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Abstract

This work presents the results of state-of-the-art offline behavior agnostic policy evaluation
algorithms based on stationary distribution correction estimation, evaluated within a healthcare
setting using data from the AmsterdamUMCdb. We firstly, present the theory of these algorithms.
This includes the introduction of four tabular estimators and a revision of the well known
DualDICE, GenDICE, and GradientDICE. All algorithms are implemented in a modular open
source Python library. In order to evaluate the efficacy of the algorithms, they are tested in
the environments BoyanChain as well as the OpenAI Gym applications FrozenLake, Taxi, and
Cartpole. The continuous state space algorithms DualDICE, GenDICE, and GradientDICE are
run directly on the healthcare dataset. Additionally, the state space of healthcare applications
is clustered in order to perform policy evaluation in the tabular setting. Our analysis provides
a comprehensive examination of the practical functioning of all estimators, elucidating the
underlying theory and the connections between the results and the theory.



1 Introduction

Due to the rapid development of Machine Learning (ML) in recent years, there has been a
growing demand for ML algorithms to solve complex real-world applications. A sub eld of ML
called Reinforcement Learning (RL) provides a versatile theoretical framework for optimal deci-
sion making [38]. This is done by formulating a theoreticalenvironment called Markov Decision
Process (MDP), characterized by a set ofstates actions, and rewards and their interactions.
They provide an abstract mathematical re ection of their real-world application counterparts,
which may come from elds such as games [27], robotics [3], or conversational systems [15, 22,
1]. The goal is to train a policy, which executes actions in certain states of the environment,
leading to a new state and reward. The quality of the policy is measured in terms of theolicy
value (PV), which is the expectation of an exponential average of the rewards along an episode.

In many cases, the use of simulators for these MDPs is essential to facilitate a rapid and
straightforward interaction between the agent training the policy and the environment. These
can be constructed from a physical model or a dataset. However, this sort of simpli cation
introduces asim-to-real gap, which can lead to a misrepresentation of the original environment.
In many cases, this makes it questionable, whether the behavior learned in the simulator can
safely be transferred to the real world [36]. Especially applications, such as recommendation [23],
education [24], autonomous driving [16, 18], and healthcare [30, 7, 8, 39, 19], where deploying a
new policy can be expensive and risky, call for policy optimization and evaluation algorithms,
which use an environment that most accurately represents the original task, ideally without the
use of a simulator.

An approach, having recently gained high popularity, uses a limited and xed dataset of
samples describing an MDP, which models the application. Of the related contributions so far
in policy optimization (PO) [33, 21, 20, 25, 13] andolicy evaluation (PE) [34, 44, 41, 43, 13,
28], we will be usingNeuralDualDice [34], NeuralGenDice [44], and NeuralGradientDice [41]
in our work.

We refer to algorithms as online, if they are allowed to use an environment, with which they
can easily interact, by starting an episode and giving it actions in a state and receiving the next
state and reward. Removing this commodity limits us to the oine setting. These concepts
are similar to notions of on-policy (OnP) and o -policy (O P) . In the former setting, we gather
data on an evaluation policy for an MDP by executing its own actions in an environment,
while the latter uses a possibly di erent behavior policy for data collection [38]. Furthermore,
classical o -policy methods need full knowledge, not only for the evaluation policy, but also
for the behavior policy [38]. Moreover, data collection must be performed by a single behavior
policy, whereas real-world data is most often gathered by a mix of multiple behavior policies.
Should an algorithm be limited to samples generated by a single or multiple behavior policies,
and not require any explicit knowledge of its distribution, then it is called behavior agnostic

In healthcare, certain sensory data is gathered from patients during the treatments, carried
out by human clinicians. In this publication, we use AmsterdamUMCHI39]. Thus, the original

https://amsterdammedicaldatascience.nl/amsterdamumcdb



task of reproducing or even improving such treatments via RL is inherently o ine. Further-
more, the distribution describing the mix of various clinician's behavior policies, can only be
approximated at best [8], which motivates the use of behavior agnostic algorithms.

In this work, we apply the o ine behavior agnostic algorithms NeuralDualDice [34], Neural-
GenDice[44], andNeuralGradientDice [41] to estimate the value of a policy, which was trained
to treat critically ill septic patients. The foundation of these three algorithms is the assertion
that the policy value can be expressed in terms of the expectation of the reward taken with
respect to the policy's stationary distribution. The stationary distribution can be expressed
through a uniquely solvable system of linear equations or an eigenvalue problem, depending on
whether the setting is discounted or undiscounted, respectively. Each algorithm has its own
loss function, which is constructed from the equations and certain regularizers. The algorithms
approximate a saddle point of their aforementioned loss function through the application of
gradient descent and ascent. Because conventional approaches use clustering on the states
of the dataset in order to provide the possible use of tabular algorithms [7], we also explore
this approach, followed by our tabular policy evaluation methods TabularVafe , TabularDice ,
TabularDualDice , and TabularGradientDice , that are based on the same theory as the three
above.

The policies and their respective datasets come from Bologheanu et al. [8]. Please refer to
our GitHub repository 2 for details regarding the implementation.

In order to gain insight into the algorithm's practical behavior, we test them on various well

established environments retaining certain selected properties. These include the tabular envi-
ronment Boyan Chain [11], also used by Zhang et al. [41]. It is an environment with a scalable
state space, where all the transition dynamics and rewards are known. This enables the compar-
ison of our approximate solutions to an analytical one. For the continuous algorithms, we use
one-hot-encoding to embed the state space of Boyan Chain. We further reinforce the credibility
of our algorithms by additionally running on some famous environments from OpenAl Gyn¥.

