Chapter 5.
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Silicon nanowire field-effect sensors

Silicon nanowire (SiNW) field-effect biosensors [43, 86, 121, 122, 140, 141] (SiNW-FETs)
and gas sensors [21, 91] have been demonstrated experimentally in recent years (see
Figure 1.1). SiNW-FETs initially introduced in Lieber’s group [69]. They have received substantial interests because they are ultrasensitive, selective, low-cost devices
and they can be fabricated using commercial microfabrication technology. The devices
are designed to detect and quantify biological species, e.g., cancer cells [92], tumorinitiating cells [58], DNA/miRNA [69, 168] and proteins [140]. Hence, SiNW-FETs are
very promising candidates for the sensitive electrical detection of biomarkers since they
are reliable, label-free, have rapid response and they are able to detect the subpicomolar
concentration of target species [32].
Generally, biosensors are detection devices used to detect the presence or concentration
of a biological analyte, such as biomolecules. A biosensor usually consists of sensing and
electronic components where its uniqueness is that the components are integrated into
one single sensor. In the device, biological parts are target molecules e.g., biomarkers and
recognition elements e.g., antibodies or aptamers that act as the sensor. The transducer
converts the signal generating from the interactions of the analytes into a measurable
electrical signal i.e., a current or voltage. In order to improve the detection property of
the sensor, bioreceptor molecules have to be immobilized in the vicinity of the transducer.
In general, electrical biosensors can be classified into two groups based on their recognition method: biocatalytic and affinity-based sensors. Biocatalytic recognition employs specific enzymes immobilized on a layer to detect the targets based on enzymatic
reactions [159]. Affinity-based sensors are based on the selective binding of certain
receptor-ligand pairs on the recognition layer [132]. Affinity-based sensors are feasible
for a larger range of target molecules with higher sensitivity and selectivity. Moreover,
affinity-based biorecognition is more convenient for the current molecular communication models which are mostly based on ligand-receptor binding, thus, provides an easier
path to be adapted into the receiver models. Therefore, in this work, we only focus our
attention into affinity-based electrical sensors.
In recent years, several types of biosensors are used to detect DNA molecules. Optical biosensors are advantageous detection and analysis device because they enable the
direct, real-time and label-free detection of many biological species. Optical Surface
plasmon resonance (SPR) biosensors are useful detection tools that have vast applications in medicine, biotechnology, medical diagnostics, healthcare, and pharmaceuticals. Fluorescence-based biosensors are frequently used to monitor environmentally
hazardous gas molecules e.g., nitric oxide, hydrogen sulfide or metastatic cells and tissues. Electrochemiluminescence-based biosensors are developed to detect different human biomarkers e.g., cardiac troponin I [137]. At present, the most successful surfacebased affinity biosensors are SPR sensors. However, these devices have a detection limit
for small molecular weights (typically less than 2,000 g mol−1 ) and require integration
with optical components, significantly increasing the cost of operation and causing difficulties in carrying out high-throughput analyses [50]. Moreover, other methods require
labeling which increases detection time and complexity of the sensor device.
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Using silicon nanowires has several advantages which some of them are listed here.
First, the small size of nanowires allows us to fabricate devices with a parallel array of nanowires which improves noticeably the device performance. Different types
of nanowires e.g., trapezoidal, rectangular, triangular and radial devices can be fabricated for different purposes [87]. Second, binding of molecules at the surface increases
the accumulation of carriers and enhance the sensitivity. In fact, using longer nanowires
increases the surface to volume ratio and therefore the response of the sensor to the
biomolecule. Third, the dopant type and its concentration can be controlled and therefore the sensitivity is tuned in the absence of backgate voltages [42].
The sensor can directly translate the analyte–surface interaction into an electrical signal
to provide real-time ultrasensitive high-throughput detection of the desired biomolecules,
without the requirement for any labels. The specificity of the biosensor system is given
by the immobilized biomolecules. In fact, the devices are fabricated by immobilizing biological receptor materials on the surface of a suitable transducer that converts the biochemical signal into a quantifiable electronic signal [126]. Biological species are charged
in the electrolyte and they can be detected by the device when appropriate receptors are
linked to the nanowire surface [120]. As target molecules bind to the immobilized probe
molecules on the surface layer, the charge distribution changes and modulates the conductance of the semiconductor transducer. The transducer (ΩSi ) converts the molecular
signal into an electric or digital signal that can be quantified, displayed and analyzed.
As an example, a target molecule with negative charge results in the accumulation of
hole carriers in a p-type SiNW-FET and, therefore, increase its conductivity [120].
Affinity-based sensors, in particular, the recently experimentally demonstrated nanowire
field-effect sensors, pose demanding numerical problems because of a large number of
stochastic dimensions. The longitudinal and vertical cross sections through the nanowire
field-effect biosensor are illustrated in Figure 1.2 and Figure 4.1, respectively. The same
principle also works for gas sensors. The sensors are affinity-based since the target
molecules are only detected when they are sufficiently close to the sensor. The current
through the semiconducting silicon nanowire, which is the actual transducer, is measured. The conductance of the nanowire is modulated by the electrostatic potential,
which, in turn, is changed when charged target molecules bind to the probe molecules
functionalized at the surface of the sensor. Furthermore, the target molecules are not
marked in the field-effect sensors in contrast to the commonly used fluorescent or radioactive markers in other detection methods.

1.1.1

Biological noise in SiNW-FETs

There are various sources of noise and fluctuations in affinity-based sensors, where the
biological noise is one of the most prominent. Its quantification is essential for understanding the signal-to-noise ratio [128] and the detection limit of the sensors. Noise
sources can be mainly grouped into two important categories:
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Figure 1.1: Schematic diagram of a nanowire field-effect sensor showing metal source
and drain electrodes with the NW and contacts on the surface of SiO2 /Si substrate.

• Biological noise [86]: Target molecules in the electrolyte undergo random movement which is governed by Brownian motion, and stochastically binds to the receptors on the functionalized layer. The uncertainty in the location and the binding
state of the molecules results in random fluctuations of the transduced signal and
may severely hamper the instant detection of the concentration, and thus, the
molecular messages. Since this type of noise is due to the biological interactions
between target and probe molecules, it is called biological noise.
• Thermal and flicker noise [127]: Thermal noise results from thermal fluctuations of charge carriers on the bound ligands. On the other hand, 1/f noise is
caused by the traps and defects in the semiconductor channel and could be effective at low frequencies. Hence, 1/f noise may dominate over other noise sources,
and needs a careful investigation.
Regarding the modeling, the randomness due to the biological noise at the sensor surface
affects the entire PDE model and finally yields the sensor output. In other words, the
random distribution of target molecules (due to Brownian motion) and their stochastic
binding to the immobilized receptors (probe molecules) gives rise to the randomness
of movement and orientation. Here, the position of each molecule is independent of
other molecules which guarantee the independence of input data. Randomness in the
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Figure 1.2: A longitudinal cross section of nanowire field effect sensor indicating the
random binding of the target molecules to the receptors. Here, the Dirichlet boundary
conditions (Vg , Vsolution , VS and VD ) and zeros Neumann boundary condition (on left
and right) are depicted. The geometry of the device is shown additionally.

Figure 1.3: The orientation of a molecule in respect of oxide layer. The reference
axes are shown additionally.
i the
biological system can be characterized by the position xiM in the domain and θM
th
angle with respect to y−axis (Figure 1.3). For the i molecule we have

xiM = (1 − αi )aiM + αi biM ,
αi ∈ [0, 1],
π
i
θM
= αm+i ,
αm+i ∈ [0, 1].
2

(1.1a)
(1.1b)

Here, each molecule has two degrees of freedom for its randomness i.e., position and
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orientation. In Section 2.2, we will develop a system of PDEs containing the stochastic Poisson-Boltzmann equation to model the electrostatic interaction of randomly distributed charged molecules at the surface. The system is also coupled with driftdiffusion equations to model the charge transport of carriers (holes/electrons) through
the nanowire. In Section 4.1 we will use a real example of the random distribution of the
DNA molecules. In this model, we will use the Boltzmann distribution to calculate the
probability of the molecule orientations. Finally, considering the system of equations,
we will obtain the electrical current due the modulation of the transducer.
In the nanowire field-effect sensors, the surface of a nanowire sensor is functionalized with
probe molecules and surrounded by an aqueous solution containing the target molecules.
In the case that number of molecules taking part in the association-dissociation or hybridization processes are sufficiently large, the binding process is deterministic. However,
since we are interested in detection limits, it is essential to consider cases when only a
few molecules are present in the system. Therefore, the number of target molecules
bound to probes on the sensor (PT-complex) at the surface is random. In Section 2.4,
we will introduce the stochastic Langevin equation and explain how analytically the
expected value and the variance of the PT-complex can be calculated. Also, in 4.2.2 we
will add this term of noise to random movement/orientation of molecules and will make
a comprehensive stochastic model for biological noise.

1.1.2

Application of the biosensors in medicine

The sensors recently have shown their unavoidable importance in clinical diagnostics
[19, 83, 90]. The devices are used in diverse range of diseases medical diagnosis. CA 153, for Carcinoma Antigen 15-3, is a tumor marker for many types of cancer, most notably
breast cancer. Its main use is to monitor a person’s response to breast cancer treatment
and to help watch for breast cancer recurrence. The advantage of the using the device for
the detection of breast cancer biomarker was studied in [155]. Prostate-specific antigen
(PSA), is a protein produced by cells of the prostate gland. The blood level of PSA is
often elevated in men with prostate cancer, and the PSA test was originally approved by
the FDA in 1986 to monitor the progression of prostate cancer in men who had already
been diagnosed with the disease.
In recent years, direct detection of proteins from whole blood has been demonstrated
experimentally including the detection of PSA a short while ago. In fact, PSA antigenantibody sensors consist of nanowires functionalized with antibodies at the surface [14].
CA125 is a protein that is found in blood. A small sample of blood will be taken from
the arm and sent to a lab where a simple test will measure the level of CA125 in the
blood sample. In most healthy women the level of CA125 is usually less than 25 U/mL
[51]. However, some women do have a naturally high level of CA125 in their blood.
The level of CA125 in the blood can rise for many reasons, which include endometriosis,
menstruation, ovarian cysts, and sometimes ovarian cancer. Similar to the troponin
sensitive sensors, for CA125 we can develop the sensors to detect the protein in the
blood.
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Troponin I and troponin T are proteins found in heart muscle and are released into the
blood when there is damage to the heart. The interaction of troponin-C with troponin-I
plays a central role in skeletal and cardiac muscle contraction [99]. Troponin tests are
also sometimes used to evaluate people for heart injury due to causes other than a heart
attack or to distinguish signs and symptoms such as chest pain that may be due to
other causes. Testing may also be done to evaluate people with angina if their signs and
symptoms worsen. In this thesis, we focus on the design strategy of troponin sensitive
sensors. The main aim is the development of the most sensitive device in order to detect
different cardiac troponin concentrations.
Cardiovascular diseases (CVDs) are the leading cause of morbidity and mortality for
both men and women in developed and developing countries [6]. In the US, in 2010, the
overall rate of death attributable to CVD was 235.5 per 100 000 [65]. Additionally, each
year cardiovascular diseases cause over 4.3 million deaths (48%) in Europe and over 2.0
million deaths (42%) in the European Union [3]. Acute myocardial infarction (AMI),
also known as heart attack, occurs when the flow of blood to the heart is blocked, most
often by a build-up of fat, cholesterol, and other substances, which form a plaque in the
arteries that feed the heart (coronary arteries). The interrupted blood flow can damage
or destroy part of the heart muscle.
Rapid and accurate diagnosis of CVDs is extremely important since it increases patient
survival and saves enormous costs for the health-care system. An electrocardiogram
(ECG) is a traditional test that checks for problems with the heart electrical activity.
However, ECG is a poor diagnostic test for AMI since more than half of the CVD patients
who go to the Emergency Department show normal or no diagnostic electrocardiograms,
which makes an early diagnosis of CVD more difficult [143, 160]. A range of biochemical markers is available for diagnosis of AMI of which the cardiac troponins, cardiac
troponin T (cTnT), and cardiac troponin I (cTnI) are the newest and clinically the most
interesting. The unique features of the cardiac troponins (cTn) are that they are highly
sensitive and specific for myocardial damage and they are prognostic [9, 131]. In patients
with suspected myocardial infarction or minor myocardial damage, the cTn was found
in their blood. However, in the many cases, creatine kinase-MB (CK-MB) mass was not
increased and the ECGs did not indicate any cardiac problem [10, 114]. Enzyme-linked
immunosorbent assay (ELISA) [46] is one of the most popular techniques that may be
used for cardiac biomarker detection since it ensures high diagnostic accuracy. However,
the method has several drawbacks, such as long diagnostic time, which may range from
hours to days due to laborious bio-analytical methodologies, or delay in transportation
of samples [167]. Although the method requires highly skilled laboratory staff and considerable investment in resources and equipment, it is not often sensitive enough or fast
for early diagnosis and treatment [32]. Furthermore, the technique is not able to allow for the label-free and highly targeted detection of sub 10 pg/mL concentration of
troponin [32, 114].
Nowadays, several CVD marker detection sensors have been developed to overcome the
disadvantages of ELISA. The surface plasma resonance (SPR) based biosensors [97],
fluorescence-based sensors [130] and electrochemiluminescence-based biosensor [137] are
a few of the biomarker detection methods. These methods require labeling, which leads
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to increased detection time and complexity of the sensor device [90]. Therefore, the
development of accurate, inexpensive, fast response and high sensitive diagnostic device
to detect cTn in blood is necessary. Silicon nanowire (SiNW) field-effect transistors
(FETs) [26, 29, 120] have shown high sensitivity and a noticeable capability to detect
specific biological species.
The specificity of the biosensor system is given by the immobilized biomolecules. In fact,
the devices are fabricated by immobilizing biological receptor materials (in this case the
antibodies [32]) on the surface of a suitable transducer that converts the biochemical
signal into a quantifiable electronic signal [126]. Proteins are charged in the electrolyte
(in our case blood) and can be detected by the sensors when the suitable receptors
are linked to the nanowire surface [120]. As target molecules (here cTn) bind to the
immobilized probe molecules on the surface layer, the charge distribution changes and
modulates the conductance of the semiconductor transducer, similarly to the effect that
a change in gate voltage has on a MOSFET. In other words, the changes of the device
conductivity is the response of the sensor to the specific binding of cardiac troponins to
the anti-troponin probes [32] on the surface [87].

1.2

Multi-Gate FETs and FinFETs

The term metal–oxide–semiconductor field-effect transistor (MOSFET) [20, 34, 37, 144]
stands for Metal Oxide Semiconductor Field Effect Transistor, and the name gives a
clue to its construction. The devices had been known for several years but only became
important in mid and late 1960s. Initially, semiconductor research had focused on
developing the bipolar transistor, and problems had been experienced in fabricating
MOSFETs because of process problems, particularly with the insulating oxide layers.
Now this device is one of the most widely used semiconductor techniques, having become
one of the principle elements in integrated circuits (ICs) today. Their performance has
enabled power consumptions in ICs to be reduced. This has reduced the amount of
heat being dissipated and enabled the large ICs we take for granted today to become a
reality. As a result of this, the MOSFET is the most widely used form of transistors in
existence today.
A MOSFET has four terminals which are, gate, source, drain, and the substrate. The
MOS capacitance present in the device is the main part. The conduction and valence
bands position relative to the Fermi level at the surface is a function of MOS capacitor
voltage. Also, the oxide layer acts as the insulator of the state MOS capacitor. Between
the drain and source terminal an inversion layer is formed and due to the flow of carriers
in it, the current flows in MOSFET the inversion layer is controlled by the gate voltage.
Two basic types of MOSFET are n channel and p-channel MOSFETs. A P-channel
MOSFET is a type of MOSFET in which the channel of the MOSFET is composed
of a majority of holes as current carriers. When the MOSFET is activated and is on,
the majority of the current flowing are holes moving through the channels. This is
in contrast to the other type of MOSFET, which are N-channel MOSFETs, in which
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Figure 1.4: The 3D structure of the simulation geometry where the dopant atoms are
distributed in source and drain regions.

the majority of current carriers are electrons. Together they are the building blocks of
CMOS technology to fabricate integrated circuits.
In the past decades, the minimum transistor size has been down-scaled according to
Moore’s law and ITRS guidelines. However, scaling of conventional MOSFET devices
is limited due to short channel effects, gate insulator tunneling and limited control of
doping concentrations. FinFET, also known as Fin Field Effect Transistor [36, 124],
is a type of non-planar or 3D MOS transistor used in the design of modern CMOS
circuits to replace conventional transistors. The device is classified as a type of multigate MOSFETs. A 3D schematic of a silicon on insulator (SOI) FinFET indicating its
different regions is shown in Figure 1.4. The characteristic of the FinFET is that the
conducting channel is wrapped around a thin silicon "fin", which forms the body of
the device. In the device, a gate wrapping around three sides of a narrow fin-shaped
channel as well. FinFETs have several advantages like higher transconductance, fully
depleted structure, reducing short-channel effects and lower power consumption. Due
to the structure of the device, i.e., the surrounding gate, better control over the channel
is obtained and therefore less channel doping is necessary. In other words, the threshold
voltage is set by the metal instead of the channel doping.

1.2.1

Random dopant fluctuation

Generally, there are two types of semiconductors that carry electric current: intrinsic (pure semiconductor) and extrinsic (impure semiconductor). Intrinsic by definition
means natural or inherent material and they do not have dopants or impurities. Silicon
and germanium are the two most commonly used examples of intrinsic semiconductors,
as they are elemental semiconductors. They were some of the first widely studied and
used semiconductors. The electronic structure of semiconductors is the foundation of
their unique properties. The mechanisms which make semiconductors their own class of
material is based on the electrical structure, which dictates their core properties.
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Figure 1.5: Schematic representation of the valence of silicon lattice where the phosphorous and boron atoms create an extra electron and hole, respectively.

Semiconductors are materials that possess the unique ability to control the flow of their
charge carriers. An extrinsic semiconductor is a semiconductor with impurities (dopants)
introduced into its crystal lattice. Doping is the process where semiconductors increase
their electrical conductivity by introducing atoms of different elements into their lattice.
A semiconductor can be doped e.g., by vapor phase epitaxy, where some concentration
of impurities in their gaseous phase is contacted with the semiconductor wafer or, with
the help of photolithography (microprocessing areas of a wafer), diffusion (gradient controlled particle motion), and ion implantation (utilizing an electric field to contact an ion
with a solid) to increase the dopant concentration in certain parts of the wafer. Based
on whether the added impurities are electron donors or acceptors, the semiconductor’s
Fermi level moves either up or down from its original position in the center of the energy
band gap. Therefore, by adding a few amount of dopants e.g., boron, aluminum, indium
or arsenic, we can control or modulate the electrical properties such as conductivity
(Figure 1.5). In fact, even if the total number of impurity atoms is few (compared to
that lot of atoms), they change the conductivity considerably. The corresponding fluctuation of device properties (known as RDF, random dopant fluctuation) is considerably
important in modern technologies.
In this thesis, we thus consider the discrete dopant fluctuation effect [133]. In fact, instead of a continuum charge profile assumption, ionized impurities are treated discretely
and randomly in silicon structure. The potential and carrier density profile fluctuation
due to the discreteness and randomness of dopants are clearly captured. We will consider the doping density (number of dopant atoms-per-unit volume) [30] according to the
dopant concentration of silicon. In Chapter 4, we will study the RDF effect on FinFETs
and SiNW-FETs. In fact, in transistors, we will consider the random position of the
dopants in source/drain regions (see Figure 1.4) and model the stochasticity by a multilevel numerical technique. Similarly, in SiNW-FETs, the randomness of the dopants in
the transducer is considered with an advanced numerical method. The current variation
due to the randomness of the discrete atoms will be shown in Chapter 4.
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Ion channels

Ion channels are membrane protein complexes and their function is to facilitate the
diffusion of ions across biological membranes. Ion channels are located in the membrane
of most cells and of many intracellular organelles. They are often described as narrow,
water-filled tunnels that allow only ions of a certain size and/or charge to pass through.
Operation of cells in the nervous system, contraction of the heart and of skeletal muscle,
and secretion in the pancreas are examples of physiological processes that require ion
channels. In addition, ion channels in the membranes of intracellular organelles are
important for regulating cytoplasmic calcium concentration and acidification of specific
subcellular compartments (e.g., lysosomes).
Generally, ion channels allow ions to cross the hydrophobic barrier of the core membrane,
guaranteeing to the cell a controlled exchange of ionized particles. When ions flux
through the channels, they produce an electric current accompanied by changes of the
membrane potential [85]. Ion permeation is crucial for a variety of biological functions
such as nervous signal transmission and osmotic regulation. An important property of
channel in the open state is given by their selective permeability [39]. This is defined
as the ability to allow only a restricted class of ions to flow trough the channel pore in
large amounts.
In spite of considerable advantages of popular approaches in current calculation of ion
channels such as molecular dynamics (MD), Brownian dynamics or Monte Carlo they
need lots of computational effort. The obvious advantage of MD over Monte Carlo is
that it gives a route to dynamic properties, e.g., transport coefficients of the system.
However, MD needs 3D simulation of molecular behavior (and in some cases an X-ray
crystallography), which is computationally expensive in order to arrive at statistics that
yield a reliable current value. In practice, the diffusion of ion through the channels
is a random walk and in order to calculate the current precisely, stochastic numerical
methods should be used. Computationally speaking, using these techniques as well
as finite element method is prohibitive specifically for transmembrane proteins with
complicated geometries. The computational models allows us to calculate the random
movement of ions through the membrane and calculate the ionic current.
In this dissertation, due to the physiological importance of ion channels [106], the transport model for confined structure described in Section (2.3) will be applied to three
transmembrane proteins here, namely the phosphate-specific channel OprP (an antibiotic), the Gramicidin A channel (another antibiotic), and the well-known KcsA ionic
channel.
The outer membrane porin OprP of Pseudomonas aeruginosa forms a highly specific
phosphate-selective channel. This channel is responsible for the high-affinity uptake of
phosphate ions into the periplasmic space of the bacteria.
Gramicidin channels are mini-proteins composed of two tryptophan-rich subunits. Gramicidin A forms univalent cation-selective channels of ≈ 4Å diameter in phospholipid
bilayer membranes. The transport of ions and water throughout most of the channel
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length is by a single file process; that is, cations and water molecules cannot pass each
other within the channel.
Potassium channels e.g. KcsA are a large subfamily of ionic channels. They possess the
capability to be highly selective of K+ over Na+ ions and other ionized particles. The
strong ability in selectivity is accompanied to speed and a high ionic throughput.
In all above-mentioned cases, the model will be validated by comparison with current
measurements of various ions. Then we elucidate physiological properties of the channels.
For example, the selectivity of potassium channels between sodium and potassium is
its primary physiological function and therefore it is investigated in the simulations.
The model reproduces selectivity as well. We also constructed virtual ion channels by
changing the length of the selectivity filter in order to answer the question if and in
which respect the natural KcsA channel is optimal.

Chapter 2

Stochastic PDE models
A stochastic partial differential equation (SPDE) is a partial differential equation containing a random (noise) term. SPDEs serve as fundamental models of physical systems
subject to random inputs, interactions or environments. It is a particular challenge to
develop tools to construct solutions, prove the robustness of approximation schemes, and
study properties like ergodicity and fluctuation statistics for a wide variety of SPDEs.
In Chapter 3, we will describe considerably the efficient numerical techniques to solve
the SPDEs with the lower computational cost.
The Poisson-Boltzmann equation arising in the Debye-Hückel theory as a second order
nonlinear partial differential equation describes the electrostatic potential. It is used for
a wide range of applications, including the computation of the electrostatic potential
at the solvent-accessible molecular surface, the computation of encounter rates between
molecules in the solution, the computation of the free energy of association and its salt
dependence, and the combination of classical molecular mechanics and dynamics. In
this work, we extended the equation by adding the noise due to the stochasticity of
position and orientation of biomolecules. As the next step, we couple the equation with
drift-diffusion equations to obtain the electrical current and conductivity. It is obvious
that because of the randomness, expected value and variance of the parameters should
be considered. The existence and uniqueness of the solution were discussed in [13, 145].
In Chapter 3, we will consider these properties for the stochastic version of the coupled
equations and will use the numerical methods to solve the nonlinear coupled system of
equations. In Chapter 4, we will apply them to obtain electrical potential and current
in field effect sensors and transistors.
The transport equation for confined structures is used to calculate the ionic currents
through various transmembrane proteins [85]. The transport equation is a diffusiontype equation where the concentration of the particles depends on the one-dimensional
position in the confined structure and on the local energy. The computational significance of this continuum model is that the (6 + 1)-dimensional Boltzmann equation is
reduced to a (2 + 1)-dimensional diffusion-type equation that can be solved with small
computational effort so that ionic currents through confined structures can be calculated quickly [74, 75]. In Chapter 4, we verify the obtained conductivity and current
with experimental data for three ion channels, namely OprP, Gramicidin A, and KcsA.
14
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In this chapter, we use a comprehensive model of the devices that provides physical
and quantitative understanding. It is based on SPDEs coupled to a stochastic reaction
model for the association/dissociation process, and it has been extended to a system
of SPDEs in order make it possible to include noise and fluctuation [86]. The model
consists of the Poisson-Boltzmann equation to model the electrolyte, the drift-diffusionPoisson system to model the charge transport in the transducer, and a reaction equation
to model the association of target molecules at the sensor surface and their dissociation
[145]. The model enables us to calculate the sensitivity of the device with respect to the
target molecules and the signal-to-noise ratio due to the biological noise. In Chapter 4,
a realistic model for cardiac troponin sensors will be developed by using the system of
equations.
This chapter is a summary of the mathematical theorems and model equations that are
explained in [85, 86, 88, 145].

2.1

Charge transport in nanoelectronic devices

In drift-diffusion model, the current densities are expressed as a sum of two components:
the drift component which is driven by the electric field and the diffusion component
caused by the gradient of the electron concentration. In semiconductors, particles tend
to spread out or redistribute from areas of high concentration to areas of lower concentration. Diffusion current is a current caused by the diffusion of charge carriers. By
contrast, the drift current is due to charged particle motion in response to an electric
field. Diffusion current can be in the same or opposite direction of a drift current. The
diffusion current and drift current together are described by the drift–diffusion model.
In drift current, on average the population of holes move in the direction of the electric
field (from + to − electrical potential) and electrons move in the opposite direction of
the electric field (from − to +). Motion of individual particles is highly non-directional
on a local scale, but has a net direction on a macroscopic scale. When an electric field
E is applied across a piece of material, the electrons (holes) respond by moving with an
average velocity called the drift velocity. The velocities are modeled at first order to be
proportional to electrical field as
vn = −µn E,
vp = µp E.
Electrons (holes) mobility is almost always specified in units of cm2 /(Vs). This model is
called linear transport regime which breaks down at large fields (short channel devices).
However, in typical sensor applications long channel transistors are used at low chain
bias so the linear model may still suffice. The densities of the currents are the products
of the particle charges, the carrier concentration, and the average drift velocities. These
relations are true in semiconductor device, however, in electrochemistry (the mobility is
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defined as the ratio between velocity and force) are not true. Therefore, we have
Jndrift = −qnvn ,

(2.1)

Jpdrift = qpvp .

(2.2)

We should also note that drift current obeys Ohm’s law, i.e., Jn is proportional to
the electrical field (E), as the velocity model and the above relations. The random
motion of carriers can lead to a net flux of carriers if one particular region has a higher
concentration of carriers than another region (a concentration gradient between the
high carrier concentration region and the low carrier concentration region). The net
movement of carriers is therefore from areas of high concentration to low. Here, diffusion
means particle movement (flux) in response to the concentration gradient. In fact,
collisions between particles and medium (silicon crystal) send particles off in random
directions. Ficks’s first law describes diffusion with particle fluxes that are proportional
to the gradient in concentrations. Here, the flux is the number of particles crossing a
−1
unit area per unit time [cm−2 s ]. Therefore, the fluxes are
Fn = −Dn ∇n,
Fp = −Dp ∇p.
The coefficients measure the ease of carrier diffusion in response to a concentration
gradient and are limited by many sources of scattering among which the vibration of
lattice atoms, surface roughness and ionized dopantsare often the dominant ones. The
current densities of the diffusion process are given by multiplying the diffusion fluxes
with the particle charges, i.e., with −q for electrons and +q for holes. This yields
Jndiff = qDn ∇n,

(2.3)

Jpdiff = −qDp ∇p,

(2.4)

since the diffusion directions is opposite to the gradient concentration. In general, total
current can flow by drift and diffusion separately. Total current density is given by
Jn = Jndrift + Jndiff = −qnvn + qDn ∇n,
Jp =

Jpdrift

+

Jpdiff

= qpvp − qDp ∇p.