2https://github.com/MrWhiteRichard/dice  _rl _sepsis.git
3https://gymnasium.farama.org/



2 Methods

2.1 Measure Theory

Consider a setX. Denote the space of probability measures, measures and signed measures
on X into R, respectively, by P(X) M (X) S (X): We can interpret a signed measure
S 2S(X), ameasureM 2 M (X), and a probability measure P 2 P (X)), as a linear functional

[14]. For any integrablef : X ! R, write
Z z

Sf= fdS; Mf= fdM; or Pf=Ep[f] 2.1)
X X

For a classH of functions on X, consider the space of bounded linear functionals omd
equipped with the uniform norm

Ly (H)= fH :H! RlinearjkHK,, 1)< 1g; where kHk(, () =supjH j;
"2H
and B(H;S)= H 2Ly (H)jH uniformly k k_,s)-continuous :

By interpreting signed measures as linear functionals, we can de ne the space of signed
measures, measures and probability measures oX, bounded by k kg,

S(X;H) = fH 2S(X) jkHKL, 1y < 10 ;
M(X;H)=fH 2M (X)jkHk_, ty < 19;
P(X;H)=fH 2P (X)jkHk , ()< 19 :
Let Xp R™ be discrete andXc R™ continuous. Denote the sub sets oXp by P(Xp),
the Borel-sets onX ¢ by B(X¢), the counting measure by , and the m-dimensional Lebesgue

measure by . Then, for P we will denote its Radon-Nikodym derivative with the corresponding
lower case letter, and vice versa, i.e.,
dP z X
p=— and 8A2P(Xp): P(A)= pd = p(x);
d A A
dpP z z
p= q and 8B 2B(X¢): P(B)= pd = p(x) dx:
B B
Let ( X) be the set of probability density functions on X, i.e., the above Radon-Nikodym

derivatives, depending on whetherX  R™ is continuous or discrete. For a givenq2 ( X),
we write the set of distributions, absolutely continuous with respect to g, as

(X)2fp2 (X)jp qo

vectors as

( )
"= p2R" p O pi=1



Then, we have

( )

q(X) = pily=x P2 " : (2.2)
i=1

Now, consider adataset D = (X)L X, where the samples are taken by distribution
pP 2 ( X). We de ne the empirical distribution p° 2 » (X) via

D . 1Y
()= = L= (23)
i=1
Note that, since the samplesxy;:::;X, are random variables, the empirical distribution pD is

even if there are samples irD that occur more than once.

2.2 Optimization Theory

The DICE algorithms all require additional optimization techniques to regular RL algorithms.

To this end Nachum and Dai have published a review of optimization theory speci cally for
DICE [32]. This section provides a far more detailed and rigorous review of the necessary back-
ground theory.

Consider the general optimization problem

min f (x) subjectto g(x)=0 and h(x) O0;
X2R : : (2.4)
where f :R"! R; g:R"! R; h:R"! RK

We can summarize this entire problem in two di erent ways:
1. For a subsetC R we de ne the indicator function
0, ifx2¢C;

c:R!f 019 ; C(x)=:
1, else

It is easy to verify that the initial formulation of the optimization problem can be restated in
terms of the summarized objective

_ : X X
min P(x) = f(x)+ fog(Gi (X)) + R o(hi(x)):
i=1 i=1

2. We introduce the Lagrangian function
R" R R, ! R;
X7 f(x)+ “g(x)+ ~h(x);

and consider the Lagrangian formulation

min P(x) =max max L(x;; ):
X2 R" 2R 2Rko\

We can check that both de nitions of P are the same.



" If x satis es all constraints, gi(x) =0 and hj(x) 0, thenL(Xx;; ) is maximized when
taking = =0, and its value will be f (x).

" If x violates some constraint,gi(x) 6 0 or h;(x) > 0, thenL(x;; )!1 for
i! sgng(x)1 or ;!1 , respectively.

This motivates us to consider a similar formulation to the Lagrangian

max max D(; )= min L(x;; ):
2R 2Rk0‘ X2R"N

We call the initial problem the primal and this one the dual optimization problem Consequently,
D is named the dual function. A very important result in duality theory is Weak Duality,
provided in Proposition 2.2.1.

Proposition 2.2.1  (Weak Duality) . Consider the general optimization problem(2.4). Then
maxftD(; )j 2Rf 2 R;g minff (x) jx 2 R"; g(x)=0; h(x) 0g:
Proof. Let x be optimal with respect to the primal problem, i.e.,
x =argminff(x)jx 2 R"; g(x)=0; h(x) Og:
This leads to
D(; ) L(x;; )=f(x)+ “gx)+ “h(x) f(x):
For the last inequality we used
g(x )=0 =) “g(x)=0;
0,h(x) 0= “h(x) O
O

We will assume that for all i = 1;:::;m, wherem n, we add x; 0 to our general
optimization problem. Since we could simply include these inequalities viah, this does not add
any extra expressiveness. However, in some cases it turns out to be convenient to separate these
simple constraints.

With Lemma 2.2.2 we provide a criterion that allows us to check, whether two optimization
problems are dual to one another.

Lemma 2.2.2. Let Lp and Lp be the Lagrangians of some optimization problem&) and (D),
respectively, where

Le(x; (; )= Lo((; );x) forall x2R™y R™ ™  2R; 2RK,:
Then (D) is the dual of (P).

Proof. The dual function of (P) reads

De(; )= min = Le(x(; )= min = Lp((; );x)=Po((; ));

x2RM R x2RM R

where Pp is the summarized objective of (D).



2.2.1 Convex Optimization Theory

This section summarizes the elements of convex analysis [10] which are important for this work.
We say that a function f : | R is convex on a domain R" if, for arbitrary 0 1
and x1;X»2 2 , we have

f(x1+(1 x2)  f (xy)+(1 ) (x2):

We call f I R the convex conjugateor Legendre-Fenchel transformationof f , where
f (y)=:suph><;yi f(x) and =fy2R"jf (y)< 1g:
X2
Remark 2.2.3 Letf : ! Rbeaconvexand dierentiable functionon = R"andf : I R

its conjugate. Assume thatf %is invertible.
By setting the derivative to zero,

0= @hgyi f(x) =y @fx); weget f (y)=(hgyi f(x)
x=( @9 (y)

Example 2.2.4 Consider a symmetric positive de nite matrix A 2 R" ", a vectorb2 R and a
constantc2 R. Then

_ ( _
R! R . R! R

1 has conjugate f : 1 o1 .
X7 SX”AX+ b"x+ ¢ y7t sy b”A (y b c

We use Remark 2.2.3 and calculate
rf(x)=Ax+b; so @) "(y)=A (y b

and

Fy=(A Yy b7y %(A y B)YAA YNy b)) ANy b)

Example 2.2.5 Let p and g be Helder conjugates i.e., p;q > 1 and 1=p+1=q= 1. Then
_ ( _
R! R ) R! R
1..., hasconjugate f : 1i
X 7! 5JXJp y 7! aJyjq:
Recall that Young's inequality for products reads
1 . (T
xy  —ixjP+ Syt
p q
where equality holds i jxjP = jyj9. From this, it immediately follows that

supxy  SjxjP = Siyje:
Xx2R p q .



Furthermore,

R"!l R . ( R"! R
1,..p hasconjugate f : 100
x 7! Skxkp y 7! gkykg:

Using Helder's and Young's inequality, we calculate
1

.1 1 1 .
suphx;yi kakg XséuRe kxkpkykq kakgzsgg kykgq BJ P = :

kyk3:
X2 RN Y

The inequality becomes an equality for linear independentjxjP and jyj9 and kxkp = kykg and
the last equality follows from the above.

Another useful insight is that building convex conjugates is additive, as stated in Lemma
2.2.6.

Lemma 2.2.6. Letf :A! Randg:B ! R be convex functions. Then

_ ( _
A B! R . A B! R
has conjugate h
x 7! f(x1) + 9(x2) X7 (x1) + g (X2):

Proof. Let us rstly provethat( A B) = A B . Forall x;2 A and x2 2 B we have
maxff (x1);9 (x2)g< 1 | h(x)<1:
Secondly, we calculate

h (y)= gnghx;yi h(x) = sup hxy;y1i + X yoi f(x1) f(x2)=1f (y1)+ g (y2):
X

X12A
X22B
O
Example 2.2.7. Consider the setsA R" andB R™. By Lemma 2.2.6,
8 8
2R™M!1 R 2R™M!1 R
f: X7 A B(X) has conjugate f : Y7 oA s(Y)
= a(x))+ B(x2) ' = AlyD+ g(y2):
Now, X a domain R" anda2 . Then
( _ ( _
I R 'R
has conjugate f i
X 7! fag(X) y 7! ha;yi;

since

fhx;yi  f(x)jx = ag= fhx;yig;
and fhx;yi f(x)jx6 ag=flg

In particular, for a =0, we get that

( I R . ( I R
has conjugate f :
X 7! tog(X) y7t o= (y):



Finally,

( R'"!I' R ( R"I' R
has conjugate f
X7 ro (X) y7 ro (Y);
since we can use the rst identity and casen = 1, which follows from
8
2R o ify>0;
fxy f(X)jx2R og=fxyjx2R og= JRo if y<O0;
" fOg; else

and fxy f(x)jx2R«og=flg

Example 2.2.8 Let f : R"! R be a convex function,a2 R" and b > 0. Then

( R™ 1 R h . ( R"™1 R
: as conjugate :
I x 7! ha; xi + bf (x) e J y 7' bf L2
since
g (y)=sup hyi g(x)=sup hx;y ai bf(x)
x2R" x2 RN

=b suphx;(y a)=b f(x) = bf y a

X2R" b

Since the supremum is taken over a family of functions a ne iny, the convex conjugate is
convex. Another useful property is that it can be speci ed in a di erential equation, up to an
additive constant.

Lemma2.2.9. Letf : ! R beaconvexand dierentiable functionon = Randf : I R
its conjugate. Assume thatf %is invertible and its inverse (f 9 1 is di erentiable. Then
f0=(f9 %

Proof. Let xy be a critical point of the function x 7! xy f (x). Sincef is convex, the supremum
is achieved atg(y) = (f9 1(y) = Xy. Therefore, we get

)= xy flxy)=aly)y fay):
Di erentiating with respect to y leaves us with
fAy)= gly)y+ ay) fAay)gly)

ddy)y + a(y)  yoy)
(f9 (y):

O

If there exists x 2 suchthat f(x) <1 andf(x)> 1 forall x2 ,then f is a proper
function. When fx 2 jf(x) > g8 ; forany 2 R, then f is said to be lower semi-
continuous. In case a function ful lls all of these conditions, we can apply the Fenchel{Moreau
Theorem 2.2.10. It implies that all the examples we have seen so far can be reversed.