(2.5)
(2.6)

The total current density is Jn + Jp . Finally, the electrical current is obtained by taking
integral over a cross-section of the transducer.
Graded-channel approximation is a simplified model for current calculation and
in most of the cases is advantageous. Solving the stochastic Poisson-Boltzmann equation yields the electrostatic potential on a cross section of the structure, from which
the current through the sensor can be calculated by the graded-channel approximation
as in [72]. The graded-channel approximation can be derived from the drift-diffusion
equations, ((2.15)b)-((2.15)e). The concentration of electrons and holes are given by
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Boltzmann distribution as


qV (x, ω) − ΦF
,
p(x, ω) = ni exp −
kB T


qV (x, ω) − ΦF
n(x, ω) = ni exp
.
kB T

(2.7)
(2.8)

For sake of simplicity, two assumptions are necessary for the graded-channel approximation. The first assumption is that only the drift current, and not the diffusion current,
plays a role. This yields the current density as
Jndrift + Jpdrift = −qµn n∇u − qµp p∇u.
The second assumption is that the electric field is constant along the z-axis of the sensor
(in source-to-drain direction), i.e., E = (u1 − u2 )/Z holds, where u2 − u1 is the potential
difference between the two contacts a distance Z apart. Since E = −∂z u, we hence find
Jndrift + Jpdrift = eE(µn n + µp p).
Then, the conductivity due to electrons and holes can be calculated as
Jndrift + Jpdrift
= e(µn n + µp p).
σ=
E
The total electrical current is now obtained by taking the integral
Z
Z
drift
drift
I=
(Jn + Jp )dxy = qE
(µn n(x, y) + µp p(x, y))dxy
DSi

(2.9)

DSi

over a cross section DSi of the semiconducting part of the device. As we have seen, the
graded-channel approximation is a simplification of the drift-diffusion-Poisson equations
and neglects diffusion. The MOSFET drain current model apparently neglects diffusion currents and as such it is not suited to describe the subthreshold region. However,
the maximum transconductance-to-current ratio (gm /I) and therefore the maximum
sensitivity is often found exactly in that region. Hence, the full drift-diffusion is very
well-suited for current investigations from weak inversion (subthreshold) to strong inversion (above-threshold) regime. Finally, we should note that in the international metric
system, the units: [n]=[p]=1/m3 , [µn ] = [µp ] = m2 /(Vs), [E] = V/m.
In this dissertation, the main noise source for us is biological noise which represents an
anticipated noise source for the biological applications. This is expected to be mostly due
to the random motion of immobilized DNA probes within the electrolyte. This motion
can couple to the semiconductor channel and cause random fluctuation in the carrier
concentration or mobility. Furthermore, it is also expected that this noise source would
depend on the potential across the DNA layer, since a higher potential could possibly
further immobilize the probes and cause less noise. We define the signal-to-noise
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ratio (SNR) as one of the most significant characteristics of a sensor as
E[I]
SNR(I) := p
.
Var[I]

(2.10)

The expected value of the current directly arises of the randomness of the solution, we
consider it as the signal of current and consequently, corresponding standard deviation
as the unavoidable noise. There are many device design and operating parameters which
affect the noise in the system. We will study the effect of them on signal as well as noise
and determine which one is the most effective in order to intensify SNR substantially.

2.2

Stochastic drift-diffusion-Poisson system

Semiconductors are one of the most important electrical materials and are the foundation
of every solid-state electronic device which is in use today. They are substances that only
conduct electricity under certain conditions and include silicon and germanium. There
are semiconductors that occur naturally and do not require any sort of chemical doping
and can often be recognized by characteristic crystal lattice structures that they form.
The semiconductor device equations can be used to describe the whole simulation domain
of a semiconductor device. They are applied to the bulk semiconductor, the doped
regions such as source and drain, and to dielectric regions such as the gate dielectric.

2.2.1

Stochastic Poisson-Boltzmann equation

We consider D as the domain where D ⊆ Rd is bounded, convex and d ≤ 3 with
boundary ∂D. The domain D ⊆ R3 is partitioned into four subdomains with different
physical properties. The first subdomain DSi consists of the (silicon) nanowire and acts
as the transducer of the sensor; in this subdomain, the Poisson-drift-diffusion equations
are used to model charge transport and electrostatics. The semiconductor is coated with
a dielectric layer (as an insulator) which comprises the second subdomain Dox , where
the Poisson equation holds. In Dliq , the aqueous solution (electrolyte e.g., salty water or
blood) containing cations and anions; therefore, the Poisson-Boltzmann equation holds
as well. The last subdomain is about the DNA molecules (DM ). In summary, the
stochastic Poisson-Boltzmann equation can be summarized as


q(Cdop (x, ω) + p(x, ω) − n(x, ω)) in DSi ,




0
in Dox ,
−∇ · (A(x, ω)∇V (x, ω)) =
(2.11a)

ρ(x, ω)
in DM ,




−2ϕ(x, ω) sinh(β(V (x, ω) − Φ ) in D ,
F
liq
where A(x, ω) (the permittivity function) is a random field with x ∈ Rd and a random
parameter ω ∈ Ω in a probability space (Ω, A, P). Ω denotes the set of elementary
events, i.e., the sample space, A the σ-algebra of all possible events, and P : A → [0, 1] is
a probability measure. ϕ is the ionic concentration (holds for a symmetric electrolyte of
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monovalent ions), ΦF is the Fermi level, ρ(x, ω) describes the fixed charges of molecules.
Cdop is the doping concentration, i.e., the concentration of dopants and can be negative
or positive. The relative permittivities of the subdomains are assumed constant and
equal to ASi = 11.7, Aox = 3.9, AM = 3.7 and Aliq = 78.4. In extrinsic semiconductors,
the sillicon crystal is doped with different elements, e.g., boron or phosphorus which
have their dielectric constants. Furthermore, the constant β is defined as β := q/(kB T )
in terms of the Boltzmann constant kB , the temperature T and the elementary charge
q > 0.
At the interface Γ between the silicon oxide and the liquid, the charge concentration
exhibits a rapidly oscillating spatial structure which leads to a multiscale problem [73].
The continuity conditions (2.12a) and (2.12b) are due to the jump in the permittivity
A between two different materials. Here, 0+ denotes the limit at the interface on the
side of the liquid, while 0− is the limit on the side of the silicon oxide layer. The two
interface condition mean that the rapidly oscillating charge concentration in the surface
layer is described by the macroscopic dipole moment density α and the macroscopic
surface-charge density γ.
V (0+, y, ω) − V (0−, y, ω) = α(y, ω) on Γ,

(2.12a)

on Γ.

(2.12b)

A(0+)∂x V (0+, y, ω) − A(0−)∂x V (0−, y, ω) = γ(y, ω)

The boundary conditions are Dirichlet boundary conditions (∂DD ) and Neumann boundary condition (∂DN ). For nanowire sensors, a voltage across the simulation domain in
the vertical direction can be applied as well by an electrode in the liquid (solution voltage) and by a back-gate contact at the bottom of the structure (back-gate voltage).
These are also part of ∂D. Zero Neumann boundary conditions hold on the Neumann
part ∂DN of the boundary. Figure 4.1 illustrates the boundary conditions. In FET
devices, e.g., MOSFETs and FinFETs, contacts allow the current flow in and out of the
device. Precisely, ohmic contacts where only voltages can be applied are source, drain
and the gate. The Neumann boundary condition guarantees that the simulation domain
is self-contained and there are no fluxes across the boundary. At Ohmic contacts and the
interface between silicon and the insulators, Dirichlet boundary conditions are applied
and Neumann boundary conditions are applied at all other boundaries of the solution
domain.
We can also linearize the nonlinear term of (2.23) including an arbitrary Fermi level
ΦF . Taylor expansion of right-hand side (RHS) of the equation in V (x, ω) around an
arbitrary potential Φ0 yields
RHS = α(x, ω) − γ(x, ω)V (x, ω) + O((V (x, ω) − Φ0 )2 )
with
q(ΦF − Φ0 ) 2qΦ0 κ(x, ω)
q(ΦF − Φ0 )
+
cosh
,
kB T
kB T
kB T
2qϕ(x, ω)
q(Φ0 − ΦF )
γ(x, ω) :=
cosh
,
kB T
kB T

α(x, ω) := 2ϕ(x, ω) sinh

(2.13a)
(2.13b)
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where again κ(x, ω) is the bulk concentration of the ions [72]. Hence, the linearized
Poisson-Boltzmann equation for arbitrary Fermi level is the following equation
in U

(2.14a)

on ∂U

(2.14b)

−∇ · (A(x, ω)∇V (x, ω)) + γ(x)V (x, ω) = f (x, ω) + α(x),
u = uD

An approach to the proof is to use the Leray-Schauder fixed-point theorem and can
be found in [108]. In [72], the PDE is used to model the random movement (Brownian
motion) of the biomolecules in the boundary layer, i.e., the various orientations of the
molecules with respect to the surface. In this case, the solution (electrostatic potential)
can be obtained immediately, therefore, the ease of implementation can be mentioned as
the most important advantage of the model. However, due to using the Taylor expansion,
the exactness of the equation compared with the nonlinear equation is not sufficient. In
spite of this fact, since the Newton solver (for solving the PBE) needs a suitable initial
guess, the solution of the linearized equation can be used (as the guess) to converge the
solution more efficiently.

2.2.2

The stochastic drift-diffusion equations

In the subdomain DSi , the stochastic drift-diffusion-Poisson equations [145]:
−∇ · (A(x, ω)∇V (x, ω)) = q(Cdop (x, ω) + p(x, ω) − n(x, ω)),

(2.15a)

∇ · Jn (x, ω) = qR(n(x, ω), p(x, ω)),

(2.15b)

∇ · Jp (x, ω) = −qR(n(x, ω), p(x, ω)),

(2.15c)

Jn (x, ω) = q(Dn ∇n(x, ω) − µn n(x, ω)∇V (x, ω)),

(2.15d)

Jp (x, ω) = q(−Dp ∇p(x, ω) − µp p(x, ω)∇V (x, ω)),

(2.15e)

are used to model charge transport. Here, n(x, ω) and p(x, ω) are the concentrations of electrons and holes, respectively, Jn (x, ω) and Jp (x, ω) are current densities
of the carriers, Dn and Dp are diffusion coefficients, µn and µp are the mobilities and
R(n(x, ω), p(x, ω)) is the recombination rate. We use the Shockley-Read-Hall (SRH)
recombination rate which is defined as
R(n(x, ω), p(x, ω)) :=

n(x, ω)p(x, ω) − n2i
,
τp (n(x, ω) + ni ) + τn (p(x, ω) + ni )

(2.16)

where ni (1.5 × 1010 cm−3 ) is the intrinsic charge density and τn and τp are the lifetimes
of the free carriers. In the Slotboom variables u(x, ω) and v(x, ω), which are defined by
n(x, ω) =: ni eV (x,ω)/UT u(x, ω),

(2.17a)

p(x, ω) =: ni e−V (x,ω)/UT v(x, ω),

(2.17b)
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the system (2.15) becomes
−∇ · (A∇V (x, ω)) = qni (e−V (x,ω)/UT v(x, ω) − eV (x,ω)/UT u(x, ω)) + qCdop (x, ω),
(2.18a)
UT ni ∇.(µn eV (x,ω)/UT ∇u(x, ω)) = ni

UT ni ∇.(µp e−V (x,ω)/UT ∇v(x, ω)) = ni

u(x, ω)v(x, ω) − 1
,
+ 1) + τn (e−V (x,ω)/UT v(x, ω) + 1)
(2.18b)

τp

(eV (x,ω)/UT u(x, ω)

τp

(eV (x,ω)/UT u(x, ω)

u(x, ω)v(x, ω) − 1
.
+ 1) + τn (e−V (x,ω)/UT v(x, ω) + 1)
(2.18c)

The boundary ∂DSi is partitioned into Dirichlet and Neumann boundaries. The Dirichlet
conditions
V (x, ω)|∂DD = VD (x),

u(x, ω)|∂DSi,D = uD (x),

v(x, ω)|∂DSi,D = vD (x),

hold on the ∂DSi,D (source and drain contacts of semiconductor). For details about the
boundary conditions at the ohmic contacts the reader is referred to [108]. In the sensors,
Also, the boundary values uD (x) and vD (x) are defined by
−VD (x)/UT
nD (x),
uD (x) = n−1
i e
VD (x)/UT
vD (x) = n−1
pD (x),
i e

where
q

1
2 + 4n2 ,
Cdop + Cdop
nD (x) =
i
2
q

1
2 + 4n2 .
pD (x) =
−Cdop + Cdop
i
2
The zero Neumann conditions
∇n V (x, ω)|∂DN = 0,

∇n u(x, ω)|∂DSi,N = 0,

∇n v(x, ω)|∂DSi,N = 0,

hold on the Neumann part ∂DSi,N of the boundary, as well.
At Ohmic contacts the space charge vanishes i.e., Cdop − p + n = 0 on ∂DD , and the
system is in thermal eqilibrium i.e., np = n2i on ∂DD . Therefore, the quasi Fermi levels
Φn and Φp are defined by
n
,
ni
p
Φp = Ev + UT ln ,
ni

Φn = Ec − UT ln

(2.21)
(2.22)

where and Ec and Ev are respectively conduction band and valance band in the semiconductor, UT is the thermal voltage and ni is again the intrinsic carrier concentration
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of silicon. In crystals of pure silicon, the number density of electrons in the conduction band and of holes in the valence band are equal and therefore the Fermi level as a
function of doping concentration can be calculated for electrons and holes as
ΦF = Ec + UT ln

n
p
= Ev − UT ln .
ni
ni

In the subdomain Dox , there are no charge carriers and the Poisson equation is simply
−∇ · (A∇V (x, ω)) = 0.
In the subdomain Dliq , the nonlinear Poisson-Boltzmann equation
−∇ · (A(x, ω)∇V (x, ω)) + 2ϕ sinh(β(V (x, ω) − ΦF )) = 0
holds and models screening by free charges. Here ϕ is the ionic concentration, the constant β equals β := q/(kB T ) in terms of the Boltzmann constant kB and the temperature
T , and ΦF is the Fermi level.
In summary, for all ω ∈ Ω, the model equations are the boundary-value problem
(2.23a)

− ∇ · (A(x, ω)∇V (x, ω))
= qCdop (x, ω) − qni (e

V (x,ω)/UT

−V (x,ω)/UT

u(x, ω) − e

v(x, ω))in DSi ,
in Dox ,

(2.23b)

− ∇ · (A(x, ω)∇V (x, ω)) = −2η sinh(β(V (x, ω) − Φ(x, ω))) in Dliq ,

(2.23c)

− ∇ · (A(x, ω)∇V (x, ω)) = 0
V (0+, y, ω) − V (0−, y, ω) = α(y, ω)

on Γ,

(2.23d)

A(0+)∂x V (0+, y, ω) − A(0−)∂x V (0−, y, ω) = γ(y, ω)

on Γ,

(2.23e)
(2.23f)

UT ∇ · (µn eV (x,ω)/UT ∇u(x, ω))
=

τp

u(x, ω)v(x, ω) − 1
+ 1) + τn (e−V (x,ω)/UT v(x, ω) + 1)

(eV (x,ω)/UT u(x, ω)

in DSi ,

UT ∇ · (µp e−V (x,ω)/UT ∇v(x, ω))
=

u(x, ω)v(x, ω) − 1
τp (eV (x,ω)/UT u(x, ω) + 1) + τn (e−V (x,ω)/UT v(x, ω) + 1)

(2.23g)
in DSi ,

α(y, ω) = Mα (V (y, ω))

in Γ,

(2.23h)

γ(y, ω) = Mγ (V (y, ω))

in Γ,

(2.23i)

V (x, ω) = VD (x)

on ∂DD ,

(2.23j)

n · ∇V (x, ω) = 0

on ∂DN ,

(2.23k)

u(x, ω) = uD (x),

v(x, ω) = vD (x)

on ∂DD,Si ,

(2.23l)

n · ∇u(x, ω) = 0,

n · ∇v(x, ω) = 0.

on ∂DN,Si .

(2.23m)

The structure of the MOSFETs is much simpler. The device only consists of the silicon (channel and source/drain regions) and the insulator. Therefore, for the FETs the
same system of equations can be applied neglecting the liquid (Dliq ) and the molecule
(DM ) subdomains. We should note that in the subsequent simulations, the molecule
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subdomain (binding of target molecules to immobilized receptor molecules at the surface) is defined by assigning a finite volume of the electrolyte to molecules (volumetric
molecules). Regarding the interface condition, we should note that the existence of a
charge inside the insulator and at the semiconductor-insulator interface also induces a
semiconductor charge at zero bias:
V (0+, y, ω) − V (0−, y, ω) = 0

on Γ,

(2.24)

A(0+)∂x V (0+, y, ω) − A(0−)∂x V (0−, y, ω) = 0

on Γ.

(2.25)

It is defined as Γ = DSi ∩ Dox where the jump of the permittivity function explains the
jump of electric field. Here, 0+ denotes the limit at the interface on the side of the
silicon oxide, while 0− is the limit on the side of the channel.

2.2.3

Existence and local uniqueness

In order to state the main theoretical results, we first record the assumptions on the
data of the system (2.23) [145]. The assumptions are moderate in the sense that similar
ones are necessary for the deterministic system of equations. Then weak solutions and
Bochner spaces are defined. Using the assumptions and definitions, existence and local
uniqueness are shown.
The following assumptions are required:
1. The bounded domain D ⊂ R3 has a C 2 Dirichlet boundary ∂DD , the Neumann
boundary ∂DN consists of C 2 segments, and the Lebesgue measure of the Dirichlet
boundary ∂DD is nonzero. The C 2 manifold Γ ⊂ D splits the domain D into two
nonempty domains D+ and D− so that Γ ∩ ∂D = 0 and Γ ∩ ∂D ⊂ ∂DN hold.
2. (Ω, A, P) is a probability space, where Ω denotes the set of elementary events
(sample space), A the σ-algebra of all possible events, and P : A → [0, 1] is a
probability measure.
3. The diffusion coefficient A(x, ω) is assumed to be a strongly measurable mapping
from Ω into L∞ (D). It is uniformly elliptic and bounded function of position x ∈ D
and the elementary event ω ∈ Ω, i.e., there exist constants 0 < A− < A+ < ∞
such that
0 < A− ≤ ess inf x∈D A(x, ω) ≤ kA(·, ω)kL∞ (D) ≤ A+ < ∞

∀ω ∈ Ω.

Furthermore, A(x, ω)|D+ ×Ω ∈ C 1 (D+ × Ω, R3×3 ) and A(x, ω)|D− ×Ω ∈ C 1 (D− ×
Ω, R3×3 ).
4. The doping concentration Cdop (x, ω) is bounded above and below with the bounds
C := inf Cdop (x, ω) ≤ Cdop (x, ω) ≤ sup Cdop (x, ω) =: C
x∈D

x∈D

∀ω ∈ Ω.
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5. There is a constant R 3 K ≥ 1 satisfying
1
≤ uD (x), vD (x) ≤ K
K

∀x ∈ ∂DSi,D .

6. The functionals Mα : L2 (Ω; H 1 (D)) ∩ L∞ (D × Ω) → L2 (Ω; H 1/2 (Γ)) ∩ L∞ (Γ × Ω)
and Mγ : L2 (Ω; H 1 (D)) ∩ L∞ (D × Ω) → L∞ (Γ × Ω) are continuous.
7. The mobilities µn (x, ω) and µp (x, ω) are uniformly bounded functions of x ∈ D
and ω ∈ Ω, i.e.,
+
0 < µ−
n ≤ µn (x, ω) ≤ µn < ∞

0<

µ−
p

≤ µp (x, ω) ≤

µ+
p

<∞

∀x ∈ D,

∀ω ∈ Ω,

∀x ∈ D,

∀ω ∈ Ω,

where µp (x, ω), µn (x, ω) ∈ C 1 (DSi × Ω, R3×3 ).
Furthermore, the inclusions f (x, ω) ∈ L2 (Ω; L2 (D))∩L∞ (D×Ω), VD (x) ∈ H 1/2 (∂D)∩
L∞ (Γ), uD , vD (x) ∈ H 1/2 (∂DSi ), α(x, ω) ∈ L2 (Ω; H 1/2 (Γ)), and γ(x, ω) ∈ L2 (Ω; L2 (Γ))
hold.
Assumptions (3) and (7) guarantee the uniform ellipticity of the Poisson and the continuity equations, respectively.

2.2.4

Weak solution of the model equations

In order to define the weak formulation of the stochastic boundary-value problem (2.23),
it suffices to consider the semilinear boundary-value problem [145]
−∇ · (A∗ (x, ω)∇w(x, ω)) + h(x, w(x, ω)) = f (x, ω)
w(x, ω) = wD (x)

∀x ∈ D \ Γ ∀ω ∈ Ω, (2.26a)
∀x ∈ ∂DD

∀ω ∈ Ω,
(2.26b)

n · ∇w(x, ω) = 0

∀x ∈ ∂DN

w(0+, y, ω) − w(0−, y, ω) = α(y, ω) ∀x ∈ Γ

∀ω ∈ Ω, (2.26c)
∀ω ∈ Ω,
(2.26d)

A∗ (0+)∂x w(0+, y, ω) − A∗ (0−)∂x w(0−, y, ω) = γ(y, ω)

∀x ∈ Γ

∀ω ∈ Ω, (2.26e)

which is a semilinear Poisson equation with interface conditions. Here (2.26a) includes
(2.23a)–(2.23c) if A∗ is replaced by the permittivity A, and it includes (2.23f) and (2.23g)
if A∗ is replaced by µn eV /UT and µp e−V /UT , respectively. Uniform ellipticity holds in
each of these cases per Assumption (2.2.3).
For the weak formulation, we define the Hilbert space

X := Hg1 (D) = w ∈ H 1 (D) | T w = g

(2.27)

as the solution space, where T is the trace operator defined such that T w = g, where
g is Dirichlet lift of wD := w|∂DD . The operator T is well-defined and continuous from
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H 1 (D) onto H 1/2 (∂D) for the Lipschitz domain D. For g = 0, we define the test space

X0 := H01 (D) = w ∈ H 1 (D) | T w = 0 .

(2.28)

Definition 2.1 (Bochner spaces). Given a Banach space (X, k·kX ) and 1 ≤ p ≤ +∞, the
Bochner space Lp (Ω; X) is defined to be the space of all measurable functions w : Ω → X
such that for every ω ∈ Ω the norm

h
i

 R kw(·, ω)kp dP(ω) 1/p = E kw(·, ω)kp 1/p < ∞, 1 ≤ p < ∞,
X
X
Ω
kwkLp (Ω;X) :=
ess sup
kw(·, ω)k < ∞,
p=∞
X

ω∈Ω

(2.29)
is finite.We should remind that the essential supremum of a function is the smallest
number a ∈ R̄ for which the function only exceeds a on a set of measure zero.
To derive the variational formulation of our model (2.26), we fix the event ω ∈ Ω at
first, multiply ((2.26a)) by a test function φ ∈ L2 (Ω; X0 ), and integrate by parts in D
to obtain the relation
Z
Z
Z
Z
∗
A ∇w · ∇φ +
h(w)φ =
f φ + γφ
∀φ ∈ L2 (Ω; X0 ).
D

D

D

Γ

Definition 2.2 (Weak solution on D×Ω). Suppose that A∗ satisfies Assumptions (2.2.3)
and that f (x, ω) ∈ L2 (Ω; L2 (D)), wD (x) ∈ H 1/2 (∂DD ), and γ(x, ω) ∈ L2 (Ω; L2 (Γ))
holds. A function w ∈ L2 (Ω; X) is called a weak solution of the boundary-value problem
((2.26)), if it satisfies
a(w, φ) = `(φ)
∀φ ∈ L2 (Ω; X0 ),
(2.30)
where a : L2 (Ω; X) × L2 (Ω; X0 ) → R and ` : L2 (Ω; X0 ) → R are defined by
Z

Z

∗
a(w, φ) := E
A ∇w · ∇φdx + E
h (w) φdx
D

and

D

Z
`(φ) := E



Z

f φdx + E
D

2.2.5


γφdx .

Γ

Scharfetter-Gummel iteration

Newton’s method is a coupled procedure which solves the equations (2.18) simultaneously, through a generalization of the Newton–Raphson method for determining the
roots of an equation. We rewrite the problem in the following residual form
WV (V, n, p) = 0,

Wn (V, n, p) = 0,

Wp (V, n, p) = 0.

(2.31)
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Starting from an initial guess V0 , n0 , and p0 , the corrections δV , δn, and δp, are
calculated from the Jacobian system
 ∂WV
∂V

 ∂Wn
 ∂V
∂Wp
∂V

∂WV
∂n
∂Wp
∂n
∂Wp
∂n


∂WV  
∂V
∂p

∂Wn  
∂p   ∂n 
∂Wp
∂p
∂p



∂WV


=  ∂Wn  ,
∂Wp

(2.32)

which is obtained by Taylor expansion. The solutions are then updated according to the
scheme
Vk+1 = Vk + ∂Vk
nk+1 = nk + ∂nk
pk+1 = pk + ∂pk
where k indicates the iteration number. The system (2.32) has 3 equations for each
mesh point on the grid. Denoting by Ndof the number of degrees of freedom (dofs),
each block of (2.32) is an Ndof × Ndof matrix size. This indicates the main disadvantage
of a full Newton iteration, related to the computational cost of matrix inversion (one
may estimate that a 3Ndof × 3Ndof matrix takes typically 20 times longer to invert than
an analogous Ndof × Ndof matrix. Moreover, it is important to provide a very good
initial guess vector (V0 , n0 , p0 ). Because the problem variables have different orders of
magnitude and the Jacobian matrix is often quite ill-conditioned, appropriate scaling
and balancing techniques are needed in order to avoid problems associated with round-off
error.
In 1964, H. K. Gummel proposed an original and alternative to (2.32) approach in order
to solve the system (2.18) in a semiconductor device in one spatial dimension [68]. The
main idea of the algorithm is to move the nonlinearity to the Poisson equation only,
and once obtained the electric potential profile, both continuity equations are solved
in linear form. This is possible if we consider the Maxwell-Boltzmann approximation
for electrons and holes. However, we should note that there are some limitations in
source/drain regions (since they are highly doped) and in the inversion layer.