Theorem 2.2.10 (Fenchel{Moreau). Consider a functionf : ! R on a domain R". If
f 1 or f is proper, lower semi-continuous and convex, therd = f | i.e., forany x 2
we have

f(x)=maxhyi f (y)=f (X):
y2

f -Divergence

Here, we review some material from Nachum and Dai [32].
Let p and g be probability distributions with p . A common way of characterizing their
deviation is using the Kullbach-Leibler (KL) divergence

D (Pk Q) = Ep Iogz :

We will call a convex functionf : R ¢! R divergence conformi

8t>0: f()<1; f(O)=limf(t) and f(1)=0:

Using such a function, we can generalize the KL divergence and de ne thé-divergence as

D¢ (pk g) = Eq f z

We get back the KL divergence by choosing (x) = xlogx, because then
Ds(pk ) = Eq zlogz = E, Iogz = Dy (pk Q)

Another prominent member of the group of f -divergences is the 2-divergenceD », where
f(x)=(x 1)? so
. ’ 2#
D 2(pkq) = Eq z 1

Applying Jensen's inequality to f , we get that the f -divergence is non-negative,

Di(pkq f qu = f(Ep[1]) = f (1) = 0:

Later on, we are going to need some other properties of thé-divergence as a function in the
rst argument. We summarize them in Lemma 2.2.11.

Lemma 2.2.11. Letf be divergence conform and x a distributiong. Consider the f-divergence
D ( k g) as a function on

= fx:R! Rj0O x qo
This function is convex with conjugate

D¢ (y kg)= Eglf VI

10



Proof. Considerx;y 2 and O 1. Sincef is convex, we can use the monotonicity of the
expected value and get

Di(x +(1  Jyko)=Es q 1 )(;g;ﬂl )28
X(2) y(2)
E, q f @ +(1 )f @

= Di(xkg+(@ )Ds(yka):

The convex conjugate can be calculated as
D¢ (y k @) =suphx;yi Ds(x k)
X2

xXoy@ o x@
a(z) ‘ a(z)
(@) q(xz)

#

=SupE; q
X2 "

= E sup
’ qno x o) 92)

Ez q Sucl?y(z) f()

E. qff (Y
U

Example 2.2.12 Assume the 2-divergenceD - ( k p) to be a function on , just like in Lemma
2.2.11, then

y(2)?

D ykp)=E; p yY(2)+ 7]

We calculate the convex conjugate off (x) = (x  1)2. Build the derivative and its inverse
respectively,

FU0=2(x 1) and (9 Yy)= %+1:
Now, use Lemma 2.2.9 to get

> 2 2 2
f(y)= %+1 y %+1 1 :y?+y yZ=y+yZ:

Example 2.2.13 Consider the KL divergenceD. ( k ), but only as a function on probability
measures absolutely continuous with respect tay, i.e., = q» then

Dy (y k ) =log Eqglexpy]:

Suppose, the domain of our probability measures is nite. Then, similar to 2.2, we can take
( )
= X2R" 0 x q; Xj=1

11



Since this simplex is compact, the supremum in the de nition of the convex conjugate is obtained
atsomex 2 g, i.e.,

Dk (Y k@ =suph;yi Dx( kg)=  xi yi log="
2 i1 G
To nd X, we consider the Lagrangian
|
X Xi X '
L )= X V¥ log— + xj 1
i=1 G i=1

This yields

Notice, sincee¥ '* > 0, we have 0 x . Furthermore, we must choose , such that

X X X
1= x;= qge&= and 1 =log qge:
i=1 i=1 i=1

Finally, substituting log ’é—: we get

X
Die(yka=  x(yi (v 1+ )=@Q ) X
i=1 i=1
X1 .
=log g€ =log E; q[expy(2)]:
i=1

Lastly, we will de ne the -ball for some > 0 around some probability distribution g2 ()
with respect to the f -divergence, as

B'(@=fp2 qiDi(pkq g (2.5)
If we choseq = Pn, the empirical distribution from (2.3), we can write the f -divergence as

X0 . 1 1 X
Dipkp) = f 2o —=2" f(p); (2.6)
i=1 i=1

Fenchel Optimization

Consider functionsf : X | Randg:Y ! R as well as a linear mapA : X ! Y. De ne the
Fenchel optimization problems

min Jp(x) = f () + g(AX); rynZanJD(y)é f(AY) gy

12



Not only does Weak Duality hold, under mild conditions, we even getStrong Duality,

min Jp (x) TZanJD(y); (2.7)
min Jp(x) = ma Jo(y): (2.8)

One can also show that iff © is well-de ned, by using the optimal solution y of the dual, we
can get the optimal solution of the primal through x = f% A y ). More generally, the set of
all primal solutions is @f( Ay )\ A t@qgy ).

We can explain why the rst one of these problems is primal and the second one is dual by
de ning a Lagrangian

LOGy) = f(x)+ PAGYi g (y):

This results in

inf £ (x)+ bAxyi g (y)
fgphx; Ay f(x) g(y)

fFCAY) gy

supL(x;y) = sup f(xX)+ hAX;yi g (y) inf L(x;y)
y2 y2 X2

= f(x)+ sup hy; Axi g (y)
y2

= F(x)+ g(Ax);

Therefore, Strong Duality (2.8) leads to Lagrange Duality

inf supL(x;y) = sup inf L(X;y): (2.9)
X2 y2 y2 X2

2.2.2 Linear Optimization Theory

Consider the optimization problem, also calledLinear Programm (LP) ,
min f (x) = hc; xi

st. b A x=g9(x)=0;
b Asx=h(X) 0

x2RM R"™ ™ y=(; )2R RK,;
A2RK ™ Db2RK c2R"
The Lagrangian for this optimization problem reads
Lxy)=Cx+y (b AX)=bBy+x7(c A’y);

and hence, the dual function

8
D(y)= min  L(xy)= Sy 2>y) m—gj
y)= x2RM R0 m Y= > (c y)>m =0;

1 ; else

13



Optimizing the dual function leads to the dual optimization problem

maxf{y) = hb;yi

S.t. (A>)>m Y GCm = Q(Y) =0;
(A”) my cm=Hh(y) O

We now want to apply Strong Duality (2.8) from Convex Optimization to Linear Optimiza-
tion. To this end, we reformulate our primal LP as a Fenchel program with

FX)=heixi+ gm rem(X) and g(xX)= fp g (o 1)(X):
Building conjugates via Example 2.2.8 and 2.2.7 and Lemma 2.2.6, we get
FO)= gn renly © I9W = b0y Mt [pn1)(Yom)
= rn (Ym Cm)* gem(Yom Gm)
= r (Y m Cm)t fog(Y>sm Com) T Rn(Y m)t g m(Yom)

= mmytoogly O Y+ gn gl m (Y);

O m;y mi+ Moy ysmi

because
om 1) (Y>m) = g o (Ysm  bm) = K (Y>sm bBm) =hemiysmi+ g S (Y>m):
If we now make the switchy ! y, we get that the dual Fenchel optimization problem is a

reformulation of our dual LP.

2.3 Reproducing Kernel Hilbert Spaces

The well known reproducing kernel Hilbert spaces (RKHS)provide a theoretical framework to
characterize neural networks [4, 5]. Since in RL algorithms we often assume that our function
classes are instances of neural networks, we can use RKHS in their theoretical analysis.

Another use case of RKHS involves the construction of a metric, theanaximum mean discrep-
ancy (MMD), to distinguish between probability distributions [29]. Mousavi et al. [28] consider
parameterizations of the stationary distribution correction d and its application to the back-
wards Bellman oprator P , whose support is a subset of the dataseD. In this way, the can
nd explicit equations for the MMD between these parameterizations and minimize them, thus
approximating the solution to the backwards Bellman equations (3.9). Since the focus of this
work is on DICE, we do not pursue this approach.

Let H be a Hilbert space over with scalar product h; iy . Denote the algebraic and continuous
dual space ofH, respectively, by

H =fT:H! FjTlinearg and H°= fT2H jkTky < 1g;

: jTfj
where kTky = su
" f2Hnlf3 og Kf Ky

for T2H :

14



Now, let X be a set and consider the set of functionsl  F*X. De ne the evaluation functionals

|
Ey: HY F X 2 X:
f 7 fX);

If H together with hiy is a Hilbert space and all evaluation functionals are bounded, we call
H a reproducing kernel Hilbert space (RKHS)on X .

For every x 2 X, the evaluation functional E4 is linear and bounded, hence they are all
continuous. Therefore, by Riesz' representation theorem,

Ok 2H : 8f 2H : Ex(f)= H;kxing; kkgky = KExky :
From this, we can construct the reproducing kernel forH,
X X! F
(X;y) 7! ky(x):
By the Cauchy-Schwarz inequality, we have
iF )= jhf;k(;x)in] k fkykk(;x)ky: (2.10)
We say that the kernel function k is bounded byK < 1 i

supkk( ;x)ky  K:
x2X

We now want to list some important properties of RKHS with Propositions 2.3.1, 2.3.3, 2.3.4
and Theorem 2.3.5. The proofs can be found in any textbook on RKHS [29, 2, 6].

Proposition 2.3.1. Let H be an RKHS on the setX with kernel k. Then (kx)x2x Spans a
dense sub space dil, i.e.

sparfk( ;X)gxax = H:
Remark 2.3.2 We can rewrite the kernel with the scalar product, yielding
K(X;y) = ky(X) = MKy, kein = BK(;y) K(5X)in: (2.112)

Proposition 2.3.1 implies that we can represent a functionf 2 H as a countable sum

f(x)= uk(x;xi); where @Ui)ion F; (Xi)ian X
i=1
Let (vi)i2n be the coe cients of another g 2 H, w.l.o.g. with respect to the same §;)i>n. Then
the inner product of f and g can be represented as
. X‘ . X‘
H;giy = uivi PK(xi) k(s xp)i = uivj K(Xi; Xj):
ij =1 i =1

Call a function k : X X I F positive semi-de nite, if for every set fxy;:::;x,g X of
n distinct elements, the matrix (k(xi;X;)) ,”J -, Is positive semi-de nite. Proposition 2.3.3 and
2.3.4 and Theorem 2.3.5 describe the relationship between these functions and RKHS.

Proposition 2.3.3. Let H; and H, be RKHS on X with kernels k; and ko, respectively. If
kl k2, thenH1= H» and k |(|_|l k k Hj-

Proposition 2.3.4. Let H be an RKHS onX with kernel k. Then k is positive semi-de nite.