2.2.6

Existence and local uniqueness of the solution

In the next step, we prove existence and local uniqueness of solutions of system of
stochastic elliptic boundary-value problems with interface conditions (2.23) [145] using
the Schauder fixed-point theorem and the implicit-function theorem similarly to [13,
Theorem 2.2 and 5.2].
Theorem 2.3 (Existence). Under Assumptions (2.2.3), for every f (x, ω) ∈ L2 (Ω; L2 (D))
and VD , uD , vD ∈ H 1/2 (∂D), there exists a weak solution [145]

(V (x, ω), u(x, ω), v(x, ω), α(x, ω), γ(x, ω)) ∈ L2 (Ω; HV1D (D) ∩ L∞ (D × Ω)


× L2 (Ω; Hu1D (DSi )) ∩ L∞ (DSi × Ω) × L2 (Ω; Hv1D (DSi )) ∩ L∞ (DSi × Ω)
2
× L2 (Ω; H 1 (Γ)) ∩ L∞ (Γ × Ω)
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of the stochastic boundary-value problem (2.23), and for every ω ∈ Ω it satisfies the
L∞ -estimate
V ≤ V (x, ω) ≤ V
1
≤ u(x, ω) ≤ K
K
1
≤ v(x, ω) ≤ K
K

in D,
in DSi ,
in DSi ,

where
q
1
(C + C 2 + 4n2i )) − sup VL ),
∂DD
2Kni
D
D
q
K
2
V := max(sup VD , Φ − inf VL , UT ln(
(C + C + 4n2i )) − inf VL ).
D
D
2n
i
∂DD
V := min( inf VD , Φ − sup VL , UT ln(

Here VL (x, ω) is the solution of the linear problem (i.e., problem (2.26) with h ≡ 0), for
which the estimate


kVL kL2 (Ω;H 1 (D)) ≤ C kf kL2 (Ω;L2 (D)) + kVD kH 1/2 (∂DD ) + kαkL2 (Ω;H 1/2 (Γ)) + kγkL2 (Ω;L2 (Γ))
VD

holds, where C is a positive constant.
Proof. The existence of the solution is proved using the Schauder fixed-point theorem
and the estimates are obtained from a maximum principle. First, we define a suitable
space

N := (V, u, v, α, γ) ∈ L2 (Ω; H 1 (D)) × L2 (Ω; H 1 (DSi ))2 × L2 (Ω; H 1 (Γ))2
1
V ≤ V (x, ω) ≤ V a.e. in D × Ω,
≤ u(x, ω), v(x, ω) ≤ K a.e. in DSi × Ω,
K
α, γ bounded a.e. on Γ × Ω ,
which is closed and convex. Then we define a fixed-point map F : N → N by
F (V0 , u0 , v0 , α0 , γ0 ) := (V1 , u1 , v1 , α1 , γ1 ),
where the elements of the vector (V1 , u1 , v1 , α1 , γ1 ) are the solutions of the following
equations for given data (V0 , u0 , v0 , α0 , γ0 ).
1. Solve the elliptic equation
−∇ · (A∇V1 ) = qni (e−V1 /UT v0 − eV1 /UT u0 ) + qCdop
n · ∇V1 = 0
V1 = VD
for V1 .

in D,
on ∂DN ,
on ∂DD
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2. Solve the elliptic equation
UT ∇ · (µn eV1 /UT ∇u1 )
u1 v0 − 1
−
= 0 in DSi ,
V
/U
1
T u + 1) + τ (e−V1 /UT v + 1)
τp (e
0
n
0
n · ∇u1 = 0 on ∂DSi,N ,
u1 = uD on ∂DSi,D
for u1 .
3. Solve the elliptic equation
UT ∇ · (µp e−V1 /UT ∇v1 )
u0 v1 − 1
−
= 0 in DSi
V
/U
1
T u + 1) + τ (e−V1 /UT v + 1)
τp (e
0
n
0
n · ∇v1 = 0 on ∂DSi,N ,
v1 = vD on ∂DSi,D ,
for v1 .
4. Update the surface-charge density and dipole-moment density according to the
microscopic model
α1 (y, ω) := Mα (V0 ),
γ1 (y, ω) := Mγ (V0 ).
Using lemmata on the existence and uniqueness of solutions of elliptic boundary-value
problems with interface conditions, every equation present in the model is uniquely
solvable. Therefore the map F is well-defined. Furthermore, continuity and the selfmapping property of F as well as the precompactness of F (N ) can be shown similarly
to [13, Theorem 2.2]. Therefore, applying the Schauder fixed-point theorem yields a
fixed-point of F , which is a weak solution of (2.23).
In general, the solution in Theorem (2.3) is not unique; uniqueness of the solution only
holds in a neighborhood around thermal equilibrium. The following theorem yields local
uniqueness of the solution of our system (2.23) of model equation. The proof is based
on the implicit-function theorem.
Theorem 2.4 (Local uniqueness). Under Assumption (2.2.3), for every f (x, ω) ∈
L2 (Ω; L2 (D)), VD , uD , vD ∈ H 1/2 (∂D), α ∈ L2 (Ω; H 1/2 (Γ)), and γ ∈ L2 (Ω; L2 (Γ)),
there exists a sufficiently small σ ∈ R with |U | < σ such that the stochastic problem in
the existence theorem (2.3) has a locally unique solution [145]


V ∗ (U ), u∗ (U ), v ∗ (U ), α∗ (U ), γ ∗ (U ) ∈ L2 (Ω; H 2 (D \ Γ)) × L2 (Ω; H 2 (DSi ))2
× L2 (Ω; H 1/2 (Γ)) × L2 (Ω; L2 (Γ)).
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The solution satisfies


V ∗ (0), u∗ (0), v ∗ (0), α∗ (0), γ ∗ (0) = (Ve , 1, 1, αe , γe )
and it depends continuously differentiably on U as a map from {U ∈ Rk , |U | < σ} into
L2 (Ω; H 2 (D \ Γ)) × L2 (Ω; H 2 (DSi ))2 × L2 (Ω; H 1/2 (Γ)) × L2 (Ω; L2 (Γ)).
Proof. We call the equilibrium potential Ve (x, ω) and the equilibrium surface densities αe (x, ω) and γe (x, ω). (Ve , 1, 1, αe , γe ) is a solution of the stochastic equilibrium
boundary-value problem, which has a unique solution due to the existence and uniqueness of solutions of stochastic semilinear elliptic boundary-value problems of the form
−∇ · (A(x, ω)∇Ve (x, ω)) = qCdop (x, ω) − qni (eVe (x,ω)/UT − e−Ve (x,ω)/UT ) in DSi ,
−∇ · (A(x, ω)∇Ve (x, ω)) = 0

in Dox ,

−∇ · (A(x, ω)∇Ve (x, ω)) = −2η sinh(β(Ve (x, ω) − Φ(x, ω)))

in Dliq ,

Ve (0+, y, ω) − Ve (0−, y, ω) = αe (y, ω)
A(0+)∂x Ve (0+, y, ω) − A(0−)∂x Ve (0−, y, ω) = γe (y, ω)
Ve (x, ω) = VD (x)
n · ∇Ve (x, ω) = 0

on Γ,
on Γ,
on ∂DD ,
on ∂DN .

To apply the implicit-function theorem, we define the map
G : B × Sσ1 (0) → L2 (Ω; L2 (D)) × L2 (Ω; L2 (DSi ))2 × L2 (Ω; L2 (Γ))2 ,
G(V, u, v, α, γ, U ) = 0,
where G is given by the boundary-value problem (2.23) after substituting V := V −
VD (U ), u := u − uD (U ), and v := v − vD (U ). B is an open subset of L2 (Ω; H∂2 (D)) ×
L2 (Ω; H∂2 (DSi ))2 × L2 (Ω; L2 (Γ))2 with
H∂2 (D) := {φ ∈ H 2 (D) | n · ∇φ = 0 on ∂DN , φ = 0 on ∂DD },
and the sphere Sσ1 with radius σ1 and center 0 is a subset of Rd . The equilibrium
solution (Ve − VD (0), 0, 0, αe , γe , 0) is a solution of the equation G = 0. One can show
that the Fréchet derivative D(V,u,v,α,γ) G(Ve − VD (0), 0, 0, αe , γe , 0) has a bounded inverse
(see, e.g., [13, Theorem 2.2]). Then the implicit-function theorem implies uniqueness of
the solution of (2.23).

2.3

Transport equation for confined structure

The fundamental transport equation for large-scale systems is the Boltzmann transport
equation [74, 75]. Its independent variables are time, three space, and three momentum dimensions; therefore, calculating numerical approximations to its solutions is very
computationally expensive. Popular stochastic approaches for the calculation of currents through ion channels such as Monte Carlo or Brownian dynamics [79, 161] and
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molecular dynamics are valuable to elucidate various aspects, but also require a huge
computational effort when currents are calculated. However, only currents are measured
in experiments. In order to overcome this problem, we have derived a (2+1)-dimensional
transport equation from the (6 + 1)-dimensional Boltzmann transport equation to simulate geometrically complicated structures and to decrease the computational cost of
current calculations [74, 85].
Here confined structures are understood as long, narrow 3D geometries where the transport of the particles occurs in one space dimension, namely the longitudinal direction,
due to the presence of potential wells in the two transverse dimensions. The potential
wells responsible for the confinement can vary along the transport direction and are
given as functions of position. The independent variables in the (2 + 1)-dimensional
transport equation are position along the longitudinal direction, local particle energy,
and time. In the case of harmonic confinement potentials, i.e., when they are quadratic
functions of position, it was even possible to find explicit expressions for the transport
coefficients [74].
This is an essential feature of the present model: the confinement potentials determine
the local fluxes and hence the transport coefficients [75]. This is an important improvement compared to using bulk transport coefficients for the simulation of extremely small
structures and it means that the physical properties of the channels and especially their
selectivity filters are captured. Since the transport coefficients are given by explicit
expressions, the numerical solution of the transport equation is as computationally expensive as the solution of a diffusion equation with constant transport coefficients so
that currents are obtained with relatively small computational effort. Therefore this
transport equation for confined structures is ideally suited for the simulation of ion
channels.
Due to the physiological importance of ion channels [106], this transport model is applied
to three transmembrane proteins here, namely the phosphate-specific channel OprP (an
antibiotic), the Gramicidin A channel (another antibiotic), and the well-known KcsA
ionic channel. In each case, the model is validated by comparison with current measurements of various ions. Then we elucidate physiological properties of the channels.
For example, the selectivity of potassium channels between sodium and potassium is its
primary physiological function and therefore it is investigated in the simulations. The
model reproduces selectivity. We also constructed virtual ion channels by changing the
length of the selectivity filter in order to answer the question if and in which respect the
natural KcsA channel is optimal.
We recapitulate the transport equation and its relation to the given confinement potential in this Section. Throughout [74], the calculations were performed using dimensionless variables and the theoretical feasibility of this approach was demonstrated. In [75],
the derivation of the transport equation was extended so that all variables have physical
units and a complete discussion of all the units can be found there as well.
The starting point is the Boltzmann transport equation in the form
∂t f + {E, f }XP + Q[f ] = 0,

(2.33)
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where the Poisson bracket is defined as
{g, f }XP := ∇P g · ∇X f − ∇X g · ∇P f.

(2.34)

Here f (X, P, t) is the kinetic particle density, X ∈ R3 is position, P ∈ R3 is momentum,
t is time, E(X, P ) is the energy, and Q is the scattering operator. The energy is defined
as
|P |2
E(X, P ) := V (X) +
,
2m
being the sum of the potential energy V of the confinement and the kinetic energy. m
denotes the mass of a particle.
The spatial multiscale problem arises, since the structures are much narrower than long.
We write the confinement potential as
V (x, y) = V0 (x) + V1 (x, y),

(2.35)

where V0 is the applied potential, and we will rescale in (2.36a) below.
Here we consider 3D structures that are confined in two dimensions such that transport
occurs in one dimension. Therefore we split position X and momentum P into
X = (x, y) = (x, y1 , y2 ),
P = (p, q) = (p, q1 , q2 ),
where x is the longitudinal direction of charge transport and y1 and y2 are the two
transverse directions of confinement. Accordingly, p is the momentum in the longitudinal
direction and q1 and q2 are the momenta in the transverse directions. We also split
the energy E into two contributions Ex and Ey from the longitudinal and transverse
directions, respectively, i.e.,
E(X, P ) = Ex (x, p) + Ey (x, y, q),
|p|2
,
2m
|q|2
Ey (x, y, q) := V1 (x, y) +
.
2m
Ex (x, p) := V0 (x) +

The scattering operator Q is defined such that it describes the physical system correctly.
In the transport (longitudinal) x-direction, it relaxes the density towards a Maxwellian
distribution, whereas in the confinement (transverse) y-direction it conserves the local
energy so that the particles do not lose or gain energy on average by colliding with the
sidewalls of the structure, i.e., there is no net energy transfer between the particles and
the sidewalls. The scattering operator is a relaxation operator and it has the form


uf (x, Ey (x, y, q), t)
1
Q[f ](x, y, p, q, t) :=
f − M (p)
.
τ
N (x, Ey (x, y, q))
The details of the operator can be found in [74, Section 2.1]. Then, in [74, Section
2.2], all variables were scaled and transformed into a dimensionless formulation. Here,
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however, we only scale the confinement direction y and time t by setting
y
,

ts := t.

ys :=

(2.36a)
(2.36b)

We consider the limit  → 0. Regarding the spatial multiscale problem, this means
that the width   1 of the structure is very small corresponding to pores that are
much longer than wide. Regarding the temporal multiscale problems, this scaling in
conjunction with the scattering operators means that we are interested in time scales
where diffusion is the dominant mechanism. We now simplify notation by using the
same variable names as before the scaling; additionally, in order to be consistent with
the notation in [74], we set v := p and w := q, but note that v and w denote momenta.
Dramatic simplifications are possible when assumptions on the form of the confinement
potential, and especially in the form of V1 (x, y), are made. We assume that V1 (x, y) has
the quadratic form
V1 (x, y) =


1
B1 (y1 − b1 )2 + B2 (y2 − b2 )2 ,
2

(2.37)

where y, b ∈ R2 . In this case, the confinement potential is called harmonic. Of course,
it is required that B1 (x) > 0 and B2 (x) > 0 for all x so that the particles are indeed
confined.
Finally, a diffusion-type equation for transport through a confined structure can be
found. Its coefficients are given by the coefficients of the confinement potential. The
equation is the conservation law
∂t ρ(x, η, t) + ∂x F x (x, η, t) + ∂η F η (x, η, t) = 0,

(2.38)

where ρ(x, η, t) is the charge concentration. Also, the three independent variables are x,
the longitudinal position, η, the local energy in the transverse direction, and time t.
The two fluxes F x and F η are

4π 2 kT τ η
π 2 kT τ η 2
F x (x, η, t) = − √
T1 − √
∂x (ln B1 ) + ∂x (ln B2 ) T2
B1 B2
B1 B2

(2.39)

and

π 2 kT τ η 2
F η (x, η, t) = − √
∂x (ln B1 ) + ∂x (ln B2 ) T1
B1 B2

π 2 kT τ η 2 12mB1 (∂x b1 )2 12mB2 (∂x b2 )2
− √
+
+ 2η∂x (ln B1 )∂x (ln B2 )
m + τ 2 B1
m + τ 2 B2
6 B1 B2

η(3m + 8τ 2 B1 )(∂x (ln B1 ))2 η(3m + 8τ 2 B2 )(∂x (ln B2 ))2
+
+
T2 , (2.40)
m + 4τ 2 B1
m + 4τ 2 B2
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where
ρ
T1 := e−V0 /kT ∇x eV0 /kT
,
N
ρ
T2 := e−η/kT ∇η eη/kT
,
N
and τ is the relaxation time. Regarding the units, we have
[F x ] =

s
,
kg · m2

[F η ] =

1
,
m·s

[τ ] = s,

and therefore
[∂t ρ] = [∇x · F x ] = [∂η F η ] =

s
.
kg · m3

The computational significance is that this (2 + 1)-dimensional equation can be solved
fast numerically in contrast to the original (6 + 1)-dimensional problem. For the details
of the derivation, the reader is referred to [74, 75].

2.3.1

Current calculation

Here the total current can immediately be found by integrating the flux F x in the
longitudinal direction over all local energies η, i.e., the total current I is
Z ∞
F x (x0 , η)dη,
I=
η=0

which does not depend on the particular cross section given by x0 and the ion charge is
included (using the potential of mean force, PMF (see Section 4.4.1)). In Chapter 4, we
apply this method to calculate the current due to the passage of different ions through
three particular channels, namely OprP, Gramicidin A, and the well-known KcsA ionic
channel.

2.4

Stochastic Langevin equation

The binding and unbinding events of target molecules are described as a stochastic process that occurs in the boundary layer [152, 154]. It is crucial for the understanding of
the sensing principle of field-effect sensors devices. In the case of a DNA sensor, the
binding and unbinding events are the hybridization and dehybridization of mobile single
DNA strands to be detected with immobilized single DNA strands of known sequence
to form a double-helix. The overall double-helix formation, which depends on the rate
of DNA transport and on the rate of the hybridization reaction, has been studied by
many research groups. In fact, the binding and unbinding depends on different effects
including, e.g., specific and non-specific binding processes and the hybridization of mismatched and partially matched DNA strands. These processes, due to their stochastic
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nature, result in a random signal fluctuation and hence in noise. The transport of target molecules in the analyte solution to the active sensor surface must be taken into
account in order to calculate time-dependent simulations. The time until the number
of probe-target complexes has reached its chemical equilibrium (or until at least a detectable quantity has bound to the probe molecules at the sensor surface) determines
the response time of the sensor. The chemical equilibrium is understood as a balance
between association and dissociation events [152].
In order to obtain a more realistic model of the sensing process, it is not sufficient to
consider the hybridization/dissociation dynamics at the surface. Rather, it is crucial
to take the limited transport of the DNA molecules through the liquid into account,
as especially in the case of low target molecule concentrations, the hybridization characteristics are changed significantly by this process. A thorough investigation and a
quantification of the resulting effects are the objectives of this dissertation. Here, we
present a model describing the surface interactions as stochastic processes and including
a transport model for the biomolecules in the liquid.

2.4.1

Interaction processes

The dynamic process of binding and unbinding of the respective species, or hybridization and dissociation, again changes the surface charge density and hence the electrical
characteristics of the nanowire, which allows detection of the binding processes in measurements. The association and dissociation processes of target molecules at the surface
can be described by the reaction equations
r

(2.41a)

rd

(2.41b)

a
PT,
T + P −→

PT −→ P + T.

Equation (2.41a) describes the binding of target molecules T at time t (probe-molecule
concentration), to probe molecules P (target-molecule concentration), thus forming the
probe-target complex PT (probe-target concentration). Furthermore, we should note
that [P] = [PT] = [cm−2 ] and [T] = M .
Analogously, equation (2.41b) describes a dissociation processes, in which probes and
target molecules are formed from a complex PT. Moreover, the constants ra and rb
are reaction constants regarding the association and dissociation constants respectively.
The stochastic Langevin equation is the most widely known mathematical model for
the phenomenon of Brownian motion. It is a first order differential equation (ODE)
which contains a stochastic term corresponding to a random force. We can rewrite this
equation in the form
dPT(t)
(t) = ra CT (CP − PT(t)) − rd PT(t),
dt
PT(0) = 0.

(2.42)
(2.43)

where CT and CP are respectively probe concentration (at the surface, [cm−2 ]) and
target concentration (in the liquid, [M] (molar)). The above initial condition indicates
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that there are no probe-target complexes presents at the surface in the beginning. From
that equation, the concentration at the surface can be computed at any time. This is a
kind of partial differential equation which can be easily solved, yielding
PT(t) =

ra CP CT
(1 − exp−(ra CT +rd )t ).
ra CT + rd

(2.44)

For more technical details about the introduced model we strongly recommend the interested reader to [64, 77].

2.4.2

The stochastic process at the functionalized surface

To make the system of equations more realistic a we consider (2.43) as a stochastic
model. To this end, We consider a sensor surface that is immersed in an aqueous solution
containing target molecules. We continue to use the notation P for probe molecules,
T for target molecules, and PT for probe-target complexes. The reactive solid surface
with area A is functionalized with CP probe molecules per unit area, and the liquid
contains target molecules with the unit of mole per liter, and the initial concentration
of probe-target complexes at the surface is assumed to be zero. In order to quantify
the biological noise of the system, we treat the reaction at the surface as a stochastic
process, i.e., the binding of probe and target molecules occurs in an essentially random
manner. Langevin equations for chemical reactions in a fixed volume have been discussed
recently. Here we obtain the Langevin equation for an association/dissociation process
at a surface [152]. We consider a system of n probe molecules at time t = jτ , j ∈ 0, 1, ....
The variables ωij , j ∈ 1, 2, . . . , n, are independent random variables for the indicator
function. Here ωij := 1 if the ith probe molecule is bound at time t = jτ and is zero
otherwise. Using the indicator function, the number of probe-target complexes PT can
P
be written as ni=1 ωij and the number of probe molecules PT at time t can be written
P
as n − ni=1 ωij . Now we define a new random variable
n

1 X j
Xt :=
ωi .
A

(2.45)

i=1

Lemma 1. Let d[B1 (t)]/[dt] and d[B2 (t)]/[dt] be statistically independent Gaussian
white-noise processes describing the association and dissociation process, respectively.
The evolution of Xt from a given initial state X0 is governed by the stochastic process
equation
p
dXt (t)
dB1 (t) p
dB1 (t)
= ra (CP − Xt )CT − rd Xt + ra (CP − Xt )CT
− rd Xt
, (2.46)
dt
dt
dt
where statistically independent Gaussian white noises are given by
dB1 (t)
Na (0, 1)
= √
,
dt
dt
dB2 (t)
Nd (0, 1)
= √
.
dt
dt

(2.47)
(2.48)
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Note that a sufficient number of events must occur during this time intervals of length
τ . See [1] for more details.
To calculate the uncertainty of the system i.e., random binding and unbinding processes we should calculate expected value and standard deviation of Xt . More precisely
speaking Xt is the number PT of probe-target complexes at time t.
First, we calculate the expectation. We use the Langevin equation (2.46) and take the
expectation of both sides to find [152]
p
p
dE(Xt ) = ra CT (CP − E(Xt ))dt − rd E(Xt )dt + E( ra CT (CP − Xt )dB1 ) − E( rd Xt dB2 )
(2.49)
To calculate the expected value, we take expectation of the above equation. As a
result we have
dE(Xt ) = ra CT (CP − E(Xt ))dt − ra E(Xt )dt
p
+ E( ra CT (CP − Xt )dB1 )
{z
}
|
=0
p
− E( rd Xt dB2 )
{z
}
|
=0

simplifying to
dE[Xt ]
= −E[Xt ](rd + ra CT ) + ra CP CT .
dt

(2.50)

Using same procedure as (2.46), the solution is obtained by
E[Xt ] =

ra CT CP
(1 − exp(−(ra CT + rd )t)).
rd + ra CT

(2.51)

In addition to the initial condition E(Xt ) = 0.
Second, we calculate the variance. We define the variable H(Xt ) = Xt2 and we note
that it does not explicitly depend on t. Applying Ito’s formula, we have
dH(Xt ) = 2Xt dXt + dXt dXt .

(2.52)

Then, we obtain
d(Xt2 ) = (ra CT CP + (2ra CT CP − ra CT + rd )Xt )dt − 2(ra CT + rd )Xt2 dt
p
p
+ 2Xt ( ra CT (CP − Xt )dB1 − rd Xt dB2 )
and further the stochastic differential equation
d(Xt )2
= Xt2 (−2ra CT − 2rd ) + Xt (ra CT (2CP − 1) + rd ) + ra CT Cp
dt
q
q
d[B1 (t)]
d[B2 (t)]
2
+ 4ra (CP − Xt )Xt CT
− 4rd Xt3
.
dt
dt
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By taking the expectation, we have
dE[Xt2 ]
= −E[Xt2 ](2ra CT + 2rd ) + E[Xt ](ra CT (2CP − 1) + rd ) + ra CT CP .
dt

(2.53)

For sake of simplicity, we define two variables to make the formulas simpler
α : = ra CP CT ,

(2.54)

β : = ra CT + rd .

(2.55)

dE[Xt2 ]
= αdt + (2α − ra CT + rd )E(Xt )dt − 2βE(Xt2 )dt.
dt

(2.56)

Then, (2.56) can be rewritten as

With the initial condition E(Xt2 ) = 0 we have (by solving above ODE)
E[Xt2 ] =

E[Xt ](ra CT (2CP − 1) + rd ) + ra CT CP
(1 − exp(−2(ra CT + rd )t))
2(ra CT + rd )

(2.57)

In summary, we have found the variance as V[Xt ] := E[Xt2 ] − E[Xt ]2 which can be
summarized using the defined notations
V[Xt ] =

α
(1 − exp (rd + ra CT exp(−βt)) .
β2

(2.58)

As mentioned before, we calculate the SNR arising from biological noise in this work.
The expectation (E[Xt ]) of the binding events occurring at time t is considered as the
signal and the standard deviation as the noise. We find
√
E(Xt )
1 − exp(−βt)
SNR(t) := p
= α
.
(1 − exp(−βt)(rd + ra CT exp(−βt)))
V(Xt )

(2.59)

We define X∞ as the number Xt of bound probe molecules when the system is in
equilibrium. In fact, SNR is bounded in time by the inequality
r
ra
0 < SNR(t) <
CP CT .
(2.60)
rd
Therefore, we find that
lim SNR(t) =

t→∞

r

ra
CP CT .
rd

Since CT < ∞, the SNR is bounded in time by the inequality
r
ra
0 < SNR(t) <
CP CT
∀t > 0.
rd

(2.61)

(2.62)

Molecular binding is an attractive interaction between two molecules that results in a
stable association in which the molecules are in close proximity to each other. The
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binding efficiency (BE) of probe molecules at time t is the fraction of all probe
molecules that are bound to target molecules at time t. We can calculate its expected
value as
E[BE(t)] =

ra CT
(1 − exp(−(ra CT + rd )t)),
rd + ra CT

(2.63)

as well as its value in equilibrium as
lim E[BE(t)] =

t→∞

ra CT
.
rd + ra CT

(2.64)

Furthermore, a lower bound for the limit of the standard deviation as t → ∞ is given
by
√
p
ra rd CP CT
0<
≤ σ[X∞ ] = V[X∞ ].
(2.65)
ra CT + rd
In Section (4.2.2) we will use the stochastic Langevin equation to model the random
binding process of cardiac troponin target molecules to the receptors.

2.5

Conclusions

In this chapter, we considered the stochastic drift-diffusion-Poisson equations as the
main model equation for describing transport in random environments with many applications. We presented existence and local uniqueness theorems for the weak solution
of the system. The method can be used in several microelectronic devices. The model
describes how various stochastic processes propagate through a PDE model and result
in noise and fluctuations in a transport model. We explained the usefulness of the
Scharfetter-Gummel iteration. Also, we described the current calculation in the introduced microelectronic devices in details.
We have used a continuum transport model for confined structures to investigate three
kinds of transmembrane channels. The main feature of this diffusion-type transport
equation is that the geometry of the confining protein directly determines the transport
coefficients in the equation. Its great advantage as a continuum model is the fact that
the currents are obtained immediately from the 2D numerical solution by integration
over local energy; the numerical solutions of this 2D equation can be calculated quickly.
We have treated the binding and unbinding reactions in the surface layers of field-effect
biosensors as a stochastic process and we have obtained the Langevin equation for the
association and the dissociation processes at the surface. This allows us to derive explicit
formulas for the expectation and the standard deviation of the number of probe-target
complexes at the sensor surface and, therefore, the signal-to-noise ratio.

Chapter 3

Stochastic numerical methods
In this chapter, we develop the stochastic numerical method to quantify noise and fluctuation in nano-electronic devices. In many realistic situations, the probability space
is highly dimensional. For example, each probe molecule, each target molecule, and
each probe-target complex need to be modeled in sensors. In transistors, the number
of impurities and their positions are random. The large number of dimensions favors
the use of Monte Carlo methods because it is well-known that the convergence rate of
standard MC methods is independent of the number of dimensions. On the other hand,
it is inversely proportional to the square root of the number of evaluations and here each
evaluation requires solving a two- or three-dimensional system of elliptic equations.
These considerations motivate the development of a multilevel Monte Carlo (MLMC)
algorithm. In [61], after earlier work [71] on numerical quadrature, it was shown that
a multilevel approach and a geometric sequence of timesteps can reduce the order of
computational complexity of MC path simulations for estimating the expected value
of the solution of a stochastic ordinary differential equation. This is done by reducing
the variance and leaving the bias unchanged due to the Euler discretization used as
the ODE solver. In [63], the Milstein scheme was used as the ODE solver to improve
the convergence rate of the MLMC method for scalar stochastic ordinary differential
equations and the method was made more efficient. The new method has the same
weak order of convergence, but an improved first-order strong convergence, and it is the
strong order of convergence which is central to the efficiency of MLMC methods. In [62],
the MLMC method was combined with quasi-Monte Carlo (QMC) integration using a
randomized rank-1 lattice rule and the asymptotic order of convergence of MLMC was
improved and a lower computational cost was achieved as well.
In [11], an MLMC finite-element method was presented for elliptic partial differential
equations with stochastic coefficients. In this problem, the source of randomness lies
in the coefficients inside the operator and the coefficient fields are bounded uniformly
from above and away from zero. The MLMC error and work estimates are given both
for the mean of the solutions and for computation of higher moments. Also, in [33], the
same problem was considered and numerical results indicate that the MLMC estimator
is not limited to smooth problems. In [95], a multilevel quasi-Monte Carlo finite element
39
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method for a class of elliptic PDEs with random coefficients was presented. The error
analysis of QMC was generalized to a multilevel scheme with the number of QMC points
dependent on the discretization level and with a level-dependent dimension truncation
strategy.
In [27], uniform bounds on the finite-element error were shown in standard Bochner
spaces. These new bounds can be used to perform a rigorous analysis of the MLMC
method for elliptic problems, and a rigorous bound on the MLMC complexity in a more
general case was found. In [147], the finite-element error analysis was extended for the
same type of equations posed on non-smooth domains and with discontinuities in the
coefficient. In [70], a general optimization of the parameters in the MLMC discretization
hierarchy based on uniform discretization methods with general approximation orders
and computational costs was developed. In this chapter, we define a global optimization
problem which minimizes the computational complexity such that the error bound is
less or equal to a given tolerance level. This approach will be applied to both randomly
distributed point (Monte Carlo sampling) and quasi-random points.
To speed up the convergence of standard Monte Carlo method, one approach is to use
methods which reduce the variance such as the multilevel Monte Carlo method which we
applied to the stochastic drift-diffusion-Poisson system. Another approach is to change
the choice of applied sequences, meaning that instead of using random sequences, we
can replace them with quasi random sequences whose points have correlation and hence
better uniformity. Therefore, the quasi-Monte Carlo as a low-discrepancy method leads
to faster convergence than standard Monte Carlo method. On the other hand, the big
disadvantage of the quasi-Monte Carlo method is that the low-discrepancy sequence
applied in this method is deterministic due to correlation between points. Therefore,
the quasi-Monte Carlo method is considered as a deterministic algorithm with an error
bound which is difficult to estimate. To overcome this problem, one can randomize the
method by randomizing the applied sequences using a random shift which is a uniformly
distributed vector. The idea of random shifting was first introduced by Cranley and
Patterson [40] in the context of good lattice rules. Later, Joe [81] applied the idea of
general lattice rules. Then, Tuffin [150] elaborated on the shifted sequences and their
discrepancy.
If we use randomized low-discrepancy sequences such as randomly shifted lattice rule, a
new method is created which is called randomized quasi-Monte Carlo (RQMC) method.
Using the idea of stratification, we can improve the single level RQMC to multilevel randomized quasi-Monte Carlo (MLRQMC) method which we are considering here. In this
paper, our main goal is to develop the MLRQMC to an optimal method in solving the
stochastic drift-diffusion-Poisson system which has many applications including modeling field-effect transistors. To this end, we define a work function for the MLRQMC
method, which calculates the computational cost of solving the stochastic model using
the aforementioned numerical method. We aim to minimize this work function such that
the estimated error of this method to be less than a given error tolerance. By solving
this optimization problem, optimal values such as optimal mesh size of discretization
and optimal number of quasi-points are obtained in order to develop an optimized numerical method with the lowest cost of calculation. For this, we also need to calculate
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the variance of the MLRQMC method as well as estimation of error for this numerical
method in combination with the finite element as the discretization method.
A basis adaptation in homogeneous chaos expansions of random fields was introduced
in [148]. The homogeneous Wiener chaos [162] representation of random processes has
provided a convenient way to characterize solutions of systems of equations that describe
physical phenomena as was demonstrated in [60] and further applied to a wide range of
engineering problems. In 3.6.1, we introduce the polynomial chaos expansion (PCE). In
this chapter we develop the basis adaptation approach (using the PCE) to quantify the
biological noise in the field effect sensors. The numerical implementation and comparison
of the results with classical Monte Carlo and the experiments will be given in 4.1.1.
Finally, this chapter is a summary of the advanced numerical models that are explained
in [85, 86, 88, 89, 145].