Theorem 2.3.5. Let X beasetandk: X X ! F a positive semi-de nite function. Then
there exists an RKHSH on X with k as its reproducing kernel.
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2.4 Matrix Theory

2.4.1 Perron-Frobenius Theorem

Since one may view a Markov Decision Process as a graph, which is traversed according to the
initial state distribution, transition dynamics and policy, we will occasionally require the well
known Perron-Frobenius Theorem 2.4.1.

and (i;j) 2 Ei &; 60. We call A irreducible i G is strongly connected i.e., one can reach
any vertex j 2 V from any other vertex i 2 V by just traveling along edges inE in the forwards
direction.

Theorem 2.4.1 (Perron-Frobenius theorem). Let A 2 R" " be irreducible with non-negative
components. Then the spectral radiug of A is a positive eigenvalue ofA, the Perron-Frobenius
eigenvalue It is also simple, i.e., both left- and right-eigenspaces of are one dimensional.
Additionally, there exist a left-eigenvectorv and right-eigenvectorw for r whose components
are all non-negative. If A even has positive components, then all eigenvaluesé r of A have
J<r.

2.4.2 Derivatives

In order to identify stationary points or to apply stochastic gradient (SG) methods, it is neces-
sary to calculate a gradient of some objective function. In order to facilitate the calculation of
multivariate derivatives, we present a series of elementary identities.

Remark 2.4.2 For x;y 2 R", we get partial derivatives

@ ._@X .
—hyi = — XiVyj = and h;yi = :
@x y @x iYi = Yk @h;yi =y

i=1

@Ax = @(hei;xi)L, = (@hei;xi)L, = (&), = A
Now, let A 2 R" " and

g:R"!l R™M g(x)= AXX = lA x and f:R™1 R, f(yiy2)= hysyai:

We further get the derivatives
. . A
@f (yuiy2) = @ityiyal @ fyuyai = y; yi  and @9(x)=

Therefore, according to the chain rule,

Q(f 9)(x) = @f (9(x)) @g(x)

> (AX)> 'IA\

@hAX; X i

X =X A+ XA =x(A+A%)

In particular, if A is symmetric, i.e., A = A”, we get

@kxki = @bAX;xi =2x” A:
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This means that for d 2 R",

@KxK?, oy = @hdiag(d)x; xi = 2x> diag(d) and @kxk5 =2x”:

Remark 2.4.3 Let a matrix A 2 R" " be positive de nite. It is injective, because for any
x 2 R",

Ax=0 =) x Ax=0 =) x=0:

The latter follows from positive de niteness. Since matrices represent linear operators between
nite dimensional vector spaces,A is also invertible.

Remark 2.4.4. Consider a matrix A 2 R™ " avectorb2 R™, and a symmetric, positive de nite
matrix D 2 R™ M. Let A* be the pseudo-inverse of. It is commonly known that A* b solves
the

linear tting problem: mi2nR kAX bk% or equivalently; (2.12)
X n
Gaussian normal equations: A~ Ax = A” b: (2.13)

We assume that the columns ofA are linearly independent. Then, A~ A is positive de nite,
hence, by Remark 2.4.3, invertible. The solution to (2.13) and (2.12) becomes unique and

A* =(A”A) A~

Now, we pose this minimization problem with respect to the normk kp. Building derivatives
according to Remark 2.4.2, we get

1
r XékAx ki = A°D”(Ax b)= A>DAx A’ Db:
The existence of the inverse ofA” DA can be argued analogously to before, just by replacing
the norms. Setting the gradient to zero, yields
x = Atb; where A} =(A”DA) 'A”D:
We de ne
P = AA} = A(A”DA) 'A>D:
Now, P is a projection onto the range ofA, since for anyy = Ax,

Py= A(A”DA) A”DAx = Ax

y:

It is even an orthogonal projection with respect to the scalar product induced byD, since it is
self-adjoint,

h;Pyip = DXx;Pyi = P Dx;yi = D”A(A”DA)” A’Dx;yi = lDPX;yi = lPX;yip:
Therefore, the Hilbert space projection theorem yields

Pb=argmin ky bk3 y2ran(A) =argmin kAx ©k3 x2R"
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2.4.3 Block Matrices

When applying SG methods on multiple parameterizations simultaneously, we can collect their
parameters in a single vector. Reformulating the objective yields a block matrix. To work with

the determinant and potential inverse of such a block matrix, we list the well known Lemma
2.4.5.

Lemma 2.4.5. Let A;B;C and D be matrices, and consider a block matrix

A B

M= ¢ b

De ne the Schur complementsM=A = D CA !B andM=D = A BD !C. Then
det(M ) = det( A)det(M=A) (2.14)
=det(D)det(M=D): (2.15)
In case A and M=A, or D and M=D are invertible, i.e., M is invertible,

Al+A1BM=A) IcA Y A BM=A)!
(M=A) cA ! (M=A) 1
(M=D) 1 (M=D) 'BD !

D 'civ=D) ! D '+D *c(M=D) BD 1!

M 1= (2.16)

(2.17)

2.5 ODE Lemma

The ODE Lemma 2.5.7 serves as a powerful tool to prove convergence of SG methods [9].
In this section we will briey cover some basic concepts from ODE theory to understand
Lemma 2.5.7 better and help apply it.