3.1

Monte Carlo finite element method

In part, we first of all briefly recapitulate the Galerkin finite element approximation and
fix some notation. It provides the foundation for the following section.
We suppose that the domain D can be partitioned into quasi-uniform triangles or tetrahedra such that sequences {τh` }∞
`=0 of regular meshes are obtained. For any ` ≥ 0, we
denote the mesh size of τh` by
h` := max {diam K},
K∈τh`

where for all K ∈ τh` , it indicates the radius of the largest ball that can be inscribed. To
ensure that the mesh quality does not deteriorate as refinements are made, shape-regular
meshes can be used.
Definition 3.1 (Shape regular mesh). A sequence {τh` }∞
l=0 of meshes is shape regular
if there exists a constant κ < ∞ independent of ` such that
hK
≤ κ ∀K ∈ τh` .
ρK
Here ρK is the radius of the largest ball that can be inscribed into any K ∈ τh` .
Uniform refinement of the mesh can be achieved by regular subdivision. This results in
the mesh size
h` = r−` h0 ,
(3.1)
where h0 denotes the mesh size of the coarsest triangulation and r > 1 is independent
of `. The nested family {τh` }∞
`=0 of regular triangulations obtained in this way is shape
regular.
The Galerkin approximation is the discrete version of the weak formulation in (2.30)
of the stochastic elliptic boundary-value problem (2.23). We consider finite element
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discretizations with approximations uh ∈ Xh` of u ∈ X. Given a mesh τh` , X is the
solution space (2.27) and Xh` ⊂ X is the discretized space. For all k ≥ 1, it is defined
as
Xh` := Pk (τh` ) := {u ∈ X | u|K ∈ Pk (K) ∀K ∈ τh` },
(3.2)
where Pk (K) := span{xα | |α| ≤ k} is the space of polynomials of total degree less
equal k. The space X0 is the space (2.28) of test functions. The discretized test space
X0h` ⊂ X0 is defined analogously to (3.2).
After introducing the finite element spaces, everything is ready to define the Galerkin
approximation.
Definition 3.2 (Galerkin approximation). Suppose Xh` ⊂ X and X0h` ⊂ X0 . The
Galerkin approximation of (2.26) is the function
wh` ∈ L2 (Ω; Xh` )
that satisfies
B(wh` , φh` ) = F (φh` )

∀φh` ∈ L2 (Ω; X0h` ),

(3.3)

where B and F are defined in (2.30).

3.1.1

Monte Carlo finite element approximation

The straightforward Monte Carlo method for a stochastic PDE approximates the expectation E[u] of the solution u by the sample mean of a (large) number of evaluations.
Since we use the same finite element mesh τ with the mesh size h for all samples, we
drop the index ` in this subsection for the MC-FEM. We approximate E[u] by E[uh ],
where uh is again the FE approximation of u using a mesh of size h. The standard MC
estimator EMC for E[uh ] is the sample mean
EMC [uh ] := ûh :=

M
1 X (i)
uh ,
M

(3.4)

i=1

(i)

where uh = uh (x, ω (i) ) is the ith sample of the solution.
The following lemma shows the error of the MC estimator for a random variable u which
is not discretized in space is of order O(M −1/2 ).
Lemma 3.3. For any number of samples M ∈ N and for a random variable u ∈
L2 (Ω; X), we have [145]
kE[u] − EMC [u]kL2 (Ω;X) = M −1/2 σ[u]
holds for the MC error, where σ[u] := kE[u] − ukL2 (Ω;X) .

(3.5)
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Proof. The result follows from the calculation
M
h
1 X (i)
kE[u] − EMC [u]k2L2 (Ω;X) = E E[u] −
u
M
i=1

2

i

X

M
i
1 X h
(i) 2
E
kE[u]
−
u
k
X
M2
i=1
i
1 h
=
E kE[u] − uk2X = M −1 σ 2 [u].
M

=

Therefore, the variance of the MC estimator is
σ 2 [EMC [u]] = kE[EMC [u]] − EMC [u]k2L2 (Ω;X) = M −1 σ 2 [u].

(3.6)

Next, we generalize the result to the finite element solution by using the MC estimator
to approximate the expectation E[u] of a solution u of an SPDE, which is discretized in
space by the finite element method. In other words, if uh and ûh are the finite element
and MC solutions of the SPDE, respectively, then we have
E[u] ≈ E[uh ] ≈ ûh .
Therefore, the MC-FEM method involves two approximations and hence there are two
sources of error.
Discretization error The approximation of E[u] by E[uh ] gives to the discretization
error, which stems from the spatial discretization.
Statistical error The approximation of the expected value E[uh ] by the sample mean
ûh gives rise to the statistical error, which is caused by the MC estimator.
Lemma (3.3) takes care of the statistical error. The order of the discretization error
depends on the order of the finite element method.
Recalling that ûh = EMC , we first obtain the mean square error of the Monte Carlo
FEM in the L2 -norm in the following proposition. Later we also show a theorem for the
error in the H 1 -norm.
Proposition 3.4. Let ûh be the Monte Carlo estimator with M samples to approximate
the expectation E[u] of a solution u(·, ω) ∈ L2 (D) of an SPDE by using a FE solution
uh (·, ω) with mesh size h. Then the mean square error of the Monte Carlo estimator
satisfies [145]
kûh − E[u]k2L2 (Ω;L2 (D)) = M −1 σ 2 [uh ] + kE[uh ] − E[u]k2L2 (Ω;L2 (D)) .

(3.7)
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Proof. Starting from the mean square error, we calculate
MSE := kûh − E[u]k2L2 (Ω;L2 (D))
i
h
i
hZ
2
(ûh − E[u])2 dx
= E kûh − E[u]kL2 (D) = E
D
Z
E[(ûh − E[u])2 ]dx,
=

(3.8)

D

where the last equation holds due to Fubini’s Theorem. Add and subtracting the term
E[ûh ], we find
Z
E[(ûh − E[ûh ] + E[ûh ] − E[u])2 ]dx
MSE =
Z
ZD
E[(E[ûh ] − E[u])2 ]dx
E[(ûh − E[ûh ])]dx +
=
D
D
(3.9)
= kûh − E[ûh ]k2L2 (Ω;L2 (D)) + kE[uh ] − E[u]k2L2 (Ω;L2 (D))
= σ 2 [ûh ] + kE[uh ] − E[u]k2L2 (Ω;L2 (D))
= M −1 σ 2 [uh ] + kE[uh ] − E[u]k2L2 (Ω;L2 (D)) ,
where we used E[ûh ] = E[uh ], because the Monte Carlo estimator is unbiased, and
σ 2 [ûh ] = M −1 σ 2 [uh ] due to equation (3.6).
Now we extend this result to H 1 . In the following theorems, the finite element space X
is H 1 (see (2.27)).
Theorem 3.5. Suppose α, C0 , C1 ∈ R+ . Let ûh be the Monte Carlo estimator with M
samples to approximate the expectation E[u] of a solution u(·, ω) ∈ X of an SPDE by
using a FE solution uh (·, ω) ∈ Xh with mesh size h [145]. Suppose that the discretization
error converges with order α, i.e.,
kE[uh − u]kL2 (Ω;X) ≤ C1 hα ,

(3.10)

σ 2 [uh ] ≤ C0

(3.11)

and that the estimate

holds. Then the mean square error of the MC estimator satisfies
kûh − E[u]k2L2 (Ω;X) = O(h2α ) + O(M −1 ).

(3.12)
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Proof. We use the mean square error and calculate
MSE := kûh − E[u]k2L2 (Ω;X)
= kûh − E[u]k2L2 (Ω;L2 (D)) + k∇ûh − E[∇u]k2L2 (Ω;L2 (D))
= kûh − E[ûh ]k2L2 (Ω;L2 (D)) + kE[ûh ] − E[u]k2L2 (Ω;L2 (D))
+ k∇ûh − E[∇ûh ]k2L2 (Ω;L2 (D)) + kE[∇ûh ] − E[∇u]k2L2 (Ω;L2 (D))

(3.13)

= kûh − E[ûh ]k2L2 (Ω;X) + kE[ûh ] − E[u]k2L2 (Ω;X)
= σ 2 [ûh ] + kE[ûh ] − E[u]k2L2 (Ω;X)
= M −1 σ 2 [uh ] + kE[uh ] − E[u]k2L2 (Ω;X) .
In the last expression, E[ûh ] = E[uh ] holds again because the Monte Carlo estimator
is unbiased, and σ 2 [ûh ] = M −1 σ 2 [uh ] holds due to (3.6). Therefore, using the assumptions (3.10) and (3.11), we have
MSE ≤ C0 M −1 + (C1 hα )2 = O(M −1 ) + O(h2α ),

(3.14)

which concludes the proof.

3.2

Multilevel Monte Carlo finite element method

In this section, we first present the MLMC FE method and an its error. In this method,
several levels of meshes are used and the MC estimator is employed to approximate the
solution on each level independently. We start by discretizing the variational formulation
(2.30) on the sequence
Xh0 ⊂ Xh1 ⊂ · · · ⊂ XhL ⊂ X
of finite-dimensional subspaces, where Xh` := P1 (τh` ) for all ` ∈ {0, 1, 2, . . . , L} (see Section (3.1)). The finite element approximation at level L can be written as the telescopic
sum
L
X
uhL = uh0 +
(uh` − uh`−1 ),
`=1

where each uh` is the solution on the mesh τh` at level `. Therefore, the expected value
of uhL is given by
E[uhL ] = E[uh0 ] + E

" L
X

#
(uh` − uh`−1 ) = E[uh0 ] +

`=1

L
X

E[uh` − uh`−1 ].

(3.15)

`=1

In the MLMC FEM, we estimate E[uh` − uh`−1 ] by a level dependent number M` of
samples. The MLMC estimator E[u] is defined as
EMLMC [u] := ûhL := EMC [uh0 ] +

L
X
`=1

EMC [uh` − uh`−1 ],

(3.16)
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where EMC is the Monte Carlo estimator defined in (3.4). Therefore, we find
ûhL

M
M0
L
X
1 X̀ (i)
1 X
(i)
(i)
uh0 +
(uh` − uh`−1 ).
=
M0
M`
i=1

`=1

(3.17)

i=1

(i)

(i)

It is important to note that the approximate solutions uh` and uh`−1 correspond to the
same sample i, but are computed on different levels of the mesh, i.e., on the meshes M`
and M`−1 , respectively.
Recalling the two sources of error constituting the MC-FE error, the following result
holds for the MLMC-FEM error.
Theorem 3.6. Suppose α, β, C00 , C0 , C1 ∈ R+ . Let ûhL be the multilevel Monte Carlo
estimator to approximate the expectation E[u] of a solution u(·, ω) ∈ X of an SPDE by
using a FE solution uh` (·, ω) ∈ Xh` with M` samples in level `, ` ∈ {0, 1, 2, . . . , L} and
with mesh size h` . Suppose that the convergence order α for the discretization error, i.e.
[145],
kE[uh` ] − E[u]kL2 (Ω;X) ≤ C1 hα` ,
(3.18)
the convergence order β for
σ 2 [uh` − uh`−1 ] ≤ C0 hβ`−1 ,

(3.19)

σ 2 [uh0 ] ≤ C00

(3.20)

and assume that the estimate

holds. Then the mean-square error of the MLMC estimator satisfies
kE[u] −

ûhL k2L2 (Ω;X)

=

O(h2α
L )

+

O(M0−1 )

+

L
X

O(M`−1 )O(hβ`−1 ).

(3.21)

`=1

Proof. Analogously to the MC case, the MSE is used to assess the accuracy of the
MLMC FE estimator. We calculate
MSE := kûhL − E[u]k2L2 (Ω;X)
= kûhL − E[u]k2L2 (Ω;L2 (D)) + k∇ûhL − E[∇u]k2L2 (Ω;L2 (D))
= kûhL − E[ûhL ]k2L2 (Ω;L2 (D)) + kE[ûhL ] − E[u]k2L2 (Ω;L2 (D))
+ k∇ûhL − E[∇ûhL ]k2L2 (Ω;L2 (D)) + kE[∇ûhL ] − E[∇u]k2L2 (Ω;L2 (D))

(3.22)

= kûhL − E[ûhL ]k2L2 (Ω;X) + kE[ûhL ] − E[u]k2L2 (Ω;X)
= σ 2 [ûhL ] + kE[ûhL ] − E[u]k2L2 (Ω;X) .
PL
−1 2
Expanding as in (3.13), using the relation σ 2 [ûhL ] =
`=0 M` σ [uh` − uh`−1 ] [33],
and finally applying the assumptions (3.18)–(3.20), we obtain the asserted estimate by
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observing that
L
X

MSE = M0−1 σ 2 [uh0 ] +

M`−1 σ 2 [uh` − uh`−1 ] + kE[uhL ] − E[u]k2L2 (Ω;X)

`=1

≤ C00 M0−1 + C0

L
X

M`−1 hβ`−1 + (C1 hαL )2

(3.23)

`=1

=

O(M0−1 )

+

L
X

O(M`−1 )O(hβ`−1 ) + O(h2α
L ),

`=1

which concludes the proof.

3.3

The optimal Monte Carlo methods

In this section, we first estimate the computational cost of the MLMC FE method to
achieve a given accuracy and compare it with the MC FE method. Based on these
considerations, the computational work is then minimized for a given accuracy to be
achieved in order to find the optimal number of samples and the optimal mesh size.
As the model equations (2.23) are a system of PDEs, the work estimate consists of
the sum of the work for all equations, i.e., the Poisson equation for V and the two
drift-diffusion equations for u and v. Therefore, the total computational work is given
by
W := WP + 2WD = WP,a + WP,s + 2WD,a + 2WD,s ,
(3.24)
where the index P indicates the Poisson equation, the index D indicates the two driftdiffusion equations, the index a denotes assembly of the system matrix, and the index s
denotes solving the system matrix. We assume that the necessary number of fixed-point
or Newton iterations to achieve numerical convergence is constant; this is supported by
the numerical results. For each of these four parts the work per sample in level ` is given
by
1
W`,P,a = µ1 h−γ
,
`

(3.25a)

2
µ2 h−γ
,
`
−γ3
µ 3 h` ,
4
µ4 h−γ
`

(3.25b)

W`,P,s =
W`,D,a =
W`,D,s =

(3.25c)
(3.25d)

with all µk > 0 and γk > 0. Here M` is the number of samples used at level `, and h` is
the corresponding mesh size. Therefore the work per sample is given by
W` = W`,P,a + W`,P,s + 2(W`,D,a + W`,D,s ).

(3.26)

Analogously, in the case of the standard Monte Carlo method, the computational work
is obtained without stratification, i.e., there is only one level. In this case, we will drop
the index `.
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The exponents (and constants) in equations (3.25) are determined by the algorithm used
for assembling the FE matrix in the case of WP,a and WD,a (see, e.g., [44] for an efficient
algorithm) and by the order of the FE discretization in the case of WP,s and WD,s (see
Section 3.1.1). The constants µi > 0 depend on the implementation.
k
, k ∈ {1, . . . , 4},
Each of the four parts of the computational work has the form µk h−γ
`
with µk > 0 and γk > 0, which are multiplied by the number M` of samples at level `.
Hence, the total work W is

W :=

=

=

L
X

M ` W`

`=0
L
X

M` (W`,P,a + W`,P,s + 2W`,D,a + 2W`,D,s )

`=0
L
X

(3.27)

4
3
2
1
),
+ µ4 h−γ
+ µ3 h−γ
+ µ2 h−γ
M` (µ1 h−γ
`
`
`
`

`=0

where the exponents are determined by the algorithms and implementations used for
assembling the finite-element matrix and by the order of the finite-element discretization.
The typical values of the coefficients for the problems at hand are given in Chapter 4.

3.3.1

The optimal Monte Carlo finite element method

In the case of the Monte Carlo method, there is only one level so that the index ` will
be dropped. We will choose the optimal M and h such that the total computational
cost W is minimized given an error bound  to be achieved. This optimization problem
with inequality constraints can be solved using the Karush-Kuhn-Tucker (KKT) conditions, which are the generalization of Lagrange multipliers in the presence of inequality
constraints.
In view of (3.25) and (3.13), the most general problem is the following. We minimize
the computational work subject to the accuracy constraint MSE ≤ ε2 so that the rootmean-square error RMSE ≤ ε. To this end, we solve the optimization problem
minimize
M,h

f (M, h) := M W

subject to g(M, h) :=

C0
+ (C1 hα )2 − ε2 ≤ 0,
M

(3.28)

where the optimization is over M > 1 and h > 0. To simplify the problem, we introduce
the new variable θ with 0 < θ < 1 such that
C0
= θε2
M

and

(C1 hα )2 = (1 − θ)ε2 .

(3.29)

By viewing h and M as functions of θ, (3.28) becomes a one-dimensional convex optimization problem. Due to the exponents of h and M , it is a nonlinear constraint
optimization problem. Our goal is to formulate the inequality constrained problem as
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an equality constrained problem to which Newton’s method can be applied. In order to
solve the optimization problem, we use the interior-point method [57, 163].
For each µ > 0, we replace the non-negativity constraints with logarithmic barrier terms
in the objective function
X
minimize fµ (χ, s) := f (χ) − µ
ln(si )
χ,s
i
(3.30)
subject to g(χ) − s = 0.
Here χ, a vector, denotes (M, h) and the vectors g and s represent the gi (x) and si ,
respectively. The si are restricted to be positive away from zero to ensure that the ln(si )
are bounded. As µ decreases to zero, the minimum of fµ approaches the minimum of f .
After denoting the Lagrange multiplier for the system (3.30) by y, the system
∇f (χ) − ∇g(χ)T y = 0,
SY e = µe,
g(χ) − s = 0
is obtained, where S is a diagonal matrix with elements si , e is a vector of all ones,
and ∇g denotes the Jacobian of the constraint g. Now we apply Newton’s method to
compute the search directions ∆χ, ∆s, ∆h via

  

H(χ, y) 0 −A(χ)T
∆χ
−∇f (χ) + A(χ)T y

  

(3.31)
Y
S   ∆s  = 
µe − SY e
 0
.
A(x)
−I
0
∆h
−g(χ) + s
The Hessian matrix is given by
H(χ, y) = ∇2 f (χ) −

X

yi ∇2 gi (χ)

i

and A(χ) is the Jacobian matrix of the constraint (3.28). The second equation is used
to calculate ∆s. By substituting into the third equation, we obtain the reduced KKT
system
!
!
!
−H(χ, y) A(χ)T
∆χ
∇f (χ) − A(χ)T y
=
.
(3.32)
A(χ)
SY −1
∆s
−h(χ) + µY −1 e
Now we use iteration to update the solutions by
χ(k+1) := χ(k) + α(k) ∆χ(k) ,
s(k+1) := s(k) + α(k) ∆s(k) ,
y (k+1) := y (k) + α(k) ∆y (k) ,
where (χ(0) , s(0) , y (0) ) is the initial guess and α(k) is chosen to ensure both that s(k+1) > 0
and the objective function
Ψυ,µ (χ, s) = fµ (χ, s) +

υ
kg(χ) − sk,
2
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is sufficiently reduced [16]. The parameter υ may increase with the iteration number to
force the solution toward feasibility.

3.3.2

The optimal multilevel Monte Carlo finite element method

For an optimal multilevel Monte Carlo finite element method, our goal is to determine the
optimal hierarchies (L, {M` }L
`=0 , h0 , r) which minimize the computational work subject
to the given accuracy constraint MSE ≤ ε2 . The optimal number L of levels is also
unknown a priori. To this end, we solve the optimization problem
minimize
M` ,h0 ,r

f (M` , h0 , r, L) :=

L
X

M ` W`

`=0
β

L

X h`−1
C00
+ C0
subject to g(M` , h0 , r, L) :=
+ (C1 hαL )2 ≤ ε2 .
M0
M`

(3.33)

`=1

Again, the problem is over M` > 1, h0 > 0, and r > 1. To obtain the optimal number
M` of samples for ` ∈ {0, . . . , L}, we calculate
∂
(f + ξ 2 g) = 0,
∂M`

(3.34)

where ξ 2 is the Lagrange multiplier. This leads to
M` = ξ

(3.35)

p
V` /W` ,

where V0 = C00 and V` = C0 hβ`−1 . Similarly to (3.29), the equations
L

β

X h`−1
C00
= θε2
+ C0
M0
M`

and

(C1 hαL )2 = (1 − θ)ε2

(3.36)

`=1

hold. Hence, the Lagrange multiplier is given by
L p
 X
2 −1

ξ = θ

V ` W` .

(3.37)

`=0

Additionally, according to (3.36), h0 is calculated by
√
1/α
1−θ ε
h0 =
rL .
C1

(3.38)

Thus we arrive at a two-dimensional optimization problem for the unknowns θ and r.
Similarly to the standard Monte Carlo case, we use the interior-point method to solve
this nonlinear problem and optimize the hierarchies. In problems with two or three
physical/spatial dimensions, the optimal determination of the mesh sizes h` is a crucial
factor in the optimization problem specifically if the exponents γk are greater than 1.
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There are two options: one is to choose the h` as a geometric progression according to
(3.1). In this case, we solve the minimization problem (3.33). The other is to choose the
mesh sizes h` freely such that they only satisfy the natural condition
h0 ≥ h1 ≥ h2 ≥ · · · ≥ hL .
We will explore both options in Subsection 3.3.3.
In the second case, when the mesh sizes are freely chosen, we write them as
h` :=

h0
,
r`

` = 1, . . . , L,

where
r` :=

`
Y

ri

and

ri ≥ 1.

(3.39)

i=1

It is clear that rL ≥ rL−1 · · · ≥ r1 ≥ 1. Here the optimization problem is an (L + 1)dimensional problem for the unknowns θ and r1 , . . . , rL . The same procedure can be
applied to solve the problem.

3.3.3

A leading example

Random dopant effects are also called discrete dopant fluctuation effects [86, 133, 156].
In nanoscale semiconductor devices, the charge profile of the dopant atoms cannot be
validly modeled as a continuum anymore, but the random location of each dopant needs
to be taken into account. This means that each device is a realization of a random
process and corresponds to an event ω. In this manner, the potential and carrier density
fluctuations due to the discreteness and randomness of the dopants are clearly captured.
Here the silicon lattice is doped with boron as the impurity atoms (red circles in Figure
3.1). The domain D ⊂ R2 is depicted in Figure 3.1. The thickness of the oxide layer is
8 nm, the thickness of the nanowire is 40 nm, its width is 60 nm and the nanowire length
is 60 nm. Regarding the geometry, Dirichlet boundary conditions are used at the contacts
with a back-gate voltage of −1 V (at the bottom of the device) and an electrode voltage of
0 V (at the top of the device). Zero Neumann boundary conditions are used everywhere
else. The relative permittivities in the subdomains are ASi = 11.7, Aox = 3.9, Aliq = 78,
and Adop = 4.2. The number of dopants placed randomly in the device corresponds to
a doping concentration of 4 · 1016 cm−3 . According to its volume, the silicon subdomain
hence contains 6 negative impurity atoms when Cdop = 5 · 1015 cm−3 and 600 dopants
when Cdop = 5 · 1017 cm−3 . In this numerical example, the source and drain regions are
not included in the computational domain.
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Regarding the doping concentration Cdop , the discrete dopants are approximated by
Gaussian distributions


X
(x − xj )2
Cj
exp −
,
Cdop (x) :=
2σ 2
(2πσ 2 )3/2
j

where σ is the influence parameter, Cj is the charge of the j-th dopant atom, and xj its
position [80].
Figure 3.1 shows a cross section of the domain in the longitudinal direction. The longitudinal direction accounts for the transport of charge carriers through the nanowire
(black meshes) connecting the source and drain contacts. At least two spatial dimensions are required for this type of problem: the potentials applied at the top and bottom
require one dimension and the transport between the source and drain contacts requires
another one. The drawback of 3D simulations is the large computational cost. In fact,
in a 2D simulation, the dopant atoms are cylindrical and the pounding fluctuation of
the potential can block or enhance the cement across the whole device width in the
third dimension. In a 3D case, the current could flow around the impurity in the third
dimension and the impact of the individual dopant atoms would be less. In order to
reduce the overall computational cost, a two-dimensional implementation was chosen
for the numerical results presented here. A three-dimensional implementation would, of
course, be a more faithful idealization of the three-dimensional reality, not leading to a
constant, infinite extension of the two dimensions into three. In other words, in order
to demonstrate the computational properties of the method a 2D test is sufficient.
In order to solve the system of equations, we use Scharfetter-Gummel iteration. In spite
of the quadratic convergence of Newton’s method for the system, Scharfetter-Gummel
iteration has advantages for the problem at hand. First of all, Scharfetter-Gummel
iteration is much less sensitive to the choice of the initial guess than Newton’s method.
Another important feature is the reduced computational effort and memory requirement,
since in each iteration, it requires the successive solution of three much smaller elliptic
problems.
The calculations are performed using MATLAB version 2015a on an Intel Core i5-4430
3.00 GHz 4-core processor with 8 GB of main memory.
As the first step, we calculate the coefficients in the expressions (3.25) for the computational work. To that end, we solve the system for various mesh sizes and measure
elapsed wall-clock time spent on matrix assembly and solving the resulting system, both
for the Poisson equation and the drift-diffusion equations. Figure 3.2 shows the results
for the coefficients in the expressions for the computational work.
The coefficients α and C1 in the FE discretization error
kE[V − V̂h ]kX + kE[u − ûh ]kX + kE[v − v̂h ]kX ≤ C1 hα
of the system are given in Figure 3.3. The exponent α = 1.926 found here agrees very
well with the order of the discretization used here, i.e., P1 finite elements.
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Figure 3.1: Meshes for the random distribution of impurity atoms (red circles) in a
nanowire field-effect sensor for levels ` = 0 (left) and ` = 1 (right), where h0 = 4.02,
r = 2, and Cdop = 4 × 1016 cm−3 . Additionally, oxide (Dox ), transducer (DSi ) and
the electrolyte (Dliq ) subdomains are depicted with blue, black and green meshes,
respectively.
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Figure 3.2: Computational work for matrix assembly (top) and solving the system
(bottom), both for the Poisson equation (left) and the drift-diffusion-equations (right).

For the statistical error, we determine the coefficients in the inequality
(σ[∆Vh0 ] + σ[∆Vh` ]) + (σ[∆uh0 ] + σ[∆uh` ]) + (σ[∆vh0 ] + σ[∆vh` ]) ≤ C00 + C0 hβ`−1 .
Here C00 = 0.07 and the rest of the coefficients are shown in Figure 3.3.
Having determined the coefficients in the expressions for the computational work, it is
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Figure 3.3: Discretization error (left) and statistical (right) error as a function of h.

now possible to numerically solve the optimization problems. As described in Section 3.3,
we apply an iterative interior-point method to optimize both the number of samples and
mesh sizes.
First of all, we solve the optimization problem (3.28) for the MC-FE method. Because
there is only one level, it is straightforward to solve. The optimal values for the MC FE
method are summarized in Table (3.1) for given ε.
ε
h
M

0.1
0.348
12

0.05
0.243
46

0.02
0.151
282

0.01
0.105
1 130

0.005
0.074
4 519

0.002
0.046
28 268

0.001
0.032
113 130

Table 3.1: Optimal MC FE method parameters for various given error tolerances.

In the MLMC-FE method, determining the optimal number of levels is an important part
of the calculation. This is achieved here by solving the optimization problem for several
levels starting with a single level and noting that the computational work increases above
a certain number of levels. More precisely, we solve the optimization problem (3.33) for
0 ≤ L ≤ 7 levels as well as for various given error bounds.
Since the number of samples in each level is a continuous variable in the optimization
problem, the optimal number of samples is – in general – not an integer and hence we
choose dM` e, ` = 0, . . . , L, as the final numbers of levels.
The results of the optimization problems provide insight into the MLMC procedure.
Figure 3.4 shows the minimized computational work as a function of the number of
levels and as a function of the given tolerance. It shows that for smaller tolerances ε, a
larger L is required.In other words, for smaller errors, using more levels leads to a better
distribution of the mesh sizes and number of samples among the levels. This fact can be
seen in the figure where in order to obtain lower computational complexity the minima is
shifted to higher levels. Also, in [27], indicated that in MLMC-FEM the computational
work is O(ε−2−γ/α ) which agrees well with the left and right plots.
In Figure 3.5, the two approaches to multilevel Monte Carlo are compared, namely
choosing the h` as a geometric progressions or freely. Due to generality of the second
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Figure 3.4: The minimized computational work for the MLMC-FE method as a
function of the number of levels and as a function of the given error tolerance. The
results for a geometric progression for h (left) and general h (right) are shown. The
number of levels yielding the minimal overall computational work is indicated by red
circles.
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Figure 3.5: Comparison between the two different approaches to MLMC FE method
for ε = 0.015.

option, compared to the first option, choosing the h` freely gives rise to less computational work. However, only a small reduction in computational cost is achieved by the
choosing meshes freely. The results for both approaches to MLMC-FEM are summarized
in Tables 3.2 and 3.3 for various given error tolerances. Both figures show additionally
that more than two levels (i.e., L > 2) only yield a relatively small reduction in computational cost even for small tolerance levels. In practice, it should hence be considered
that the interior-point method requires more time as the number of levels increases.
Finally, as Figure 3.6 shows, the computational work for the multilevel Monte Carlo
method is approximately two times lower than the one for the Monte Carlo method
for larger tolerance levels such as ε = 0.1. The effectiveness of the MLMC-FE method
is more pronounced for smaller error bounds; for ε = 0.001, the computational work
is about a factor 102 lower than the Monte Carlo work. The results agree with Giles’
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ε
0.1
0.05
0.02
0.01
0.005
0.002
0.001

h0
0.5171
0.4433
0.4620
0.4222
0.4515
0.4549
0.4407

r
1.7381
2.1319
2.0079
2.2940
2.0765
2.0033
2.1669
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M0
16
63
471
1 882
8 534
58 203
232 299

M1
4
9
70
207
1 167
8 536
29 141

M2
–
–
11
22
161
1296
3 575

M3
–
–
–
–
23
197
438

M4
–
–
–
–
–
30
54

Table 3.2: Optimal levels for the MLMC-FE method with h` chosen as a geometric
progression for given error tolerances ε.

ε
0.1
0.05
0.02
0.01
0.005
0.002
0.001
ε
0.1
0.05
0.02
0.01
0.005
0.002
0.001

h0
0.5171
0.4433
0.4618
0.4201
0.4507
0.4587
0.4412
M0
16
63
471
1 884
8 531
58 100
232 539

r1
1.738
2.131
2.020
2.270
2.080
2.038
2.140

r2
–
–
1.990
2.320
2.070
2.017
2.157

M1
4
9
69
210
1 162
8 327
29 564

r3
–
–
–
–
2.060
1.990
2.170

M2
–
–
11
22
160
1 221
3701

M3
–
–
–
–
22
185
455

r4
–
–
–
–
–
1.950
2.196
M4
–
–
–
–
–
29
55

Table 3.3: Optimal levels for the MLMC-FE method with general h` for given error
tolerances ε.

standard complexity theorem [33] in the sense that the estimated exponents α, β, and γ
satisfy the assumption of the theorem, i.e., α ≥ 12 min(β, γ). Therefore, according to the
theorem, the computational cost of the MLMC-FEM is O(ε−2 ). Additionally, according
to Figure 3.6, the total cost of the MC-FEM is O(ε−2−γ/α ), which agrees with [27]. The
optimal distribution of the samples among the levels in the multilevel method leads to
more evaluations in the first levels (which are cheaper) and to fewer evaluations in the
higher levels. On the other hand, to satisfy the first constraint of (3.28), the Monte
Carlo method needs a smaller mesh size compared to the multilevel method, which
greatly increases the total computational work although the total number of samples is
lower.

3.4

Optimal multilevel randomized quasi-Monte Carlo

One approach to accelerate the convergence rate of Monte Carlo method has been to
construct variance reduction methods. An alternative approach to this end is to change
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Figure 3.6: Comparison of total computational work for MC-FEM and the two approaches to MLMC-FEM for various given tolerances.

the choice of used sequence. In the quasi-Monte Carlo method, instead of a random
sequence, a quasi-random sequence is used. In this method, correlation between the
points to provide greater uniformity speeds up the computation and therefore its convergence rate is of better order than Monte Carlo method. Uniformity of a sequence is
measured in terms of its discrepancy and thus quasi-random sequences are also called
low-discrepancy sequences. The problem for uniformity and consequently accuracy of
Monte Carlo method is the clumping as well as regions that have no points, which can
√
be seen in the random points used in this method. About N out of N points lie in
clumps [24]. The reason of the clumping issue in the Monte Carlo method is the independence of random points while in quasi-Monte Carlo method, the points are correlated
and this avoids clumping. Standard Monte Carlo methods provide a convergence rate of
O(N −1/2 ) for N samples or points, while quasi-Monte Carlo methods use quasi-random
sequences, which are deterministic with correlation between the points to eliminate
clumping. The resulting convergence rate of this method is O((log N )d N −1 ), where d
is the dimension of the sequence. Therefore, quasi-Monte Carlo method has a smaller
error and a faster convergence than Monte Carlo method. However, high dimensionality
can limit the effectiveness of quasi-Monte Carlo sequences [24, 96].
There are different kinds of sequences used as quasi-random sequences to make the
desired point sets. For instance, the simplest quasi-random sequence is the Van der
Corput sequence in one dimension which was introduced by Niederreiter in 1992. Halton
and Sobol sequences are also other examples of quasi-random sequences. A sequence
{ωj }N
j=1 is quasi-random if it has a discrepancy bound of the form
DN ≤ cd (log N )d N −1 ,

(3.40)

where cd is a constant depending on the dimension of the sequence d. The more recent
sequences, of course, have much better constants cd . Formulating a quantitative measure
of uniformity is an important step in studying sequences. Uniformity of a sequence of
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points is measured in terms of its discrepancy which shows the variability of the sequence
(the nodes) from the ideal distribution. The constant cd plays an important role to make
much better sequences in the sense of low-discrepancy sequences [24].
It is convenient to describe quasi-Monte Carlo methods in the context of numerical
quadrature rules. QMC methods approximate an integral on a high-dimensional hypercube with an N -point equal-weight quadrature rule of the form
Z
f (ω)dω ≈
[0,1]d

N
1 X
f (ωj ).
N

(3.41)

j=1

This is the same form which is used in the Monte Carlo method. However, rather
than choosing the d-dimensional points ωj uniformly from the unit cube, as is the case
with the Monte Carlo method, QMC methods choose the points in some deterministic
manner; these points are the jth terms of a d-dimensional low-discrepancy sequence in
the quasi-Monte Carlo method.
The basis for analyzing quasi-Monte Carlo quadrature error is the Koksma–Hlawka
inequality [24]:
Theorem 3.7 (Koksma–Hlawka theorem). For any sequence {ωj }j≥1 and any function f with bounded variation, the integration error due to (3.41) is bounded by
Z
N
1 X
∗
f (ωj ) −
f (ω)dω ≤ VHK (f )DN
(ω),
N
d
[0,1]

(3.42)

j=1

where VHK (f ) is the Hardy-Krause variation of f defined by
Z
VHK (f ) :=
[0,1]d

∂df
dω
∂ω 1 · · · ∂ω d

(3.43)

for sufficiently differentiable f .
The first term, VHK (f ), is the variation of f in the sense of Hardy and Krause [116].
This term measures the variability in the function values, whereas the discrepancy term
∗ (ω ) measures the variability of the underlying sequence (the nodes) from the ideal
DN
j
distribution.
The quasi-Monte Carlo method (using the quasi-random sequences) has some drawbacks;
if the dimension d is high, the order of convergence of the quasi-Monte Carlo method
i.e. O((log N )d N −1 ) will be less than that of Monte Carlo method i.e. O(N −1/2 ). To
∗ are
avoid this, we need d to be small and N to be large. Furthermore, VHK (f ) and DN
difficult to compute. In order to overcome these difficulties, we can use a randomized
quasi-Monte Carlo method [149].
In practice, when the dimension d is too large, the calculation of the integral in (3.41) is
computationally extremely expensive. In other words, for large d, the number of samples
N has to be considerably large for (log N )d N −1 to be smaller than N −1/2 . In [139], it
is proved that their exist lattice rules such that with the parameter α > 1, the optimal
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rate of convergence for QMC rules is O(N −α/2+δ ) for any δ > 0. This convergence rate
is independent of the dimension d. In [94], Kuo showed that their exist shifted rank-1
lattice rules (constructed by the CBC algorithm) that achieve the optimal convergence
of O(N −1+δ ) for any δ > 0. The value of δ depends on the implementation and in
Section 4.3.2 it will be estimated.
The accuracy of a quasi-Monte Carlo method can be improved by rewriting the function
so that the variation term is reduced [117], or by constructing sequences that have
smaller discrepancy [118]. Using randomized quasi-Monte Carlo method with very low
discrepancy sequences such as rank-1 lattice rules helps us to increase the accuracy of
the method.

3.4.1

Randomized quasi-Monte Carlo finite element methods

In order to analyze and estimate the variance to get a better estimate of the error, we
can randomize the method. This method is called the randomized quasi-Monte Carlo
(RQMC) method and can be also considered as a variance reduction technique for the
standard Monte Carlo method. The simplest method of randomizing is to use a ddimensional random shift ∆ ∼ U [0, 1)d , which is a uniformly distributed vector.
In particular, a randomized rank-1 lattice rule [38] can be constructed as
(i)

ωj :=

j
λ + ∆(i)
N

mod 1,

j ∈ {1, . . . , N },

i ∈ {1, . . . , M },

(3.44)

where N is the number of quasi-random points, ∆ ∈ [0, 1]d is the random shift, which
is uniformly distributed over [0, 1]d , M is the number of random shifts, and λ ∈ Rd is
a d-dimensional deterministic generating vector. Choosing λ carefully is important in
order to achieve uniformity. The quality of a randomly shifted lattice rule is determined
by the choice of the generating vector λ. This essential question is addressed, e.g., in
[67, Section 4]. Particularly, it is called randomized rank-1 lattice rule, if the rank-1
lattice rule as the low-discrepancy sequence is applied. Here, again N is the number of
quasi-random points or number of quasi-random points realizations or samples. In this
method, choosing λ1 , . . . , λd carefully is important in order to achieve uniformity. We
take the fractional part of each component of the argument and disregard the integer
part so that ωj lies within the half-open unit cube. In this method, we choose a number
of different random offsets ∆1 , . . . , ∆M and consider a family of d-dimensional sequences.
Then, we calculate the estimate (3.41) for each family of sequences (which is made using
different random shifts ∆i , i = 1, . . . , M ) and take sample mean over the number of
shift realizations M .
If the system (2.23) has a solution (V, u, v), we denote finite-element numerical approximations by (Vh (x, ω), uh (x, ω), vh (x, ω)) for a given ω ∈ Ω. Since all three components
of the solution are in H 1 (D) for a given ω ∈ Ω, the variable u may denote any of the
three components from now on to simplify notation.
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The RQMC estimator to approximate E[uh ] is then defined by
M
N
1 X 1 X
(i)
QN,M (uh ) :=
uh (x, ωj )
M
N
i=1

(3.45)

j=1

using the quasi-random points defined in (3.44).

3.4.2

Error bound for RQMC-FEM

As aforementioned, in order to overcome the difficulty of finding an error bound for the
QMC approach, we use an RQMC method. In this method, the standard assumption is
that uh has bounded variation VHK (uh ) in the sense of Hardy and Krause, and behaves
like the variance [59]. Therefore, we assume that
(3.46)

VHK (uh ) ≤ C0 ,

where ν0 is a positive constant. Similar to the standard MC method, the mean square
error (MSE) can be written as the sum of the variance of the estimator plus the square
of the discretization error [145]. As in [145], a prescribed accuracy is to be achieved, i.e.,
MSE ≤ ε2 .
Using the Koksma-Hlawka inequality (3.42), we estimate the variance of the RQMC
estimator (3.45) by calculating


M
N
X
X
1
1
(i)
σ 2 [QN,M (uh )] = σ 2 
uh (x, ωj )
M
N
i=1
j=1


N
X
1 2 1
=
σ
uh (x, ωj )
M
N
j=1

2
N
1 X
uh (x, ωj ) − E[uh ] dω
N
[0,1]d
j=1

2
Z
1
∗
≤
VHK (uh )DN (ωj ) dω
M [0,1]d
1
=
M

Z



2
= O(VHK
(uh )N −2+δ )

(3.47)

∀δ > 0.

variance of the RQMC estimator (3.45). In fact, in rank-1 lattice rules, the discrepancy
satisfies
∗
DN
(ωj ) = O(N −1+δ )
∀δ > 0
(3.48)
for any number of points N > 1, any shift of the lattice, and for any dimension d ≥ 1
[138]. The above result is obtained by using component-by-component (CBC) construction, i.e., the components of the generating vector λ are constructed one at a time to
minimize the worst-case error in certain weighted function spaces [38].

Chapter 3. Stochastic numerical methods

61

Using the boundedness assumption (3.46) for VHK (uh ) in (3.47), we obtain the estimate
σ 2 [QN (uh )] ≤ C0 M −1 N −2+δ

(3.49)

∀δ > 0

for the variance of the RQMC method, where C0 is estimated using (3.46). Furthermore,
δ will be estimated in the numerical results (see Figure 4.36). The inequality (3.49) will
be used later for an error estimate.
We recall that the variable u may represent any of the three components of the solution (V, u, v) of the system (2.23) in order to simplify notation, since all three components
are in H 1 (D) for a given ω ∈ Ω.
Proposition 3.8. Suppose that QN,M (uh ) is the RQMC estimator to approximate the
expectation E[u] of the solution u(x, ω) ∈ X of (2.23). Assume further that the spatial
discretization error converges with order α, i.e., [88]
kE[u − uh ]kL2 (Ω;X) ≤ C1 hα

(3.50)

∃C1 ∈ R+ ,

where uh (x, ω) ∈ Xh is the FE approximation with mesh size h and it has bounded
variation. Then the mean square error of the RQMC estimator QN,M satisfies
kQN,M (uh ) − E[u]k2L2 (Ω;X) = O(M −1 N −2+δ ) + O(h2α )

∀δ > 0.

(3.51)

Proof. We estimate the mean square error (MSE). Using inequality (3.49) and assumption (3.50), we find that
MSE := kQN,M (uh ) − E[u]k2L2 (Ω;X)
= kQN,M (uh ) − E[QN,M (uh )]k2L2 (Ω;X) + kE[QN,M (uh )] − E[u]k2L2 (Ω;X)
= σ 2 [QN,M (uh )] + kE[u − uh ]k2L2 (Ω;X)

(3.52)

≤ C0 M −1 N −2+δ + C1 h2α
= O(M −1 N −2+δ ) + O(h2α )
for every δ > 0.

3.5

Multilevel randomized quasi-Monte Carlo finite element method (MLRQMC-FEM)

Based on the RQMC method in the previous part, a multilevel version of these ideas is
developed now.
The finite element approximation at level L can be written as the telescoping sum
uhL = uh0 +

L
X
(uh` − uh`−1 ),
`=1
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where uh` is the approximation on the mesh τh` at level `. Furthermore, E[uh` − uh`−1 ]
can be estimated using N` quasi-random points and M` random shifts on each level `.
Therefore the multilevel RQMC FE estimator with respect to one or more random shift
is defined as
QL,N` ,M` (uhL ) :=

M
N
M0
N0
L
X
1 X
1 X̀ 1 X̀
1 X
(i)
(i)
(i) 
uh0 (x, ωj )+
uh` (x, ωj )−uh`−1 (x, ωj ) .
M0
N0
M`
N`
i=1

The sample points
is M` N` .

(i)
ωj

j=1

`=1

i=1

j=1

(3.53)
are obtained using (3.44), for example, and their total number

Here again the standard assumption is that VHK is bounded. It is expected that the
strong convergence of the discretization method effects the variation. By using the
multilevel approach, for higher levels the difference between uh` and uh`−1 decreases and
therefore VHK reduces. Hence, it seems to be a decent assumption that the Hardy-Krause
variation works similar to the variance of uh` − uh`−1 , which gives rise to the following
necessary assumptions.
Assumptions 1. The assumptions on the boundedness of the variations of the FEM
approximation and on the convergence order of the discretization error are
1. VHK (uh0 ) ≤ C00

∃C00 ∈ R+ ,

2. VHK (uh` − uh`−1 ) ≤ C0 hβ`−1

∃C0 , β ∈ R+ ,

3. kE[u − uh` ]kL2 (Ω;X) ≤ C1 hα`

∃C1 , α ∈ R+ ,

Proposition 3.9. Suppose Assumptions 1 hold and QL,N` ,M (uhL ) is the multilevel randomized quasi-Monte Carlo estimator with N` M` sample points in level `, ` ∈ {0, 1, 2, . . . , L},
to approximate the expectation E[u] of the solution u(·, ω) ∈ X of (2.23) using FEM
approximations uh` (·, ω) ∈ Xh` with mesh size h` [88].
Then the mean square error of the multilevel RQMC estimator satisfies
L
X
−1 −2+δ
−1 −2+δ
)
O(h2β
)+O(M
N
)+
kE[u]−QL,N` ,M` (uhL )k2L2 (Ω;X) = O(h2α
L
0
0
`−1 M` N`
`=1

∀δ > 0.

(3.54)
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Proof. We first estimate the variance of the multilevel RQMC estimator using inequality
(3.42) by calculating

M
N
M0
N0
L
h 1 X
X
1 X
1 X̀ 1 X̀
(i)
(i)
(i) 
σ [QL,N` ,M` (uhL )] = σ
uh0 (x, ωj ) +
uh` (x, ωj ) − uh`−1 (ωj )
M0
N0
M`
N`
2

2

i=1



=

=

+

1 2 1
σ
M0
N0
1
M0
L
X
`=1

≤
+

1
M0
L
X
`=1

j=1

N0
X
j=1

i=1

`=1

j=1


N
L
i X

1 2 h 1 X̀
uh0 (x, ωj ) +
σ
uh` (x, ωj ) − uh`−1 (x, ωj )
M`
N`
j=1

`=1

N0
2
 1 X
uh0 (x, ωj ) − E[uh0 ] dω
[0,1]d N0

Z

j=1

1
M`
Z

2
N

1 X̀
uh` (x, ωj ) − uh`−1 (x, ωj ) − E[uh` (x, ωj ) − uh`−1 (x, ωj )] d
N`
[0,1]d
j=1

2
∗
VHK (uh0 )DN0 (ωj ) dω


Z

[0,1]d

1
M`

Z
[0,1]d


2
 ∗
VHK uh` (x, ωj ) − uh`−1 (x, ωj ) DN` (ωj ) dω


2
2
uh` (x, ωj ) − uh`−1 (x, ωj ) N`−2+δ ),
= O(VHK
(uh0 )N0−2+δ ) + O(VHK
(3.55)
where we used the estimate (3.48).
Therefore, we have
σ 2 [QL,N` ,M` (uhL )] ≤ C00 M0−1 N0−2+δ + C0

L
X

−1 −2+δ
,
h2β
`−1 M` N`

(3.56)

`=1

using the assumptions of bounded variations, i.e., Assumptions 1.1 and 1.2. This estimate shows that how the error of the method behaves in terms of number of samples,
as we will see in the following.
Similarly to the RQMC estimator, the MSE assesses the accuracy of the MLRQMC-FE
estimator. Using Assumptions 1.3 and the variance estimate (3.55), we find
MSE := kQL,N` ,M` (uhL ) − E[u]k2L2 (Ω;X)
= kQL,N` ,M` (uhL ) − E[QL,N` ,M` (uhL )]k2L2 (Ω;X) + kE[QL,N` ,M` (uhL )] − E[u]k2L2 (Ω;X)
= σ 2 [QL,N` ,M` (uhL )] + kE[u − uhL ]k2L2 (Ω;X)
≤ C00 M0−1 N0−2+δ + C0

L
X

−1 −2+δ
h2β
+ (C1 hαL )2
`−1 M` N`

`=1

= O(M0−1 N0−2+δ ) +

L
X

−1 −2+δ
O(h2β
) + O(h2α
L )
`−1 )O(M` N`

`=1

(3.57)
for every δ > 0.
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Optimal multilevel randomized quasi-Monte Carlo

Having modeled the computational work, we can now state the optimization problem in
the sense that we want to minimize the total computational work for a prescribed error
tolerance ε [88]. The minimization problem is
minimize
M` ,N` ,h0 ,r

f (M` , N` , h0 , r, L) :=

L
X
`=0

M` N`

4
X

k γk
µk h−γ
0 r

k=1

subject to g(N` , h0 , r, L) := C00 M0−1 N0−2+δ + C0

L
X

−1 −2+δ
h2β
+ (C1 hαL )2 ≤ ε2
`−1 M` N`

`=1

(3.58)
for every δ > 0, where h0 > 0, r > 1, M` , and N` ≥ 1. The given maximal total error ε2
is an upper bound for (3.57), i.e., MSE ≤ ε2 . The goal is to determine optimal values
h` (by calculating optimal values for h0 and r and using their relation (3.1)) and N` ,
` ∈ {0, 1, . . . , L}. For all levels, the number M` of shift realizations is an integer, i.e.,
M` ∈ N.
The nonlinear constraint problem can be solved numerically with iterative optimization
numerical techniques. In fact, the nonlinearity of the constraint (g) and the objective
function (f ) due to the exponents motivates us to we use sequential quadratic programming (SQP) [18] as a generalization of Newton’s method for unconstrained optimization.
The method generates steps by solving quadratic subproblems; it can be used both in
line search and trust-region frameworks. The SQP is appropriate for small and large
problems and it is well-suited to solving problems with significant nonlinearities. The
methods relies on a profound theoretical foundation and provides powerful algorithmic
tools for the solution of large-scale technologically relevant problems. Let the vector χ
denotes (N` , h0 , r, L), the SQP as an iterative procedure can be used to optimize the
problem (3.58) for a given iterate χs , s ∈ N0 by a quadratic programming (QP) subproblem, solves that QP subproblem, and then uses the solution to construct a new iterate
χ. This construction is done in such a way that the sequence χs for s ∈ N0 converges
to a local minimum χ as s → ∞. Here, (3.58) resembles the Newton and quasi-Newton
methods for the numerical solution of nonlinear algebraic systems of equations. To this
end, the principal idea is the formulation of a QP subproblem based on a quadratic
approximation of the Lagrangian function:
L(χ, ζ) := f (χ) +

m
X

ζ T gi (χ),

(3.59)

i=1

where ζ ate the Lagrange multipliers. In order to solve the optimization problem (3.58)
because of the nonlinearity of the work function i.e.,the exponents γk , we replace the
objective function by its local quadratic approximation as
1
f (χ) ≈ f (χs ) + ∇f (χs )(χ − χs ) + (χ − χs )Hf (χs )(χ − χs ),
2

(3.60)
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where H is the Hessian matrix (the symmetric matrix of second derivatives). We should
note that the term (f (χs )) in the expression above can be eliminated for the minimization problem, since it is constant. The nonlinearity of the first constraint (g), i.e., the
convergence order of discretization error and convergence order of variance function motivate us to replaces the constraint by its linear approximations. Therefore, the nonlinear
constraint function should be replaced by its local affine approximations as
g(χ) ≈ g(χs ) + ∇g(χs )(χ − χs ).

(3.61)

The optimization problem (3.58) can be rewritten to the following form of QP subproble
1
ν(χ)T Hf (χs )ν(χ) + ∇f (χs )T ν(χ)
2
subject to ∇g (χs )T ν(χ) + g(χs ) ≤ 0,

minimize

(3.62)

where ν(χ) = χ−χs . Here, to take nonlinearities of the constraints into account the SQP
method uses a quadratic model of the Lagrangian function as the objective. Therefore,
(3.62) is related to a local quadratic model of the Lagrangian L as the objective functional
which leads to the QP subproblem
1
ν(χ)T HL(χs , ζ s )ν(χ) + ∇f (χs )T ν(χ)
2
subject to ∇g (χs )T ν(χ) + g(χs ) ≤ 0.
minimize

(3.63)

The solution is used to form a new iterate
χs+1 = χs + αs ν s ,

(3.64)

where νs is obtained by (3.62). The step length parameter αs is determined by an
appropriate line search procedure [115] i.e., choosing a step length that approximately
minimizes f along the search direction and H can be updated by any of the quasi-Newton
method, e.g., BFGS method [101].
Finally, as a summary of the simulation strategy (for MLMC-FEM) is given in the
subsequent algorithm. The simpler procedure can be implemented for Monte Carlo by
dropping the levels, i.e., using optimal (h, M ).
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Algorithm 3.1 The algorithm for solving stochastic DDP system using MLMC-FEM
1. Solve the optimization problem (3.33) by estimated coefficient and exponents (see
3.3.3 as an example) and calculate the optimal hierarchies of (h0 , r, M` , L).
2.

For ` = 0, . . . , L:
(a) Produce the independent random samples (Monte Carlo) or quasi-points
(rank-1 lattice rule). It is a d × M` dimensional matrix where d is the dimension of randomness (e.g., number of dopants).
(b)

For i = 1, . . . , M`
i. Construct the device geometry considering h` and the random variables.
ii. Use the initial guess (V0 , u0 , v0 , α0 , γ0 ).
iii. Solve the coupled system of equations (2.23) using Scharfetter-Gummel
iteration (2.2.6)
(i)

(i)

(i)

iv. Estimate (Vh` , vh` , uh` ).
3. Estimate the expected value of (VhL , vhL , uhL ) using the telescopic sum (3.16) and
the variance.
4. Calculate the current statistics.

3.6

Basis adaptation

In this section, a basis-adaptation method based on polynomial chaos expansion is applied to the stochastic nonlinear Poisson-Boltzmann equation. The method is based on
using the polynomial chaos expansion. Here we use the Hermite polynomials as the
bias functions and transfer random variables from uncorrelated to correlated variables.
The advantages of the method, i.e., exactness of the solution compared with the full
dimensional solution will be shown in Section (4.1).

3.6.1

Polynomial chaos expansion (PCE)

Generalized polynomial chaos (GPC) seeks to represent an approximation of a random function by a set of random variables and orthogonal polynomials. It estimates
coefficients for known orthogonal polynomial basis functions based on a set of responsefunction evaluations using sampling, tensor-product quadrature, or Smolyak sparse-grid
approaches [53].
The general idea of the expansion is to transfer randomness to the basis functions and
to use Hermite polynomials as basis functions. A stochastic function like u ∈ L2 (D, Ω)
can be explained as its Wiener–Hermite polynomial chaos expansion [165] as
u(x, ω) :=

X
β

uβ (x)Φβ (ω).

(3.65)
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Here, Φβ is an orthonormal Hermite polynomials, β = (β1 , β2 , · · · , βn ) is a vector of n
nonnegative integers describes the order of polynomials, x ∈ D and ω is a vector of
uncorrelated Gaussian random variables. In order to approximate the series (3.65), we
truncate it to a finite number of terms for the sake of computation
u(x, ω) :=

X

uβ (x)Φβ (ω),

(3.66)

β∈Mk

where the truncated index set
Mk = {β = (βi , i ≥ 1 | βi ∈ {0, 1, · · · , k}}
is used for the series. The function can be characterized by its expected value with
respect to the probability space as
Z
u(x, ω)µ(ω)dω,
(3.67)
E(u(x, ω)) =
Ω

where µ(ω) is the probability density function (PDF) corresponding to random variable ω. By the Cameron-Martin theorem [165], GPC approximation of (3.66) is fully
converged in L2 norm if


Z
X

lim
uβ (x)Φβ (ω) − u(x, ω) µ(ω)dω = 0.
(3.68)
k→∞ Ω

β∈Mk

The general idea of our basis adaptation is rotating random variables and transferring
them from uncorrelated to correlated random variables. To this end, we define an
isometry L : Rn → Rn to define new basis. Therefore, the rotated random variables are
defined as
(3.69)

γ := Lω.
The solution of (2.23) under this isometry can be obtained by
u(x, γ) =

X

uL
β (x)Φβ (Lω).

(3.70)

β∈Mk

The calculation of the coefficients of the series is the main point which can be defined
as [86]
uL
β (x) =

X
β,δ∈Mk

uδ (x)hΦβ (ω), ΦL
δ (ω)i =

X

uδ (x)hΦβ (ω), Φδ (γ)i.

(3.71)

β,δ∈Mk

The inner product in the Hilbert space is characterized by weight function as the probability density function relative to the Gaussian measure [165]. An important property
of the polynomials which will be used in the following estimations is their orthogonality with respect to the Gaussian probability measure. Therefore, the orthogonality of
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polynomial basis can be used to simplify (3.71) as
uL
β (x) =

X

(3.72)

uβ (x)hΦβ (ω), Φβ (γ)i.

β∈Mk

The isometry L still needs to be constructed in a suitable manner to transfer one basis
(ω) to other basis (γ). To construct the isometry L, we use quadratic adaptation [148].
As the first step, we define a multi-index qi = (0, . . . , 0, 1, 0, . . . , 0) where only the ith
point is 1 and other elements are zero. The matrix L is given by
(3.73)

LT DL = B,

uq

u

where the diagonal elements of B are bii = √2q2i and the rest of entries are bij = √ij2 .
After this calculation, L and D which are respectively eigenvectors and eigenvalues
matrices of matrix B can be calculated.

3.6.2

Application to the stochastic nonlinear Poisson-Boltzmann equation

In the application considered here, the random process is localized near the manifold
that describes the surface of the sensor. Physically speaking, the free ions in the aqueous
solution screen the effect of the charges of the biomolecules, whose movement is random.
The distance where the field effect is still significant is given by (a multiple of) the Debye
length. Mathematically speaking, the semilinear term in (2.23) results in an exponential
decay of the solution away from a point charge. Therefore the important uncertainty
area of biomolecules is at the surface [86].
In Monte Carlo sampling the coefficients of (3.66) are estimated as
M
1 X
uβ (x) =
u(x, ω (j) )Φβ (ω (j) ),
M

(3.74)

j=1

where M is the number of evaluations and β ∈ Mk . For the fluctuation of n target
molecules at the surface, we calculate (3.70) as an approximation of (2.23) by
uL (x, γ) = uL
0 (x) +

n
X
i=1

uL
i (x)γi +

n
X X
γi2 − 1
√
+
uL
uL
(x)
ii
βi Φβ (γi ),
2
i=1
β∈M i=1

n
X

(3.75)

k

k≥3

where the rotated random variables are from (3.69) and the coefficients are calculated
by (3.72) and (3.74). The main advantage of the basis adaptation compared to fulldimensional variables (ω) is that with transformation of the chaos to Gaussian process
cost of calculation decreases dramatically. In fact, in spite of a truncation of (3.75) e.g.
2nd order adapted series, very good estimation of (2.23) can be achieved. In this work,
the main goal is the calculation of electrical current (quantity of interest). Hence, with
respect to the transformation, it can finally be obtained by the equation
I(γ) = f (uL
β (x, γ)).

(3.76)
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Conclusions

We balanced the various parameters in the numerical methods by viewing this problem
as a global optimization problem. The goal is to determine the numerical parameters
such that the computational work to achieve a total error, i.e., discretization error plus
statistical error, less than or equal to a given error tolerance is minimized. Although the
exponential terms in the constraints make the optimization problems nonlinear, the optimization problems can be solved by an interior-point method with sufficient iterations.
We applied the system of equation to a leading example, i.e., random dopant fluctuation
in the sensors and used MC-FEM and MLMC-FEM approach to obtain the solution.
The solution of the constrained optimization problem leads to optimal (M , h) in the
case of the standard MC method and to hierarchies consisting of (L, {M` }L
`=0 , h0 , r) in
the case of the MLMC method.
We investigated two different options to the mesh refinement in the multilevel method.
Although the less computational effort is needed by choosing the mesh sizes freely, the
difference is negligible. In the comparison of the MC with the MLMC method, the
MLMC method was found to decrease the total computational effort by four orders of
magnitude for small error tolerances. The speed-up becomes better as the error tolerance
decreases.
We also developed optimal multilevel randomized quasi-Monte Carlo to model the fluctuation in the microelectronic device. Using quasi-random points instead of Gaussian
random points gives rise to faster convergence rate. In order to obtain the hierarchies
i.e., solving the optimization problem, we exploited SQP method as a generalization of
Newton’s method and linearized the nonlinear objective function by its local quadratic
approximation.

Chapter 4

Application of UQ in
nanotechnology
Uncertainty quantification (UQ) has become an important task and an emerging topic
in many engineering fields. Uncertainties can be caused by many factors, e.g., the
random nature of some design parameters, external environmental fluctuations, measurement noise. Therefore, in order to enable robust engineering design and optimal
decision making, efficient stochastic solvers are highly desired to quantify the effects of
uncertainties on the performance of complex engineering designs.
As regards the main field of investigation of thesis, while previous mathematical modeling [13, 14, 76, 153] has focused on the deterministic problem and stochastic surface
reactions, the current work describes how various stochastic processes propagate through
a PDE model and result in noise and fluctuations in a transport model. Quantifying
noise and fluctuations in sensors is important, since they determine the detection limit
and the signal-to-noise ratio. In this chapter, we also use the introduced PDE models in
Chapter 2 and the developed stochastic numerical techniques in Chapter 3 to quantify
noise and fluctuations in the introduced silicon nanowire sensors.
Nowadays, quantification of uncertainty due to noise and fluctuations is of great importance especially in nanometer-scale devices, as any random effect becomes proportionally
more important as devices dimensions are shrunk and power supply voltage is reduced.
Randomness due to the number and the location of impurity atomsis one of the most
important effects that all together limit the design of integrated circuits. Hence, introducing a stochastic model to quantify the randomness in the transistors is significantly
important. We should note that the popular methods e.g., Monte Carlo are computationally expensive (suffer from slow convergence rate). Therefore, the main aim of this
chapter is applying the introduced advanced stochastic numerical techniques in previous
chapters to model the randomness (the RDF effect) in field-effect transistors.
Finally, this chapter is a summary of the numerical results that are explained in [85–
89, 145].

70

Chapter 4. Application of the UQ in Nanotechnology

4.1

71

Silicon nanowire field-effect sensors

The concept of nanowire field-effect sensors is very general and has been applied to the
detection of DNA, proteins like tumor markers, and toxic gases such as carbon monoxide
[14, 86, 87, 151]. The sensors offer advantages like miniaturization, high sensitivity, fast
response, and low power consumption [50, 122, 142]. In this device, the target molecules
be labeled in contrast to the commonly used fluorescent or radioactive markers in other
detection methods.
As regards noise and fluctuation in such devices, there are various sources of randomness
to be considered. The distribution of the receptor molecules at the surface is random
and determined at the time of surface functionalization. In other words, in field-effect
sensors, target molecules bind to randomly placed probe molecules in a stochastic process so that the detection mechanism is inherently stochastic. The Brownian motion of
the target molecules also results in changes in charge concentration and permittivity.
This randomness on the sensor surface propagates through the self-consistent transport
equations and finally results in noise in the sensor output. Also, diffusion in the liquid
and association and dissociation at the surface receptors are stochastic processes and
occur at the time of usage. The random distribution of the dopant atoms in the semiconductor is determined at fabrication time and leads to important device variation,
while charge transport obviously occurs at the time of usage.

4.1.1

Noise quantification in nanowire field-effect sensors

Biological macromolecules [86, 87, 89], such as proteins and nucleic acids are typically
charged in aqueous solution, as such, can be detected readily by nanowire sensors when
appropriate receptors are linked to the nanowire active sensor [120]. In this part, we
apply the already developed basis adaptation approach (3.6) to model the random distribution of DNA molecules in the electrolyte. We use a 2D cross-section of the device (see
Figure 4.1), the stochastic nonlinear Poisson-Boltzmann equation (2.11) to model the
electrostatic potential and drift-diffusion equations (2.15) to model the charge transport.
When quantifying noise and fluctuations in sensors, various situations with different
types of molecules are relevant. Probe molecules are functionalized at the sensor surface
[125] when the sensor is manufactured and they are responsible for selectivity. In the
case of DNA sensors, the probe molecules may be single-stranded peptide-nucleic-acid
(PNA) oligomers, which are uncharged, or ssDNA oligomers, which are highly charged.
The probe molecules move randomly, although there are preferred orientations, which
have been calculated [72]. Target molecules bind to the probe molecules and are detected
by the field effect modeled here. In the case of a DNA sensor, ssDNA oligomers bind to
ssDNA or PNA oligomers. Binding and unbinding are stochastic processes [153]. Here we
consider the leading example of a DNA sensor with ssDNA oligomers as probe molecules
and ssDNA oligomers as target molecules. The double-stranded probe-target complex
carries twice the charge of a single strand. These considerations give the stochastic
coefficients in (2.11).
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Figure 4.1: Cross section through a field-effect nanowire sensor, showing subdomains and boundary conditions. In the electrolyte (Dliq ), the random binding of target
molecules to immobilized receptor molecules at the surface defines molecule subdomain
(DM ).

The biological noise, i.e., the random movement of probe and target molecules at or near
the surface of any affinity based sensor, propagates through a PDE model of the sensor
and results in noise in the sensor output. Biological noise is one of the major sources
of noise and fluctuations in field-effect sensors; it is due to two effects: the random
association of target molecules to probe molecules functionalized at the sensor surface
and their random dissociation from the probe molecules as well as randomness in the
orientation of any molecule bound to a surface. In order to quantify biological noise,
the association and dissociation processes were modeled in [153], where the expected
number and variance of the number of target molecules bound to probe molecules were
calculated. The random orientations were modeled in [72], where the probabilities of
the orientations were determined.
When any affinity based sensor is manufactured, the probe molecules are functionalized
at the sensor surface [125] at random, but fixed locations. In other words, each probe
molecule is a binding site that is occupied by a target molecule with a certain probability
that can be determined [153]. Unspecific binding of target molecules to the sensor surface
in the absence of probe molecules is also possible. Since this effect is not important in
a well-designed sensor, it is not included here, although it can be taken into account in
the model in a straightforward manner.
The orientation of a charged molecule with respect to a charged surface is determined by
the electrostatic free energy of the system. A method for determining the free energies
of charged molecules as functions of various parameters was presented in [72]. First,
the electrostatic free energy E(η) is calculated as a function of the angle η := (η1 , η2 ),
which represents the orientation of the molecule with respect to the surface. In general,
each molecule has two degrees of freedom, although in the case of DNA oligomers their
structure leads to a simplification and one angle η := η1 ∈ [0, π/2] is sufficient. Then a
Boltzmann distribution is used to find the probability of a configuration as a function
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Figure 4.2: The electrostatic free energies of various ssDNA and dsDNA oligomers
as a function of angle for a surface charge of −0.5 q/nm2 in a liquid with an ionic
concentration of 30 mM. The angles are defined with respect to the surface, where 0
means a molecule parallel to the surface and π/2 means a molecule perpendicular to
the surface (as indicated in Figure 4.1). Data from [72].

of the angle η. It is given by


E(η)
exp(−E(η)/(kB T ))
∝ exp −
.
P (η) = R
kB T
exp(−E(η)/(kB T ))dη

(4.1)

Figure 4.2 shows a concrete example and the data used in the numerical examples in
this paper. Electrostatic free energies for single- and double-stranded DNA oligomers of
different lengths are shown. Due to their twice as large intrinsic charges, the binding energies of double-stranded DNA (dsDNA) oligomers are higher than their single-stranded
(ssDNA) counterparts. The length of the oligomers decreases the free energy mostly
for lower angles, i.e., for horizontal configurations, where electrostatic interactions with
the surface are stronger. The orientations also depend on the ionic concentration of
the liquid, as the effect of Debye screening is significant. Figure 4.3 shows the probability density function (PDF) and cumulative distribution function (CDF) of random
orientation of various DNA oligomers bound to the nanowire surface. The figure indicates the Gaussian distribution of random variables. In summary, the coefficients
A(x, y, .), ρ(x, y, .) and ϕ(x, y, .) in (2.23) are random variables, i.e., A(x, y, ω), ρ(x, y, ω)
and ϕ(x, y, ω) depend on an element ω = (ω1 , ω2 , . . . , ωn ) of the underlying probability
space (Ω, Σ, P ). The sample space Ω describes the locations of the probe molecules, the
state of the probe molecules (bound to the target molecules or not), and the orientations of the probe molecules and probe-target complexes. The modeling and simulation
results in [72, 153] yield the probability measure P .
We assume that the number of probe molecules per unit area follows a Poisson distribution. Once the number N of probe molecules or binding sites and their positions are
fixed, the sample space is
N
Ω = {0, 1} × [0, π/2] ,
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Figure 4.3: Probability density function (left) and cumulative distribution function
(right) of random orientation of 12 base pairs ssDNA oligomers in an aqueous solution
with different ionic concentration and surface charge. The proteins rotate between 0
(horizontal) and π/2 (vertical) degrees at the surface.

where 0 denotes the absence of any target molecule, 1 the presence of a target molecule,
and η ∈ [0, π/2] is the angle of molecule.
The sizes in the various subdomains in Figure 4.1 were determined by the following
considerations. As found in [14], the optimal width of the silicon transducer is certainly
smaller than 100 nm, while its precise value depends on other parameters such as the
applied back-gate voltage. Smaller geometries were found to have higher sensitivity.
In order to validate the basis-adaptation approach, several comparisons for two nanowires
with different widths are shown in Figure 4.4. The geometry of the sensor is shown in
Figure 4.1, where the thickness of oxide layer is 8 nm and the thickness of the nanowire is
50 nm. For the simulations, we define a reference structure, where the back-gate voltage
(VBG ) is −3 V, the solution voltage is 0 V, VS − VD is 0.2 V, the length of the nanowire
is 1000 nm, the ionic concentration is 30 mM, the surface charge is −0.5 q · nm−2 [72],
the doping concentration is 1016 cm−3 , the oligomers consist of 12 base pairs and the
thermal voltage is 0.021 V. The length of each base pair is 0.34 nm. Furthermore, the
electron mobility in silicon is 1000 cm2 V−1 s−1 , the hole mobility is 100 cm2 V−1 s−1 . The
model is validated by comparison with experimental data (using the same data as in
[14]).
The good agreement shows that the current calculated by the graded-channel approximation works very well for this kind of device due to its long length and small VDS .
Secondly, the solutions obtained by basis adaptation are compared with full-dimensional
solutions.
The basis-adaptation approximation is obtained using a 2nd order polynomial chaos
expansion of (3.75). The full-dimensional solution is the benchmark and actually results
from Hermite polynomial chaos expansion up to order 2. Here the simulation are for
fluctuation of 10 target molecules (n = 10) and 1000 Monte Carlo replications (M =
1000). The agreement suggests that the implementation is correct. The differences
between the full dimensional solutions and the solutions obtained by basis adaptation
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become larger as the absolute value of the back-gate voltage increases; this is due to
the fact that small differences are amplified by the large applied potential. The results
are shown in Figure 4.4. In basis adaptation the difference between 2nd-order and 3rdorder of PCE for both 60nm and 100nm wide nanowires were negligible so that 2nd
order is used for all expected value and noise calculation in subsequent simulations. The
results indicate the efficiency and the exactness of the basis adaptation against the full
solution. The agreement with experimental data is very good and again justifies the
model equations.
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Figure 4.4: The comparison of measured and simulated currents (expected value)
in respect of different back-gate voltages for 60 nm (left) and 100 nm (right) width of
transducer. The simulations are performed for the reference structure, where the backgate voltage was varied. Here, VSD = 0.2 V and for both devices the same threshold
voltage is used.
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Figure 4.5: Expected value of current and its signal-to-noise ratio as functions of
doping concentration for 60 nm and 100 nm wide devices. Here, the ionic concentration
is 30 mM, the surface charge is −0.5 q/nm2 [72], the oligomer length is 12 base pairs,
VBG = −3 V, and the thermal voltage is 0.021 V.

The stochastic equation (2.23) makes it possible to calculate higher-order moments and
in particular the signal-to-noise ratio, an important characteristic value. In the following,
we discuss how various important device parameters influence the quantity of interest,
i.e., the current, and the signal-to-noise ratio. These simulations cover a large part of the
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Figure 4.6: The comparison of expected value (top) and signal-to-noise ratio of current
(bottom) for 60 nm (left) and 100 nm (right) width as functions of ionic concentration.
Here, the doping concentration is 1016 cm−3 , the surface charge is −0.5 q/nm2 [72], the
oligomer length is 12 base pairs, VBG = −3 V, and the thermal voltage is 0.021 V.

parameter space and hence answer the question whether basis adaptation is generally
useful or only for the choice of parameters in the previous figures.
The first parameter investigated here is doping concentration. Currents were calculated
for doping concentrations between 1015 cm−3 and 1017 cm−3 and are shown in Figure 4.5.
The results show that both the current and the signal-to-noise ratio increase for 60 nm
and 100 nm wide transducers as the doping concentration increases. This means that
higher doping concentrations not only increase the total current, but they also improve
the signal compared to the noise, yielding a better sensor.
The second parameter considered here is the ionic concentration. It plays a crucial
role, since a higher ionic concentration leads to higher screening and thus reduces the
effectiveness of field-effect sensing. On the other hand, a certain ionic concentration (at
least about 10 mM) is usually necessary – especially in the case of DNA – to enable
probe-target binding. A Monte-Carlo algorithm to find the concentration of (counter)
ions around biomolecules was developed in [22], and the ramifications of screening and
how to overcome them were discussed in [93, 102]. For a typical salt concentration of
100 mM, the Debye length is approximately 1 nm and any charge is completely screened
at a distance of only a few nanometers. The numerical results in Figure 4.10 show
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Figure 4.7: The comparison of expected value (top) and the signal-to-noise ratio of the
current (bottom) for 60 nm (left) and 100 nm (right) wide sensors as functions of surface
charge density. Here, the doping concentration is 1016 cm−3 , the ionic concentration is
30 nm, the oligomer length is 12 base pairs, VBG = −3 V, and the thermal voltage is
0.021 V.

that the effect of the intrinsic charges of the target molecules on charge transport in
the transducer is still measurable. Furthermore, the wider nanowire is more affected by
screening within the semiconductor. Additionally, the signal-to-noise ratio in the 100 nm
wide transducer is increased by a factor of 10 compared to the 60 nm wide device. Here,
the ionic concentration varies between 10 mM and 150 mM.
The third parameter investigated here is the surface (fixed) charge of molecules. The
surface charge is important since it determines the operating point of the sensor, which
has a crucial influence on the sensitivity of the sensor [14]. Furthermore, a more negative surface charge repels target DNA oligomers, again emphasizing the necessity of
considering the system in a self-consistent manner. In Figure 4.7, the difference between
ssDNA and dsDNA oligomers is clearly seen in both 60 nm and 100 nm wide devices,
as expected. The width of the device has a strong influence on current and signal-tonoise ratio. The current is about twenty times as large in the larger device, while the
signal-to-noise ratio is approximately twelve times as large.
The fourth and final parameter varied here is the length (and hence charge) of the
DNA oligomers. The oligomers in the reference structure considered here are 12 base
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Figure 4.8: The comparison of mean value (top) through the transducer and the
signal-to-noise ratio of the current (bottom) for 60 nm (left) and 100 nm (right) as
functions of oligomer length. Here, the doping concentration is 1016 cm−3 , the ionic
concentration is 30 mM, the surface charge is −0.5 q/nm2 , VBG = −3 V, and the thermal
voltage is 0.021 V.

pairs long. However, depending on the application, the length of the probe and target
oligomers may be varied. Figure 4.8 illustrates that increasing the oligomer length
increases the current as well as the signal-to-noise ratio.

4.1.2

Three-dimensional simulation of SiNW-FETs

The simulation capability developed here is general enough to include many situations
where charge transport occurs in a random environment. In the case of field-effect
sensors, understanding noise and fluctuations is essential to calculate detection limits
and signal-to-noise ratios. The main numerical challenge here is a large number of
stochastic dimensions. Each dopant and each receptor for target molecules result in
some stochastic dimensions. Therefore, the number of stochastic dimensions is at least
in the dozens but can be in the hundreds or thousands for larger devices. Here, the threedimensional stochastic drift-diffusion-Poisson system is used to model charge transport
through nanoscale devices in a random environment. The whole algorithm is optimal
in the sense that the total computational cost is minimized for prescribed total errors.
This comprehensive and efficient model makes it possible to study the effect of design
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parameters such as applied voltages and the geometry of the devices on the expected
value of the current [89].
The source of randomness inside the transducer is the random motion of dopant atoms
through the semiconductor during the fabrication steps of implantation and annealing,
resulting in their random locations.
Various models such as nearest-grid-point (NGP), cloud-in-cell (CIC) [78], and the Sano
method [136] may be used to describe randomly placed dopants in semiconducting devices. In the simplest model, the charge concentration due to N ionized atoms is given
by
N
X
ξ1 (x) := Cj
δ(x − xj ),
(4.2)
j=1

where Cj is the charge of the jth dopant atom, N is the number of dopant atoms, xj is
the position of jth dopant, and δ is the Dirac delta distribution.
In [80], Gaussian distributions for the individual dopant atoms were placed at random
positions. In [28], the standard deviation σ of the Gaussian or normal distributions was
used to adjust the size of the dopant atoms yielding the charge concentration


X
Cj
(x − xj )2
ξ2 (x) :=
exp −
.
(4.3)
2σ 2
(2πσ 2 )3/2
j

Here, σ := 0.25 nm is used to represent a dopant; the results are not very sensitive to
the value of σ.
To make the results comparable between continuous and discrete doping models, the
total doping must match. In other words, the integrals over a continuous doping concentration Cdop and over a discrete doping concentration must agree, i.e.,
Z

Z
Cdop (x)dx =

DSi

Z
ξ1 (x)dx =

DSi

ξ2 (x)dx.
DSi

The association and dissociation processes of target molecules at the surface can be
described by the reaction equations (2.41). In [153], in order to optimize the sensor
design, a random-walk based model for diffusive transport to the association-dissociation
processes at the sensor surface was used. It was found in [153] that the number PT of
probe-target complexes satisfies the stochastic ordinary differential equation (2.46).
In the simulation, the reaction parameters are taken from [151]. The simulation was
performed for a receptor density of 3 × 1012 cm−2 and 40 target molecules in the liquid
for a nanowire with 80 nm diameter. The surface was partitioned into three different
regions, called edge, middle, and corner regions as illustrated in Figure 4.9. In addition,
the average probe-target concentration at the surface is called the overall concentration.
Table 4.6 gives the equilibrium values of PT in these regions and Figure 4.10 shows the
probability density distributions; these values are used in the numerical experiments.
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Figure 4.9: A cross section of the field effect sensor indicating the three different
regions of the surface.

Region
Edge
Middle
Corner
Overall

Mean
1.3089
0.9817
0.6061
1.0180

Variance
0.5816
0.4732
0.4743
0.0862

Table 4.1: The expected values and variances of the probe-target concentration PT
at the nanowire sensor surface. All values are in the unit 1012 cm−2 .

µ1
0.611

γ1
3.11

µ2
0.76

γ2
3.09

µ3
0.42

γ3
3.08

µ4
0.35

γ4
3.07

Table 4.2: The measured constants in (3.27).

The geometry of the device is shown in Figure 1.2 and the random binding of the
molecules at different regions of the device is illustrated in Figure 4.9. The corresponding
3D meshes for a nanowire sensor 50 nm thick, 60 nm wide, 500 nm long, and containing
15 dopants are depicted in Figure 4.11.
As aforementioned, solving the optimization problem (3.33) with respect to a given
error bound yields h` and M` on each level `. The optimization problem depends on the
constants µk and γk , k ∈ {1, . . . , 4}. They are measured by running three-dimensional
simulations and saving the CPU time needed for assembling the system matrices and
solving the three elliptic equations that constitute (2.23). The values are shown in
Table 4.2 and depend on the implementation and hardware used.
If there is only one level (L = 0), then the multi-level Monte-Carlo method simplifies
to the standard Monte-Carlo method. A comparison between the optimized MonteCarlo and the optimized multi-level Monte-Carlo methods is drawn in Figure 4.38. The
effectiveness of the MLMC method is more pronounced for smaller tolerance levels.
At the smallest error tolerance in this figure, the MLMC method is more efficient by
more than two orders of magnitude. The coefficients and the exponents, i.e., α and β
in (3.22), are shown in Figure 4.12, where C00 = 2.95. The estimated exponents (here
γ ≈ 3.0875) also agree well with the three-dimensional simulations. The optimal number
of samples and the mesh sizes for the optimized Monte Carlo and multilevel Monte-Carlo
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Figure 4.10: Histograms of the PT-complex density in equilibrium at the corners
(top left), in the middle (top right), at the edges (bottom left), and overall (bottom
right). The green lines show a Gaussian distribution with the parameters in Table 4.6.

Y
Z X

Figure 4.11: The meshes for the nanowire field-effect sensor for ` = 0 (left) and ` = 1
(right). The subdomains are depicted with gray (substrate), golden (nanowire), and
green (electrolyte) meshes. The randomly distributed molecules and the dopants are
inside the electrolyte and the nanowire, respectively.
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Figure 4.12: Statistical and discretization errors for different mesh sizes. The coefficients α and β behave according to Assumption 1.

ε
h
M

0.100
0.918
578

0.050
0.600
2 309

0.020
0.350
14 431

0.010
0.231
57 725

0.005
0.153
230 902

Table 4.3: Optimal parameters for the Monte Carlo method.

ε
0.100
0.050
0.020
0.010
0.005

h0
1.526
1.382
1.405
1.608
1.608

r
1.802
2.001
1.967
1.749
1.749

M0
941
3 761
27 894
146 482
584 957

M1
149
431
3 366
26 249
87 555

M2
24
49
405
792
12 603

M3
4
6
49
156
1 814

M4
–
–
6
27
296

M5
–
–
–
5
42

M6
–
–
–
–
6

Table 4.4: Optimal parameters for the MLMC method.

are summarized in Table 4.3 and 4.4, respectively. Finally, a comparison between MCFEM and MLMC-FEM is given in Figure 4.13. It points out the noticeable advantage of
the multilevel method where for the lowest tolerance ( = 0.005); the work is reduced by
more than two orders of magnitude. The measured constants satisfy the assumptions of
the standard complexity theorem [33], i.e., α ≥ 12 min(β, γ). According to this theorem,
the computational cost of the MLMC method is O(ε−2 ) agreeing with the numerical
results. Furthermore, the total cost of the Monte-Carlo method is O(ε−3.5 ) according
to the figure, which agrees with [27].
As already mentioned, only the biological noise (random movement and random orientation) is taken into account in the continuum model, whereas the effect of random dopants
is also included in the discrete model. Figure 4.14 shows the expected value of the electrical current as a function of different gate voltages for two devices that are 60 nm and
100 nm wide. The results are compared with experimental data [14]. In the simulation,
the thermal voltage UT is 21 mV. In the continuum model Cdop = 1 × 1016 cm−3 , the
thickness of the oxide layer is 8 nm, the source-to-drain voltage is VSD = 0.2 V, the
salt concentration is 30 mM, and the molecule surface charge is −0.8 q · nm−2 (fitting
parameter).
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Figure 4.13: A comparison of the total computational work necessary in the MC and
MLMC methods as a function of the prescribed total error.
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Figure 4.14: The expected value of the electrical current as a function of back-gate
voltage for 60 nm width (left) and 100 nm width (right) for continuum and discrete
models. Here, the discrete model points out the biological noise in addition to the RDF
and in continuum model only the RDF is considered. In the simulation, the results are
with the experimental data [14] with the same main parameters i.e., tox = 8 nm, Cdop =
1×1016 cm−3 , VSD = 0.2 V, the nanowire thickness of 50 nm and µp = 100 cm−2 V−1 s−1 .

Very good agreement between the experiments and the simulations was found for both
the discrete and the continuum model. The results show that the discrete model agrees
better with the experiments than the continuum model. This is probably due to the
fact that including the effect of the random dopants is a better model for the current
compared to just taking the average doping as in the continuum model.
Figure 4.15 depicts the fluctuation of the current in the discrete model for two doping
concentrations, namely Cdop = 1 × 1016 cm−3 and Cdop = 1 × 1017 cm−3 . Here, the effects
of random molecules and random dopants on the current are taken into account. For the
lower doping concentration, the expected value of the current is E(I) = 2.17 × 10−13 A
and its standard deviation is σ(I) = 2.38 × 10−14 A. The simulation indicate that more
than 95% of the obtained currents are between 2 × 10−13 A and 2.5 × 10−13 A. The
expected value relatively agrees with the experiments [14] (I = 1.5 × 10−13 A). Also, for
the higher doping concentration, the values are E(I) = 2.34 × 10−12 A and σ(I) = 2.90 ×
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Figure 4.16: The expected value of the current for VSD = 0.4 V and VSD = 0.6 V for
both the continuum and discrete models where VT = −0.98 V (threshold voltage).

10−12 A. The simulations show that more dopants increase the variance of the current.
The figure shows that for Cdop = 1 × 1016 cm−3 approximately 95% of the simulated
currents are between 2 × 10−13 A and 2.4 × 10−13 A, resulting in a small fluctuation.
On the other hand, the results obtained for the higher doping concentration fluctuate
between 1.80 × 10−13 A and 1.08 × 10−11 A, indicating a larger variation. Using the ptype semiconductor (as well as negatively charged molecules) increase the conductivity
of the device and therefore, its variation. It is expected that positively charged molecules
decreases the fluctuations slightly.
Generally, applying a source-to-drain voltage VSD results in a low-resistance conducting
path between the source and drain contacts. Figure 4.16 shows the current for different
the source-to-drain voltages. Here, both models are used and the back-gate voltage
varies between VG = −1 V and VG = −2 V.
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Figure 4.17: The four principal regulatory components of the skeletal muscle, i.e.,
actin, tropomyosin, nebulin and the troponin complex [55].

4.2

Cardiac troponin sensitive sensors

The purpose of this section is the development and quantitative understanding of biological sensors for the detection of cardiac troponin in blood [87] starting just from
its known structure (PDB code 1MXL [99]). We determine the effective parameters
to design and fabricate more sensitive nanowire field-effect sensors to detect different
ranges of cTn. Here, the sensitivity indicates the response of the sensor to the binding
of target molecules (cTn) to the immobilized probe molecules (anti-troponin receptors)
at the sensor surface.
As for every sensor, a crucial question is how to achieve the best response of the SiNWFET. There are several substantial parameters which are effective in the conductivity
of the device. In other words, the sensor response is influenced by different physical
and geometric device properties. Here, we propose an array of silicon nanowire fieldeffect biosensors optimized with regard to parameters such as length, width, doping
concentration, dopant type, type of the nanowire, backgate voltage, and the number
of parallel nanowires. Thus, by changing influential parameters, it is made possible
to optimize the electrical characteristics of devices and to fabricate the optimal fieldeffect sensor to detect cTn concentration more accurately. Noise and fluctuations of
the device conductivity due to the random binding of cTn to the receptors are also
taken into account. The random binding of troponin molecules (target molecules) to the
anti-troponin molecules (antigens) is shown in Figure 4.18.
The troponin complex regulates the contraction of striated muscles. It consists of three
subunits, i.e., cTnC, cTnT, and cTnI (Figure 4.17). These protein subunits along with
tropomyosin are located on the actin filament and are essential for the calcium-mediated
regulation of skeletal and cardiac muscle contraction [146]. Cardiac TnT binds the troponin components to tropomyosin and TnI inhibits the interaction of myosin with actin
[110, 164]. Cardiac TnC contains the binding sites for Ca2+ and its interaction with
cTnI and cTnT is central to the regulation of skeletal and cardiac muscle contraction
[66]. TnT and TnI have been found to have excellent sensitivity and specificity, and are
superior to CK-MB as indicators of myocardial necrosis [109]. For the last twenty-five
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Figure 4.18: A longitudinal cross section of a troponin sensitive SiNW-FET. The
random binding of troponin molecules to the probe molecules (antigens) is depicted as
well.

years, isoforms of troponin I and T have been widely used for immunochemical diagnostics of pathologies associated with cardiomyocyte death, e.g. AMI, unstable angina,
post-surgery myocardial trauma, and other diseases related to cardiac muscle injury [82].
Cardiac TnI and TnT are released after AMI or other cardiacs disease [164] and their
clinical sensitivity and specificity improve with time. More precisely, for both troponins,
sensitivity raises from 10% to 45% within 1 hour of the onset of pain to more than 90%
after 8 or more hours [52]. Specificity does not change noticeably over time. It decreases
from 87% to 80% from 1 to 12 hours after the onset of chest pain for troponin T and
is approximately 95% for troponin I [52]. The diagnostic performance/accuracy of TnI
and TnT has been observed similarly and is very high [131].
Few studies have reported the 99th percentile of high-sensitive cardiac troponin I (hscTnI)
among different age groups and genders. Since 1995, the diagnostic cutoff has been
decreased from 1500 pg/mL to 10 pg/mL [107, 158]. As in [158], the 99th percentile
concentration of TnI was greater than 19 pg/mL for individuals older than 60 years and
10 pg/mL for individuals younger than 60 years. Therefore, concentrations greater than
10 pg/mL have been shown to have prognostic value. In other words, the upper limit for
a normal individual is 10 pg/mL, and for patients who have acute coronary syndromes
or AMI, rising troponin values greater than or equal to the diagnostic cutoff value result
in the diagnosis of cardiac injury. Also, decreasing values are indicative of recent cardiac
injury. We also consider that patients with low-level elevations (smaller than 20 pg/mL)
of TnI and diagnostic uncertainty for acute coronary syndrome should be evaluated by
repeated measurements.
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Figure 4.19: Schematic diagram of the nanowire field-effect sensor showing receptor
and target molecules. The subdomains, i.e., silicon nanowire ΩSi , insulator ΩOx , the
specific binding of target to probe molecules ΩM , and the electrolyte ΩEl are illustrated
with their dimensions and ranges. Additionally, d indicates the center-to-center distance
between the nanowires and d1 is the distance between a nanowire and the boundary.

Over the last fifteen years, new techniques and strategies for rapid detection of biomarkers, including cardiac troponin, have been utilized to shorten the diagnostic time and increase the reliability of tests [120]. Quick determination of the concentration of biomarkers in the body has drawn attention in the past decade. New techniques are being incorporated into products [126]. As the medical diagnostic methods progress, therapies
with high specificity according to biomarkers determined in tests are continuously being targeted. High-throughput sensors and systems for the ultrasensitive detection of
biomolecular interactions are in high demand [90].
Here the main aim of the SiNW-FET is the detection of cardiac troponin in blood. For
this reason, the sensor must be able to determine the target protein concentration in the
meaningful range. In other words, the dynamic range of the sensor is to designed. The
range of cardiac troponin in human blood is between 3.4 pg/mL and 10 000 pg/mL as
the concentration rises from almost 20 pg/mL within one hour of myocardial infarction
to 10 000 pg/mL after 32 hours from the incidence [107, 134].
The basic structure of the device including its dimensions is shown in Figure 4.19. Here,
we consider four shapes or types of nanowires: rectangular, trapezoidal, radial, and
triangular, all with a cross-sectional area of 2500 nm2 , a doping concentration (Cdop )
of 1017 cm−3 (p-type transducer), protected by a 5 nm thick silicon oxide (ΩOx ), and a
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Figure 4.20: The net charge of the folded and unfolded states of protein 1MXL for
different pH values. The results are obtained by PDB2PQR simulation.

thermal voltage of 26 mV. The applied voltages are VG = 1 V at the back-gate contact
and VSD = 0.2 V as the source-to-drain voltage.

4.2.1

The charge of biomolecules

The most common and well-established continuum model for the description of ionic
concentrations and the electrostatic interactions of the biomolecules is the PoissonBoltzmann equation [104]. It can be used to calculate ionic concentrations around
molecules and the effect of the charged target molecules (cTn) on the transducer.
The modeling of the electrostatics of biomolecules is essential for the simulation of
nanowire field-effect sensors. The surface of dielectric materials such as SiO2 , Si3 N4 ,
Al2 O3 , and Ta2 O5 is charged when it is in contact with an electrolyte and it is neutral
only at the isoelectric point. This surface charge provides an important baseline value
regarding the operating regime of the sensor since the surface charge is a function of pH
value [15]. There are several methods to describe the effect of charged molecules: the
atomistic approach, i.e., Monte-Carlo simulations [22], the continuum approach, i.e., the
Poisson-Boltzmann equation [104, 119], and the empirical PROPKA model [98].
The pKa values of the ionizable residues are the negative logarithm of the ratio of dissociated acid and conjugated base over the concentration of the associated chemical.
They are the basis for understanding the pH-dependent characteristics of proteins and
catalytic mechanisms of many enzymes. Here, the program PDB2PQR [47] is used to
compute the charge distributions of proteins of known structure. Given a protein structure, it computes the pKa value of each ionizable amino acid. Based on the computed
pKa value, it is possible to determine the protonation state of each ionizable amino acid
based on pH value [47].
Figure 4.20 shows the troponin (PDB code 1MXL) charge of the folded and unfolded
states as a function of pH values between 0 and 14. Here the folded molecule carries
no net electrical charge at a pH value of 4.13, while for unfolded proteins the isoelectric
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point is a pH value of 4.08. Blood is normally slightly basic in a pH range of 7.35 to 7.45.
According to the simulation, the protein total charge is −13.58 q at blood pH (7.4 in this
work). The net charges of the target molecules are negative since the protein isoelectric
values are lower than pH 7.4. Finally, the negative charges of the target protein (cTn)
result in a carrier accumulation on the p-type silicon nanowire and consequently an
increase of conductance.

4.2.2

Troponin sensor response

By solving the system of stochastic drift-diffusion-Poisson equations (2.15), the currentvoltage characteristics and the sensor response are determined as functions of the target
molecule concentration. Hence the behavior of the nanowire sensors can be studied by
varying all influential device parameters [87].
In field-effect biosensors, the target molecules (cTn) carry negative (due to blood pH
value) charges and act as a negative gate voltage. Since we use a p-type (boron-doped)
semiconductor as the transducer, the accumulation of charge carriers increases the conductance as well. The critical issue for the modeling of the sensitivity of nanowire
field-effect sensors is the screening of the partial charges of the target molecules by the
free ions.
Definition 1. The sensor response (sensitivity) is defined as
Imol − I0
,
I0

(4.4)

where Imol and I0 are the currents through the device with and without molecules,
respectively.
In the subsequent simulations, we consider Imol as the signal. The difference (Imol − I0 )
can be interpreted as the response of the sensor to the specific binding of cTn to the
anti-troponin receptors.
The limit of detection (LOD) of an individual analytical procedure is the lowest amount
of analyte in a sample which can be detected, but not necessarily quantified. In fieldeffect sensors, surface reactions at the oxide surface depending on the pH value and the
binding of charged target molecules result in changes in the charge concentration at and
near the surface, and subsequently in changes in the electrostatic potential, which then
modulate the current through the transducer. In other words, the PROPKA algorithm
[12, 98, 119] is used to estimate the charge of biomolecule in the liquid. Also, the LOD is
defined as the minimum troponin concentration that induces a measurable difference in
output current. A signal-to-noise ratio larger than 5 is generally considered acceptable
for determining the detection limit.
First, we calculate the statistics of the PT-complex by solving the Langevin equation.
As mentioned already, the dynamic TnI range is between 3.4 pg/mL and 10 000 pg/mL.
To convert the troponin concentration to a number of molecules, the protein weight of
24 000 Da is used. In the simulations, we also used CP := 2 × 1012 cm−2 as the probe
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Figure 4.21: The expected value (top left), variance (top right), and binding efficiency
(bottom) of PT-complexes for different troponin concentrations.

density, and the association and dissociation constants ra = 3933 and rd = 0.0016 are
taken from [123, 152].
Figure 4.21 shows the results of the simulation for different concentrations of target
molecules. For the lower concentrations (less than 10 pg/mL), the ratio of hybridized
complexes at the surface to the total number of probe molecules is less than 10%. In this
range, the equilibrium time is also considerably larger than for higher concentrations.
On the other hand, for concentrations higher than 500 pg/mL, the binding efficiency
attains a very good value of nearly 100% and the equilibrium time is less than 200 s.
Moreover, a remarkable feature of such a field-effect sensors is that even if the binding
efficiency is lower for certain probe and target concentrations, the surface charge density
can be larger and therefore result in better detection by a field-effect sensor. Finally,
for all troponin concentrations, the binding time (of cTn to the antibodies) shows the
very fast response of the sensor. This reaction time indicates the significance of using
SiNW-FETs compared to traditional methods such as ELISA.
Here, we consider four shapes or types of nanowires: rectangular, trapezoidal, radial,
and triangular, all with a cross-sectional area of 2500 nm2 , a doping concentration (Cdop )
of 1017 cm−3 , protected by a 5 nm thick silicon oxide (ΩOx ), and a thermal voltage of
26 mV. The applied voltages are VG = 1 V at the back-gate contact and VSD = 0.2 V
as the source-to-drain voltage. Also, all devices have aluminum gate (work function is
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Figure 4.22: Cross-section of radial (left) and triangular (left) nanowires with
nanowire area of 2500 nm. In the triangular device, the sidewall angels are ≈ 54.7◦ .

4.1 V) and for all simulated devices same threshold voltage is employed. This structure
is used for all devices unless a parameter is changed. In order to compute the current,
a 2D simulation in addition to the graded channel approximation are used.
Using the 99th percentile among different age groups and genders, cTnI assay values are
more than 19 pg/mL in individuals older than 60 years and 10 pg/mL in the rest of the
individuals [135]. A sharp increase in the troponin concentration is observed after two
to three hours after the onset of symptoms, e.g., chest pain. For example, in [107], the
value raised from 60 pg/mL to 6.3 ng/mL six hours after the medical examination.
According to these concentrations mentioned in the literature, we define three different
concentration ranges and design three sensors, one for each concentration range.
For the first concentration range (low risk or healthy patients), the device is designed
for a concentration between 5 pg/mL and 50 pg/mL. The sensor is 300 nm wide and is
characterized by a 200 nm thick bulk oxide; the length of the nanowire is 1000 nm. A
schematic of the cross-section of the device is given in Figure 4.22.
In acute coronary syndrome, the concentration reaches 500 pg/mL after three hours
[107]. Therefore, the second concentration range is defined to be 50 pg/mL to 500 pg/mL.
Here, the width of this device is 1 µm, the length of the nanowire is 5 µm, the height
of the bulk oxide is 5 nm and the substrate is 300 nm. To consider the situation when
many molecules may bind, two parallel nanowires are used.
The cTnI value rises to its peak value of 10 ng/mL within twenty hours and then it
decreases gradually [107]. The third and highest concentration range is thus from
500 pg/mL to 10 ng/mL. For this range, the sensor is an array of four nanowires for
improved detection of high concentrations.
The first comparison discusses the effect of the four different cross sections of nanowires
in the first device. Figure 4.23 shows the results for the first device, the one for healthy
or low-risk concentration, for different cross sections, all with a cross-sectional area of
2500 nm2 and a length of 1000 nm (see Figure 4.22).
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The figure shows that the triangular nanowire performs considerably better than the
other transducers, especially for concentrations higher than 10 pg/mL. The radial and
trapezoidal nanowires show approximately the same sensor response for most of the concentrations and perform better than the rectangular shape. However, the sensitivity of
the rectangular transducer at the diagnostic cutoff is slightly better than the trapezoidal
and radial ones.
The radial nanowire (see Figure 4.22) yields the lowest signal compared to the others,
while the triangular cross section again yields the highest current. As already mentioned, the device conductivity depends on the density of bound analytes. Figure 4.24
illustrates the variation in the number of probe-target complexes for cTn concentration
between 5 pg/mL and 50 pg/mL. The results indicate that from 5 pg/mL to 15 pg/mL
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thick. Each sensor has two parallel 5000 nm long nanowires, a cross-sectional area of
2500 nm2 , a doping concentration of 1017 cm−3 , and they are protected by a 5 nm thick
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the variance increases sharper than the expected value. As a consequence, as shown
in Figure 4.24, for this range the SNR is sloped downward since the current variance
is sloped upward. For higher concentrations, more PT-complexes increase the signal,
which counteracts the increase in noise. Therefore, in all sensors, the SNR shows a gradual upward trend. Furthermore, in spite of the fact that the triangular nanowire yields
a higher signal, the higher noise in this device compared to the rectangular and trapezoidal devices decreases the ratio. Again, due to a lower signal, the SNR for the radial
nanowire is significantly lower than the rest of the devices. For more than 40 pg/mL, the
PT-complex increase is pronounced compared to the variance. Therefore, as an inflection point, again the SNR shows an upward trend for the higher concentrations. Finally,
we should note that the variation in the density of bound analytes leads to threshold
voltage fluctuations since the threshold voltage variation depends only on the number
of absorbed molecules.
A higher sensor response of SiNW-FETs depends considerably on the size of the device
[54]. In [129, 166], SiNW-FETs were fabricated by using commercially available (100)
silicon-on-insulator wafers and anisotropic tetramethylammonium hydroxide (TMAH).
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Thus, a smooth triangular SiNW-FET is produced with a sidewall angle of ≈ 54.7◦ to
the horizontal surface (see Figure 4.22) and (111) silicon sidewall plane. Again, the
cross-section of the device indicating the nanowire side angles and the area exposed to
the liquid are shown in Figure 4.22. In Figure 4.25, the sensor response for the mentioned
triangular device and for an equilateral cross section are given. The figure shows the
sensitivity and the signal for both triangular cross sections as functions of different
backgate voltages. The device performance, i.e., signal and the sensitivity of the (111)
planes compared to the equilateral transducer is noticeably better. Also, due to higher
obtained signal, the SNR is expected to be higher in the (111) sensor. Concerning the
voltage, the figure shows that the sensitivity is not considerably affected by the gate
voltage, although a slight increase is observed. On the other hand, the signal in both
devices rise noticeably as the backgate voltage increases.
The optimal doping concentration is a crucial design parameter. Figure 4.26 shows the
effect of the doping concentration varying between 1 × 1016 cm−3 and 8 × 1017 cm−3 . According to the simulation results, although the sensor response shows a small fluctuation
from 1 × 1016 cm−3 to 4 × 1017 cm−3 , the change in the sensitivity is negligible. This fact
indicates that this interval is a suitable range for the sensor. For higher doping concentrations, the sensitivity decreases considerably for all devices, since the nanowires are
mostly affected by the doping and the effect of charged molecules on the signal decreases.
As is seen, the doping concentration affects noticeably the sensitivity only at high doping levels (decreasing it). Thus, lower concentrations (i.e., less than 4 × 1017 cm−3 ) are
more suitable for achieving a higher sensor response. This fact is shown by the signal
curve, where the increment is approximately five orders of magnitude. Regarding the
noise, it decreases when the doping concentration increases as already indicated since
the nanowires are not affected as much by the fluctuation of the molecules. This effect
causes a dramatic increase in SNR.
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Although absolute cTn elevations are seen in multiple chronic cardiac and noncardiac
conditions, a rise in serial cTn levels strongly support an acutely evolving cardiac injury
such as most commonly, acute myocardial infarction. As aforementioned, larger sensors
are used for higher concentrations. As Figure 4.27 shows, the triangular nanowire is
again the most sensitive device and the rectangular and trapezoidal show the same
performance. Also, higher concentration increases the sensitivity of the device. The
same holds for the signal, which doubles from 50 pg/ml to 500 pg/ml. The SNR increases
with higher concentrations, while the devices show small fluctuations. The peak SNR is
reached at 500 pg/ml.
This simulation capability makes it possible to study the arrangement of the nanowires.
More precisely, the distance between the nanowires is an important parameter for increasing the sensitivity. Figure 4.19 depicts the arrangement of the nanowires indicating the center-to-center distance d between the nanowires and the distance d1 between
a nanowire and the boundary. Figure 4.28 shows the sensitivity of sensors with two
nanowires whose distance d varies between 150 nm and 850 nm. The sensor width d+2d1
is 1000 nm. For larger distances, i.e., d > 750 nm, the effect of charged molecules on the
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transducers decreases since the nanowires are closer to the boundaries. For distances
less than 250 nm, the competition between the transducers to bind the target molecules
gives rise to a decrease in the sensitivity. The simulations show that the maximum
sensitivity for all transducer shapes is obtained for a center-to-center distance of 350 nm
(symmetric arrangement).
In high-risk myocardial infarction patients, the cTn concentration reaches its peak approximately after six hours. In this time interval, the concentration rises sharply. For
the concentration range from 500 pg/mL to 10 ng/mL, we use a sensor with four parallel
nanowires. The results are shown in Figure 4.29. Similar to the previous ranges, the
triangular nanowire performs more efficiently. Due to the noticeably higher number of
target molecules, the sensitivity is considerably higher than in the first range. Most
of the receptors are bound to target molecules. This fact is more pronounced in the
SNR since the simultaneously high PT-concentration (close to CP ) and small variance
decrease the noise significantly.

4.3

Current variation in FinFETs

The scaling of conventional planar MOSFETs has been facing problems such as subthreshold swing degradation, significant drain-induced barrier lowering (DIBL), fluctuation of device characteristics, and current leakage [8, 25, 35]. To solve the problems,
3-D device structures have been studied. Fin field-effect transistors (FinFETs) among
3-D devices are very promising candidate for future nano-scale CMOS technology and
high-density memory application [31, 36, 56]. In these devices, the current variation
due to statistical fluctuations in the number and position of dopant atoms becomes a
serious problem when they are scaled to sub 0.1 micron dimensions. In fact, the randomness of the dopant position and number in the device makes the fluctuation of device
characteristics difficult to model and mitigate [100].
The basic structure of FinFET is a channel controlled by more than one side of the
channel. Modern FinFETs are 3D structures as shown in Figure 1.4 and also called
tri-gate transistor. FinFETs can be implemented either on bulk silicon or SOI wafer.
This FinFET structure consists of a thin (vertical) fin of silicon body on a substrate.
The gate is wrapped around the channel providing excellent control from three sides of
the channel. This structure is called the FinFET because its silicon body resembles the
back fin of a fish.
The numerical example discussed here is a realistic one: the dopant atoms in nanoscale
transistors are distributed randomly resulting in unavoidable device variations between
the many transistors in an integrated circuit. These random-dopant effects are of great
importance in nanoscale devices. We apply the stochastic method to a realistic numerical
example, i.e., random position/number of dopants in source/drain regions of FinFETs
and demonstrate its usefulness by comparing its computational effort to other methods.
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4.3.1

Three-dimensional simulation of SOI-FinFETs

In our simulations, as the first step, we use the optimal multilevel Monte Carlo to
quantify current variation in a Silicon on insulator (SOI)-FinFET (Figure 1.4). As the
next step, the developed randomized quasi-Monte Carlo will be implemented to model
the current fluctuations.
We consider a three-gate FinFET structure with a 20 nm thick and 20 nm high silicon
fin. In the simulations, we use VSD = 0.1 V and UT = 26 mV. The channel length is
50 nm with a doping concentration of 1016 cm−3 . We assume that the acceptors and
donors are distributed identically and independently in source and drain regions. The
number of donors and acceptors is constant. In the continuum version of the model, a
doping concentration of 1019 cm−3 is used for these regions.
The silicon-on-insulator (SOI) FinFET considered here and its subdomains are shown in
Figure 1.4. Corresponding three-dimensional meshes for two different levels are shown
in Figure 4.30. The channel is surrounded by a 1 nm thick layer of silicon dioxide.
Here we simulate the subthreshold current. In the subthreshold regime, the gate voltage
is below the threshold voltage so that no inversion channel is formed. In this regime, the
diffusion component of the current is more pronounced than the drift component. The
number Ndop of dopants and the doping concentration Cdop are related by Ndop = V ·Cdop
of course, where V is the volume of the subdomain. The occupation probability follows
p
a Poisson distribution with the parameter λ = Ndop .
In the continuum model, both the doping in the source and drain regions and the doping
in the channel are uniform. In the discrete model, the random locations of the dopants
in the source and drain regions as well as randomness in the number of dopants result
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in device variations. For Vg = 0.1 V and Vg = 0.2 V, these variations are shown in
Figure 4.31 and Figure 4.32, respectively, for Ndop = 20 and Ndop = 80 (number of
dopants the in source and drain regions). The results indicate that in the discrete
model, the higher number of dopants decreases current fluctuation. As an example, for
the lower gate voltage, the simulation for Ndop = 80 yields σ(I) = 8.99 × 10−9 A, while
the simulation for Ndop = 20 yields σ(I) = 1.27 × 10−8 A.
Figure 4.33 depicts the subthreshold current obtained by both models for different gate
voltages varying from Vg = −0.1 V to Vg = 0.4 V for three different numbers of dopants
(in the source/drain regions), namely Ndop = 20, Ndop = 40, and Ndop = 80. The
results show that for different gate voltages, the difference between the higher number of
dopants and the continuum model is not significant. However, a noticeable discrepancy
is obtained with Ndop = 20.
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4.3.2

MLRQMC-FEM for FinFETs current variations

In this section, we implement the developed optimal MLRQMC finite element method
(3.5.1) to model the current variations in FinFETs. We calculate the computational
cost of the MLRQMC approach applied to drift-diffusion-Poisson system of equations.
In optimal point of view, the function modeling the computational work is minimized
such that the estimated total error of the procedure is less than or equal to a prescribed
error tolerance. By solving this optimization problem, optimal values for parameters
such as the mesh sizes in the spatial discretization and the optimal number of quasipoints are obtained in a natural manner.
The FinFET device is shown in Figure 4.34 and the 3D corresponding meshes for two
different levels are illustrated in Figure 4.35. This FinFET structure consists of a thin
(vertical) silicon fin on a substrate. In the device, the gate length is 60 nm, and it is
separated from the silicon channel by a 1.2 nm thick oxide layer. This channel is connected to the n-type doped source and drain regions of lengths LSD = 15 nm. Regarding
the boundary conditions in (2.23), Dirichlet boundary conditions are employed at the
gate, source, and drain contacts. Zero Neumann boundary condition are applied everywhere else. The main source of randomness inside the device is the random motion of
dopant atoms through the semiconductor during the fabrication steps of implantation
and annealing resulting in their random locations.
The electron and hole mobilities have a similar dependence on doping. For low doping
concentrations, the mobility is almost constant and is primarily limited by phonon scattering. At higher doping concentrations the mobility decreases due to ionized impurity
scattering with the ionized doping atoms. The actual mobility also depends on the type
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Figure 4.34:
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Schematic structure of a three-dimensional FinFET. The random
dopants are distributed in the source and drain regions.

Y

Y
Z

X

Z

Figure 4.35: The 3D meshes corresponding to the FinFET for ` = 0 (left) and ` = 1
(right).

of dopant. Here we use the expressions
µp := 54.3T1−0.57 +

1.36 · 108 T −2.33

,
C
−0.146
1 + 2.35·10dop
0.88T
17 T 2.546
1


(4.5)

1

7.4 · 108 T −2.33


,
µn := 88T1−0.57 +
C
−0.146
1 + 1.26·10dop
0.88T
2.4
17 T
1

(4.6)

1

where T1 = T /300 and T is the temperature to model the electron and hole mobility in
silicon as a function of temperature and net doping concentration [7].
As discussed in Section 3.3.2, the optimal parameters are found by solving the minimization problem that minimizes the computational work for a prescribed total error. This
procedure yields the mesh sizes and numbers of samples in the multilevel approach. Before the minimization problem can be solved, the constants and the exponents in (3.58)

X
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Coefficient
Value

µ1
0.51

γ1
3.07

µ2
0.63

γ2
3.06

102

µ3
0.38

γ3
2.98

µ4
0.34

γ4
2.93

Table 4.5: The estimated coefficients and exponents in (3.27).

must be measured.
As we already mentioned, the statistical error depends on the mesh size (h) and number
of samples (N ). Figure 4.36 (left) depicts the error for different mesh sizes (h0 = 5, r = 2
and N = 100) with decay of variance of order β = 1.652. We assumed that applying
shifted rank-1 lattice rules gives rise to the rate of convergence O(N −2+δ ), for any δ > 0.
However, the estimation of δ is crucial to solve the optimization problem. As seen in the
figure, the variance of MLRQMC-FEM decays with O(N −1.88 ) (i.e., δ = 0.12), while for
MC-FEM the rate of O(N −1 ) is achieved. These values are obtained using h = 5 with
respect of differenet number of quasi points. Additionally, Figure 4.37 illustrates the
discretization error for different mesh sizes. where the parameters were estimated using
100 samples by comparing the variance of the multilevel estimator (3.53) for different
mesh sizes. The numerically determined exponent α = 1.731 agrees very well with
the order of the P1 FE discretization used here. The coefficients in the model for the
computational work were also found numerically. For matrix assembly and solving the
system, we recorded the CPU time used as a function of different mesh sizes, and hence
the values of µk and γk are found. A summary of the coefficients and exponents is given
in Table 4.5.
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Figure 4.36: The decay of variance of the solution as a function of different mesh
sizes (left) and number of samples (right). The values C00 = 9.45, C0 = 0.338, and
δ = 0.06 are found additionally.

Since (3.58) is a continuous optimization problem, the solutions N` are generally no
integers. We therefore round the values N` up to the next integer. Regarding the
number of shift realizations, the value M` = 10 is used in all the QMC estimators.
Summaries of the optimal parameter values (h, N ), (h0 , r, N` ) and (h0 , r, M` ) for the
QMC-FE and MLRQMC-FE and MLMC-FE methods are given in Table 4.6, Table 4.7
and Table 4.8 respectively.

Chapter 4. Application of the UQ in Nanotechnology

103

10 2
u-u h
10 1

Expected value

l

α=1.713

10 0

10 -1

10 -2

5

2

1

0.5

0.2

h

Figure 4.37: The expected value of the solution as a function of different mesh sizes
with C1 = 1.304.

ε
h
N

0.100
0.427
65

0.050
0.208
135

0.030
0.154
231

0.020
0.122
356

0.010
0.081
744

0.005
0.054
1 554

0.003
0.071
3 844

0.001
0.041
9 913

Table 4.6: Optimal mesh size h and number N of samples for the QMC-FE method
for different prescribed total errors ε.

ε
0.100
0.050
0.030
0.020
0.010
0.005

h0
2.192
2.651
2.174
2.943
2.213
2.899

r
2.270
2.144
2.204
2.094
2.149
2.115

N0
209
633
1 015
2 363
4 395
14 139

N1
31
124
154
534
697
3 107

N2
6
24
28
106
131
603

N3
2
5
5
21
25
117

N4
–
2
2
5
5
25

N5
–
–
–
2
2
5

N6
–
–
–
–
–
2

Table 4.7: Optimal hierarchies in the MLRQMC-FE method for different prescribed
total errors ε.

ε
0.100
0.050
0.030
0.020
0.010

h0
1.303
1.370
1.430
1.390
1.459

r
2.151
2.020
1.908
1.987
1.9829

M0
3 920
18 046
56 136
126 266
545 840

M1
363
1 993
7 344
14 749
73 009

M2
33
215
957
1 688
9 182

M3
3
24
125
193
1 154

M4
–
3
17
23
165

M5
–
–
3
3
21

M6
–
–
–
–
3

Table 4.8: Optimal hierarchies in the MLMC-FE method for different prescribed total
errors ε.

We compare a previously developed optimal MLMC-FE method [145] with the optimal
MLRQMC-FE method developed in Section 3.3.2. Figure 4.38 shows the computational
work for the optimal quasi-Monte-Carlo method and the multilevel methods. It shows
that O(ε−2.75 ) is roughly constant for the standard QMC method. In the MLMC-FE
method, the assumptions of the standard complexity theorem [33] are satisfied, i.e.,
α ≥ 12 min(β, γ), so that the computational cost is O(ε−2.2 ). The faster convergence
rate of the RQMC points results in less computational work for a given total error.
In the MLRQMC-FE method, the RQMC aspect yields a computational complexity of
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Figure 4.38: Comparison of the total computational work required for the optimal
MLRQMC and MLMC methods. For smaller total errors, the effectiveness of the
randomized method is more pronounced.
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Figure 4.39: The comparison of the total work of MLRQMC for different levels
(between L = 0 and L = 7) for three different total errors ε = 0.1, ε = 0.05, and
ε = 0.03. For each prescribed total error, the optimal number of levels is indicated by
a red circle.

O(ε−1.82 ), which results in additional savings of a factor between 2 and 17 (relative
to MLMC) and 2 and 500 (relative to QMC) Therefore, the efficiency increase of the
multilevel RQMC method is more pronounced for smaller prescribed total errors [88].
Additionally, choosing the optimal number L of levels is another important consideration.
Figure 4.39 depicts the optimal number of levels for three different prescribed total
errors. Using only one level (L := 0) results in the standard Monte-Carlo method.
Distributing the samples among several levels ` ∈ {0, . . . , L} results in significant savings
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in computational cost. For smaller error bounds, a larger number of levels is necessary
to obtain the minimum of computational cost.
Now, we focus on the simulation of the device using the above obtained computational
results. We use the subthreshold current, where the diffusion component of the current
is larger than the drift component. First of all, we study the effect of randomness in the
position of the dopants, whose number is constant. Figure 4.40 shows the comparison
between the expected value of the current calculated using the discrete model (obtained
for  = 0.05) and the continuum model for different gate voltages varying between
Vg = −0.1 V and Vg = 0.3 V. The fluctuation of the current in the discrete model for
Vg = 0.1 V and Vg = 0.2 V is also shown in Figure 4.41. The results show approximately
10% of difference between the models.
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Figure 4.40: The expected value of current as a function of different gate voltages
calculated using continuum and discrete models with VSD = 0.1 V.
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Figure 4.41: Histogram of the current for Vg = 0.1 V (left) and Vg = 0.2 V (right)
and 563 simulations. Here E(I) = 1.49 · 10−7 A for the lower gate voltage and E(I) =
1.14 · 10−6 A for the higher gate voltage.

Next, we compare the expected value of the current for different numbers Ndop of dopants
with the continuum model. Figure 4.42 shows the expected value of the current for
different numbers of dopants, varying from 5 to 50, for various gate voltages. The total
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Figure 4.42: The I-V characteristics for different numbers of dopants. The results
for the continuum model are shown as well.

charge of the dopants is kept constant to allow the comparison. According to the figure,
the presence of more than 10 atoms in the regions results in a higher current compared
to the deterministic model at same gate voltage.
An interesting result of the simulations is that considering the discrete nature of the
dopants in the devices results in a decrease of the threshold voltage. It is also seen
that the fluctuation due to the number of dopants is more significant than the effect of
random positions. The variations decrease gradually when there are more dopants in
the region, which is consistent with convergence to the continuum model as the number
of dopants tends to infinity.
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Figure 4.43: Histogram of the current for Vg = 0.2 V and for 563 simulations. Left:
Ndop = 5 resulting in E(I) = 9.22 · 10−7 A. Right: Ndop = 50, resulting in E(I) =
9.66 · 10−7 A. The current obtained by the continuum model is I = 9.66 · 10−7 A.
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Confined structure applied to the ion channels

Ion channels are of essential physiological importance, since they manage the concentration gradients of ions across cell membranes [75, 85]. They are located in cells membranes
and manage the concentration gradients of ions across the membranes. Hence, they are
the fundamental regulators, amplifiers, and transducers of the nervous system. Ion
channels are small enough that interactions between the ions and the channel protein
are important for their operation, while they are large enough that it is impossible to
calculate all such interactions at the atomistic level on realistic time scales where ionic
conductance occurs. Ion channels conduct electrical signals inside neurons, muscles, and
touch receptor cells, and they generate the electrical impulses underlying information
transfer in the nervous system.
All organisms have ion channels for Na+ , K+ and Cl− . These are significant in osmoregulation and the transmission of signals via the transmembrane potential between the
inside (potassium) and the outside (sodium and chlorine) of the cell. Because of their
important role in physiology, we simulate currents through three different ion channels.
The channels considered are the phosphate selective OprP channel, the Gramicidin A
channel, and the Streptomyces lividans KcsA channel. In each case, the calculated currents are compared with measurements. We also discuss virtual KcsA channels in order
to elucidate if and how the structure of the natural channels is optimal with respect to
its selectivity [85].

4.4.1

Determination of the confinement potential

The confinement potential enters the transport model via equations 2.35 and 2.37. For
each channel type and each ionic species, the potential of mean force (PMF) and the
channel width completely determine the confinement potential, i.e., the PMF and the
channel width determine the functions V0 , b and B in the confinement potential V in
2.35. In other words, the microscopic structure of the channel as it is experienced by
each ionic species is fully described by the PMF and the channel width.
Harmonic confinement potentials can always be constructed by calculating the best
approximation from given forces according to [74, Section 5.1]. Here the channels are
considered to be straight for simplicity so that b1 (x) = b2 (x) = 0 holds for all x. The
minimum energy, i.e., the minimum of each parabola, at each x along the channel is then
given by V (x, (0, 0)> ) = V0 (x). These energies are taken from the literature for each
structure considered here, e.g., they are potentials of mean force (PMF) [45]. Applied
potentials can be added to V0 .
Finally, the coefficient function B is determined from the known width of the structure. For simplicity, we assume that the channels have a rotational symmetry so that
B := B1 = B2 . The width r of the structure at x for the present purposes is the distance r(x) in y-direction from the center of the cross section where the confinement force
reaches a constant value F that may depend on channel type. In order to determine
the coefficient B from the known width r(x) i.e., the channel radius (distance from the

Chapter 4. Application of the UQ in Nanotechnology

108

center), we first calculate the gradient as

1
∇y V (x, y) = ∇y V0 (x) + B(x)(y12 + y22 ) =
2

B(x)y1
B(x)y2

!
.

Therefore, the confinement force F at x is
q
|F | = |∇y V (x, y)| = |B(x)| y12 + y22 = B(x)r(x)
so that the sought coefficient is
B(x) =

|F |
.
r(x)

This procedure is used to determine the functions V0 , b, and B in 2.35 and 2.37 from
the given structure in all of the following simulations. The channel width is known from
structures in the Protein Data Bank and the energy landscape along the channel from
data in the literature for the potential of mean force, where it has been calculated, e.g.,
from molecular-dynamics simulations.

4.4.2

Simulation of phosphate specific OprP channels

Pseudomonas aeruginosa is a versatile gram-negative outer membrane bacterium, which
can live in various environments and leads to diseases in humans and animals such as
pneumonia, osteomyelitis, and meningitis. OprP is a transmembrane beta-barrel protein
of this bacterium and forms a highly selective phosphate channel (see Figure 4.44). The
selectivity of the pore for molecular interactions and the permeability of OprP for small
anions or antibiotics in the absence of phosphate were studied in [111, 113].
We simulate the passage of potassium and chlorine ions through the OprP channel. The
potentials of mean force as well as the width of the channel were determined in [112]. The
potentials of mean forces are shown in 4.45. Figure illustrates that the potential barriers
have their extrema in the middle of the pore, between R226 and K121 for chlorine and
R59 and D94 for potassium, whereas the barriers are smaller and the pore is wider near
R220, K30, and K322. These areas are entrance funnels to OprP allowing chlorine and
potassium ions to move easily [112].
In 4.46, the measured and simulated K+ and Cl− conductance (I/V ) are shown as
functions of the applied voltage for an ionic bath concentration of 0.1M. The simulations
indicate that the conductance is fairly constant up to 100mV; however, the increases
show exponential behavior for larger applied voltages meaning that the currents become
voltage driven in this regime. Furthermore, the considerable difference between the
conductivities shows that the current in OprP is mostly chlorine. The simulations show
good agreement with the experimental data points in 4.46, although the potassium
current is overestimated.
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Figure 4.44: X-ray crystallography of Oprp phosphate channel. Periplasmic and
extracellular are shown.

4.4.3

Simulation of Gramicidin A Channels

More measurements are available for Gramicidin A channels. Gramicidin channels are
polypeptide antibiotics active against gram-positive bacteria such as, e.g., Escherichia
coli, Shigella, and Stenotrophomonas. They are selective for monovalent cations [5].
Their effect is to increase the cation flow through the target bacterial membrane due
to the formation of bilayer spanning channels. 4.47 shows the Gramicidin A channel
from the side with its alternating L-D amino-acid sequence. The structure of the bilayer
spanning channel is well known (Figure 4.49) and the ion permeability can be modulated
by defined chemical modifications whose influence on the structure can be specified
experimentally.
In order to validate the simulation approach, we compare the simulated sodium current
as a function of applied voltage and bath concentration with measurements [4, 105].
4.48 shows the results for various ionic concentrations from 10mM to 1000mM, and 4.50
shows the results for positive and negative applied voltages. In both figures, very good
agreement between the simulated and measured Na+ currents is observed.
The selectivity of Gramicidin channels with respect to different ion species is also an
important property. In order to investigate this effect, we calculated the potassium
current and compared the results with experimental data [4]. Very good agreement
was found and is shown in Figure 4.51. The potential barrier inside the channel leads
to higher selectivity for K+ ions compared to Na+ ions, and the current ratio varies
between 2.5 and 3 depending on applied potential. The similar results are obtained for
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Figure 4.46: The simulated potassium (left) and chlorine (right) conductivities versus
experimental data as functions of applied voltage for one of the monomers of the porin.

a salt concentration of 500mM as is depicted in 4.52 [84]. The PMFs are from [2] and
[103], respectively.
In order to model the transport of anions, we used the PMF of Cl− in Gramicidin A from

Chapter 4. Application of the UQ in Nanotechnology

111

Figure 4.47: Structure of the Gramicidin A channel (PDB code 1MIC).
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Figure 4.48: Comparison of experimental [105] and simulated Na+ currents through
the Gramicidin A channel as functions of applied potential for different bath concentrations.

[48, Figure 3]. The PMF in the channel is approximately two times larger than the PMF
of potassium, which greatly reduces the Cl− current. Using an ionic concentration of
0.1mM and an applied voltage of 0.1mV yields a negligible Cl− current of 1.5577·10−7 pA,
which agrees well experimental data [48].

4.4.4

Simulation of KcsA channels

The transduction of potassium ions through transmembrane channels plays an important
role in cell metabolism. In contrast to sodium, potassium is intracellular. Potassium
channels enable and control the flux of potassium ions across cell membranes and are
found in most cell types. They regulate a wide variety of cell functions; for example,
the high selectivity of the KcsA channel with respect to potassium is fundamental for
signal conduction in nerve cells.
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Figure 4.49: Diffusion of ions through the Gramicidin A channel
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Figure 4.50: The measured [105] and simulated Na+ currents through the Gramicidin A channel for positive and negative applied voltages at1 M bath concentration.
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Figure 4.51: The simulated versus the experimental [4] K+ current for different applied voltages.

Chapter 4. Application of the UQ in Nanotechnology

113

0.4
Potassium−simulation
0.35

Current [pA]

0.3

Potassium−experiment
Sodium−simulation
Sodium−experiment

0.25
0.2
0.15
0.1
0.05
0
0

0.05

Applied voltage[V]

0.1

0.15

Figure 4.52: The simulated versus the experimental [4] sodium and potassium currents for different applied voltages through the Gramicidin A channel at 2 M salt concentration.

Figure 4.53: The 1K4C potassium channel KcsA with a radius of 0.28nm and a length
of 12.4nm. The extracellular and cytoplasmic are illustrated with red and blue dotted
lines respectively.

The potassium channel of Streptomyces lividans, KcsA (PDB id 1K4C), is a membrane
protein with sequence similarity to all known potassium channels, implying that the
selectivity filter is highly conserved. The KcsA channel consists of four identical subunits that form an inverted pyramid surrounding a large central cavity and leading to
a narrow pore at the extracellular end. The pore region consists of an inner pore, a
large cavity near the middle of the pore, and the selectivity filter that separates the
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cavity from the extracellular liquid (see 4.53) [23, 49]. The inner pore and the internal
cavity are hydrophobic, while the selectivity filter is lined exclusively by chain atoms
belonging to the conserved sequence. Mutation experiments demonstrated that this signature sequence is responsible for potassium selectivity. The selectivity filter has four
binding sites which can be occupied by monovalent cations or water molecules. Geometry of the KcsA channel is much more complicated than other transmembrane pores.
The coefficient functions were again determined as described in 4.4.1 according to the
geometry of the protein. Numerical investigations show that the current as a function
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Figure 4.54: Comparison of simulated and measured [17] K+ current through a KcsA
channel for bath concentrations of 100mM and 200mM.
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Figure 4.55: Current ratio of potassium over sodium for simulated and measured [41]
current through a KcsA channel for a bath concentration of 500mM.

of applied voltage is larger compared to the other pores underlining the selectivity of
the channel for potassium (see 4.54). In the next step, we simulate the transduction of
sodium ions through the channel. As is well-known, their conductivity is much smaller
and the sodium current is much lower even at high sodium concentrations. As Figure
4.55 shows, current ratio of potassium over sodium for both negative and positive applied voltages is more than 24, although there is a slight fluctuation in it. This is also
seen in the simulations in Figure 4.56 using the correct potential barrier for sodium ions
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[157]. Moreover, in order to simulate the transport of the ions, we used the experimental
data in [17] and the potential of mean force in [157].
1.5

x 10

−12

Simulated data

Current [A]

1

Experimental data

0.5

0

−0.5

−1
−0.04

−0.02

0

0.02

0.04

0.06

0.08

Applied voltage [V]

Figure 4.56: Comparison of simulated and measured [41] Na+ current through a
KcsA channel at 500 mM bath concentration.

Having validated the simulations in this manner, we can now discuss the selectivity of
the KcsA channel. We pose the question why the rings of oxygen atoms in the selectivity
filter are repeated four times. The oxygen atoms in the selectivity filter provide binding
sites for the cations and they imitate the hydration shells of cations in bulk water. In
the natural protein, the oxygen atoms are arranged in four rings with the coordination
distance varying from 0.27nm to 0.308nm [169]. The length of the selectivity filter in
the continuum model corresponds, of course, to the number of binding sites in the filter.
The natural selectivity filter is approximately 1.2nm long [23]. Since the length of the
natural selectivity filter cannot be changed in experiments (huge modifications of the
protein would be necessary) but can be changed quite easily in simulations, we have
investigated the effect of filter length here. In other words, we have simulated virtual
channels that have shorter and longer selectivity filters. An applied voltage of 100mV is
applied across the channel for bath concentration of 100mM and 200mM. The numerical
results for the ratio of potassium to sodium current, used here as a measure of selectivity,
are shown in Figure 4.58.
If there is only a selectivity filter shorter than the natural one, the selectivity decreases.
On the other hand, for filters longer than four oxygen rings, the selectivity remains
essentially constant. This behavior is observed independent of bath concentration. Because of the selectivity for potassium, the Na+ current is more than 20 times smaller
than the K+ current.
These results mean that a filter length of four oxygen rings is the optimal filter length:
Longer filters would not be advantageous compared to the natural selectivity filter, but
they would be harder to assemble and stabilize in a lipid bilayer and would be generally
wasteful, while shorter filters would have the disadvantage of allowing larger sodium
currents and reducing selectivity, diminishing the physiological purpose of the KcsA
channel.
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Figure 4.57: The selectivity filter of the KcsA channels, four oxygen rings are illustrated in the figure.
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Figure 4.58: The ratio of potassium to sodium currents as a function of the length
of the selectivity filter. For filters longer than four oxygen rings, the ratio is constant,
while it decreases as the filter length decreases below this length.

4.5

Conclusions

First, we used the stochastic Poisson-Boltzmann equation to quantify the biological
noise in nanowire field effect sensors. Here, we applied the drift-diffusion system to
model the charge transport of the carriers. The basis adaptation base on the polynomial
chaos expansion we implemented for noise quantification. In all the numerical results,
very good agreement between basis adaptation and the full solution was found. This is
true for a wide range of parameter values: doping concentration, ionic concentration,
surface charge, and size and charge of molecules were varied over large intervals. These
numerical results show the effectiveness of basis adaptation for the stochastic nonlinear
Poisson-Boltzmann equation.
The effectiveness of basis adaptation is due to the choice of uncertainty domain and the
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properties of solutions of the (stochastic) Poisson-Boltzmann equation. In particular, it
is known that pointwise estimates hold for this type of semilinear problem [108], [13,
Lemma 3.2], justifying the choice of uncertainty domain as a vicinity of the support of
the stochastic process.
Basis adaptation was compared to the multi-level Monte-Carlo method as an example
of another modern numerical approach for computing expected values of solutions of
stochastic partial differential equations. Multi-level Monte Carlo performs much better
than Monte Carlo, but not as well as basis adaptation. This is mainly due to the fact
that the particular multi-level Monte-Carlo method used here does not take into account
the special structure of the model equation, whereas the combination of basis adaptation
and suitable uncertainty domain does. Ideas from the multilevel Monte Carlo approach
adapted to the problem at hand may increase performance considerably.
Regarding the application of field-effect sensors, where the stochastic Poisson-Boltzmann
equation plays an important role as a fundamental model equation, very good agreement
of the basis-adaptation method with measurements was found. The stochastic PoissonBoltzmann equation makes it possible to include noise and fluctuations in the modeling,
and the numerical results show how the various parameters affect the signal-to-noise
ratio, an important characteristic value of sensors.
Second, we have developed an efficient three-dimensional multilevel Monte Carlo finiteelement method for the stochastic drift-diffusion-Poisson system to simulate randomness
and process variations due to target molecules (in biosensors) and dopant atoms (in
FinFET devices). The most noticeable advantage of this method compared to classical
methods such as Monte Carlo is the much reduced computational expense. An optimization problem is solved for a given tolerance level to find the optimal parameters
(M` , h` , L).
We studied the effect of random-dopant fluctuation as a concrete example. In the (classical) continuum model, the doping concentration is considered as a macroscopic quantity
and the effect of the dopants is averaged out. In the discrete model, the dopant atoms
have microscopic structure and the device variation due to the individual dopants was
quantified. We calculated the fluctuation of the current in the subthreshold regime
in a FinFET for different gate voltages and compared the results with the continuum
model. In another example, namely in nanowire field-effect sensors, we used a fully threedimensional system of stochastic PDE, namely the stochastic drift-diffusion-Poisson system, to model the effects of random DNA oligomers in a liquid on a semiconductor. We
first compared the simulation results with experimental data, where a very good agreement was found. The results obtained by the discrete model, i.e., the stochastic PDE,
agree better with the experiments than the (classical, deterministic) continuum model.
The distributions of the molecules were obtained from a physical model, namely from a
random-walk based stochastic method to simulate the association/dissociation processes
of the molecules in three specific surface regions of the nanowire.
Third, the troponin sensitive sensors have shown recently their efficiencies to shorten
heart disease diagnostic time and increase the reliability of tests. We considered the
cardiac troponin dynamic range for healthy and risky individuals. To calculate the
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charge of molecules in the blood we used the PROPKA algorithm as well. Also, we
calculated the statistics i.e., expected value and the variance of the PT-concentration
of binding cTnI molecules to the receptors. The sensitivity of the device with respect
to the troponin molecules has been a crucial parameter in this paper. To that end, we
studied the effect of parameter e.g., doping concentration, the back-gate voltage, etc.
on the device sensing.
In the fabrication process of nanowire field effect sensors, the geometry of nanowire is
very important. We simulated the device with four types of the transducers. The simulations were done for the three different ranges of the troponin concentrations. The
triangular nanowires performed more efficient than other devices in the sense of sensitivity and the signal. Furthermore, we obtained that the triangular transducers with a
sidewall angle of ≈ 54.7◦ to the horizontal surface and (111) silicon sidewall plane performs better than the equilateral device. Finally, the arrangement of parallel nanowires
was studied in this work. According to the simulations, the symmetric arrangement i.e.,
the equal distance between the nanowires (center-to-center distance) and the boundaries
gives rise to the maximum of device sensing.
Fourth, we have developed an optimal multilevel randomized quasi-Monte Carlo method
to calculate the expected value of the solution. We have compared the new method with
the optimal multilevel Monte Carlo method, where a reduction in the computational
cost of the new method by more than one order of magnitude is found. In order to
obtain the parameters of the numerical method and to solve the resulting optimization
problem, we have used an SQP method as a generalization of Newton’s method and
approximated the nonlinear objective function by its local quadratic approximation. In
summary, a computational complexity of O(ε−1.82 ) is achieved.
The numerical method developed here has also been applied to a realistic problem,
namely the effects of random dopants in a state-of-the-art transistor. Variations due
to the location and the number of dopants have been considered and compared to the
continuum model. As the number of dopants in the discrete model goes to infinity, the
continuum model is obtained as the limit as expected. The variations are significant for
a realistically small number of dopants, which is consistent with random dopants being
the main limiting factor in today’s transistor technology.
Finally, we have used a continuum transport model for confined structures to investigate
three kinds of transmembrane channels. The main feature of this diffusion-type transport
equation is that the geometry of the confining protein directly determines the transport
coefficients in the equation. Its great advantage as a continuum model is the fact that the
currents are obtained immediately from the 2D numerical solution by integration over
local energy; the numerical solutions of this 2D equation can be calculated quickly. The
model was validated by the application to three kinds of channels. In all cases, very good
agreement between simulation and experiments was found, implying that the potential
barriers (PMFs) inside the channel and the widths of the channels already capture the
essential features of their functioning. In the case of the OprP porin and Gramicidin
A, this simulation capability can be used to further our quantitative understanding of
antibiotics. For example, mutations can be investigated by first calculating the potential
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barrier that ions experience and then calculating ionic currents through the proteins.
The KcsA channel was considered as the third example. The main physiological function
of the KcsA potassium channel is its selectivity between sodium and potassium ions.
Here the geometry of the protein is much more complicated than the geometry of other
pores. Nevertheless, the simulated sodium and potassium currents match the measured
data very well. The optimal selectivity filter length was determined by simulating virtual
channels and agrees well with the natural filter length. Hence it is possible to explain
why the KcsA channel has this particular geometry.

Chapter 5

Conclusions
The main objective of this dissertation was the development of advanced numerical
techniques and physical models to quantify noise in nanoelectronic devices.
First, we considered the stochastic drift–diffusion-Poisson equations as the main model
equation for describing transport in random environments with many applications. We
presented existence and local uniqueness theorems for the weak solution of the system.
Afterward, we define a global optimization problem which minimizes the computational
complexity such that the error bound is less than or equal to a given tolerance level.
MLMC-FE method was found to decrease the total computational effort by four orders of magnitude for small error tolerances. The speed-up becomes better as the error
tolerance decreases. To further improve the computational efficiency, a randomized lowdiscrepancy sequence such as a randomly shifted lattice were applied as well. Again,
compared with the optimal multilevel Monte Carlo method, a reduction in the computational cost of the new method by more than one order of magnitude is found. We
used a continuum transport model for confined structures to investigate three kinds of
transmembrane channels.
The methods developed here were applied to a realistic transport problem, namely the
calculation of random-dopant effects in nanoscale field-effect transistors. As another
example, namely, in SiNW-FETs, we used the fully three-dimensional system of the
stochastic drift-diffusion-Poisson system, to model the effects of random DNA oligomers
in a liquid on a semiconductor. We compared the simulation results with experimental
data, where a very good agreement was found. In ion channels, in spite of computational advantages of the transport model, the verification with the experiments shows
its exactness. These examples proved the efficiency of the developed models/techniques
for modeling the randomness in different nanoelectronic devices.
We used the PDE-based models to develop the cardiac troponin sensors. The efficiency
of SiNW-FETs compared with traditional methods such as ECG and popular tools
e.g., ELISA discussed in this dissertation in details. We proposed a design strategy
for affinity-based biosensors using nanowires for sensing and measuring biomarker concentration in biological samples. In other words, we explained the effect of influential
parameters, like sensor length, width, doping concentration, dopant type, type of the
120
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nanowire, backgate voltage, and the number of parallel nanowires on the sensor response.
Therefore, by varying the substantial parameters, it has been made possible to optimize
the electrical characteristics of devices and to fabricate the optimal field-effect sensor to
detect cTn concentration more accurately.
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