Let G R" be a simply connected domain and : G! R" be Lipschitz continuous. A point
Yo 2 G is called equilibrium i f (yo) = 0. De ne the set of all equilibrium points

E=fyo2Gjf(yo)=0g:

Denote by yy, the solution to the autonomous ODE yqt) = f (y(t)) with y(0) = yo. It is called
asymptotically stableif it is stable and attractive, which means, respectively,

8 >09 > 0s.t.8yp2 B (Yo) : Yy, existson [Q1 ) and kyy,(t) Yy (t)k< forallt O;

and 9 > 0s.t.8y2 B (Yo): Yy, exists on [@1 ) and kyy,(t) vy (Dk!™ O

Theorem 2.5.1. Consider the function f (y) = Ay, where A2 R" ". Theny = 0 s a stable
equilibrium i all eigenvalues of A fulll <( ) Oandif <( )=0, then is semi-simple,
i.e., its algebraic and geometric multiplicity coincide. Also,y = 0 is an asymptotically stable
equilibrium i all eigenvalues of A fulll <( )< 0.

A function L : G! R is called (strict) Ljapunov function for f i it is continuously di eren-
tiable and for every yo, whereyy, is not constant, L yy, is (strictly) monotonically decreasing.

Lemma 2.5.2. Consider a continuously di erentiable function L : G! R. Itis a Ljapunov-
function or even a strict one, respectively, if

8y2G: hrL(y);f(y)i 0 and 8y2 GnE: hrL(y);f(y)i<O0:
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Theorem 2.5.3 (Ljapunov's method). Let L : G ! R" be a Ljapunov function andy an
equilibrium. If y is a strict minimum of V, theny is stable. Ify is also isolated inE and V
is a strict Ljapunov function, then y is asymptotically stable.

Consider the iteration
Yeor = Yo+ t(N(Y) + Ma1);  where t2 N;
for y; 2 R", step sizes { 2 (0;1], random vectors M¢)i2r, and the function h: R" ! R".

Assumption 2.5.4 (Lipschitz and ODEs). The function h is Lipschitz continuous and there
exists a functionh; : R"! R" such that

i hy) _
r

M = hy (y) forall y2R":

Furthermore, let the origin ©2 R" be an asymptotically stable equilibrium for the ODE

yt) = hy (y(t)) forall t O
and lety 2 R" be the unique globally asymptotically stable equilibrium for the ODE
yqt) = h(y(t)) and t O

Assumption 2.5.5 (bounded martingale di erence sequence) The sequence 11)2n iS a mar-
tingale di erence sequence with respect to the Itration F; = (yi;M;)l,; and for any initial
condition yp 2 R,

E[kM+1 K3 j F]= O(kyik3 +1):

Assumption 2.5.6 (Robbins-Monro). The Robbins-Monro conditions for ( ¢)i2n Rs>o read
=1 and 2<1: (2.18)

Now, we can nally formulate the ODE Lemma 2.5.7 by Borkar et al. [9].

Theorem 2.5.7 (ODE Lemma). Under Assumptions 2.5.4, 2.5.5 and 2.5.6, for any initial
condition yg 2 R", we have

il
Vi ! y almost surely.

2.6 Extended Delta Method

2.6.1 Hadamard Di erentiability

The objective of this section is to present a more abstract notion of di erentiability, which
will enable us to apply an extended version of the well-known Delta Method to functionals
T:P(X) M (X)! R. The content is based on van der Vaart and Wellner [40].

Let X and Y be normed spaces oveR. A function f : X; X Y is called Hadamard
di erentiable at xo 2 X; tangentially to Xg¢, X with Hadamard derivative @4, : X@s, ! Y
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at xo i @%, is continuous and linear and for allx 2 X@f(o and series {h)non R NnfOg and
(Xn)n2n X, where

n'l

th ! 0; kxn xkx i 0; and Xg+ thxn 2 X¢;

we have

f (Xo+ thxn) f(Xo) nia
th '

@, (x):

In order to highlight the di erence between classically and Hadamard di erentiable functions,
we aim to prove Lemmas 2.6.1 and 2.6.2. To this end, for a sub sé&& X @y , dene

f(xo+ tx) f(xo)
t

rK(t)=:sup @%,(x) X2 K; Xg+ tx 2 X¢
Y

Lemma 2.6.1. Hadamard di erentiability is equivalent to
8K X @, compact: ri (t) 1" ° o: (2.19)

Proof. Firstly, we assume that f is Hadamard di erentiable and show (2.19). We show that
(2.19) holds for any (n)n2an ! 0. For everyn 2 N, consider Kn:m)man, With Xpm 2 K and

th

@%,(tnm) '™ e (t):
Y
Let ( n)non #0 and choose fnp)n2n, Such that

rk (tn)

+ :
f (xo t”X:’m) f (xo) @%,(Xnm) + n foral n2N and m mp:
n Y

BecauseK is compact, there exists a sub sequencexg)nzn Of (Xn:m, )n2n K, converging
against somex 2 K X g, . We can now apply the triangle inequality and the continuity of
@%,. to get

f(Xo+ thxn) f(Xo)

rk (tn) n @f,(xn) + n
n Y
Tt tn) 100 g0 + k@t @k + o M 0
n Y

Secondly, we assume (2.19) and show Hadamard di erentiability. Letk X @g¢  be compact,
such that x 2 K and x, 2 K for almost everyn 2 N. Again,

f (Xo+ taXn) f(Xo)
th

k @%,(xn)  @%o(X)ky +

@%,(x)
Y

f(Xo+ taxn) f(Xo)
th

k @, (xn) @fo(X)ky + I (tn) " 0

@%,(xn)
Y
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Lemma 2.6.2. Frectet di erentiability is equivalent to
8K X @, = X bounded: ry (t) " ° o: (2.20)
Proof. Recall that f is Frectet di erentiable in Xg i
kf (xo+ Xx) f(xo) @%,()ky =o(k kx); kkx! O Xo+ 2Xjg:

This means that for all C > 0 there exists an > 0, such that forall 2 B (0) with xo+ 2 Xj,
we have

kf (xo+ ) f(xo) @%()kx Ck kx:

Since we can bound the supremunn (t) in (2.20) by taking BX (0) K with " = sup,,x kxky,
instead ofK , we can assure w.l.0.g. thaK is of such form. It follows that for all bounded K X
and > O there exists atg > 0 such that for all t 2 (0;tg) and x 2 K with xg + tx 2 X¢, we
have

f(xo+ tx) f(xo)

" @, (x) :
X
which we can see by considering the substitution, w.l.o.gK 6 f0g,
C = =supkxkyx; to= =supkxkx; and = tx:
x2K x2K

The other direction follows by taking the same substitution, but with the unit ball K = B (0).
O

Corollary 2.6.3. Every Frecket di erentiable function f : Xy X Y is also Hadamard
di erentiable tangentially to Xg¢, = X. The reverse is true if the unit ball BX(0) in X is
compact with respect to the norm topology, i.e.X is nite dimensional.

Proof. We consider the characterizations from Lemmas 2.6.2 and 2.6.1. Since every compact set
K X is bounded, the rst claim is immediate. If Bf (0) is compact andK X is bounded,
BX(0) K with " =sup,,x kxkx is compact and we can bound the supremunm (t) in (2.20)
by using the BX (0) instead of K .

O

Note that the normed spaceM (X)) is not nite dimensional. By Corollary 2.6.3, the notion
of Freclet di erentiability is not powerful enough to support our original endeavor. Thus,
we extend the well known Delta Method for classically di erentiable functions, to Hadamard
di erentiable functions. For further details, please refer to Vaart and Wellner [40].

Theorem 2.6.4 (Informal Extended Delta Method). Let f : Xy X 'Y be Hadamard
di erentiable at  tangentially to X@s . Let (rn)n2n > 0 be a sequence with, " . Let
(Xn)n2n be a sequence of random variables andl a single random variable intoX; and X@y,,,
respectively, such that

n'l

mXn )! X almost surely.

Then

(+r'ra(Xn ) fO) pn

ot (Xn) F())= X, @f(X) in distribution

If @f is de ned and continuous on all of X, then
n'l

mfXn) () @fra(Xn ))!'" 0 in probability:
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2.6.2 Con dence Intervals
In this section, we apply the Extended Delta Method 2.6.4 to obtain some asymptotic con dence
intervals, as described in Theorem 2.6.8. The results are taken from the work of Duchi et al. [14].

Call TW :X P (X)! R aninuence function of T i we have Epo [T®(;PP)]=0 and
Z

@Fo(Q PDP)= XT(l)(x;PD)d(Q PP)(x) forall Q2M (X):

The law Pg of a Borel-measurable random variableG is called tight i
8 > 0: 9K compact: Pg(K) 1

Recall that, since the samples inD are random variables onX , the empirical measurePP is a
random measure. LetH L,(PP) be a class of functions. We say thatH is PP-Donsker i
there exists some tight Borel-measurablez 2 L1 (H), such that

p_— D D nil . -
n PP p G ! 0 in probability :
L1 (H) P b

We say that H has anL,-integrable envelopeC : X | R gi
C2Lo(PP) and 8 2H : " C almost surely.

Lemma 2.6.5. Let H = f°(; )gor be a set of functions,C--Lipschitz continuous in , with
C: 2 Lo(PP) and compactF . Then H is PP-Donsker with L »-integrable envelope.

Assumption 2.6.6  (Smoothness off -divergence) The function f : R ¢! RJ[flg divergence
conform, i.e.,

8> 0: f(<1; f(O)=limf(t) and f(1)=0:

It is also three times di erentiable in a neighborhood of 1 as well as
f4)=0 and f%1)=2:

Remark 2.6.7. Notice that Assumption 2.6.6 restricts the set of f -divergences we can use
severely. By dierentiating xlogx twice, one can easily see that the KL divergence does not
meet the requirements imposed by Assumption 2.6.6,

d 1 2 1
— Xxlogx =log x + xgzlogx+1 and xlogx = ;: (2.21)

dx dx2

Nonetheless, by starting with an arbitrary f : R ¢! R[flg , which is divergence conform
and three times di erentiable in a neighborhood of 1, we can enforce the missing conditions by
instead taking

2 .
FoRL) f(x) fAO(x 1) : (2.22)

For the KL divergence, the modi ed version would then be based on

f(x) =2xlogx 2(x 1): (2.23)
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Theorem 2.6.8 (General Asymptotic Coverage) Let Assumption 2.6.6 hold forf. Let H be a
PD-Donsker class of functions withL ,-integrable envelope. Let the limitG of ~ n(P® PP) take
values insideB(H;PP) M (X;H). Assume thatT : P(X)! R is Hadamard di erentiable at
PP tangentially to B(H;PP) with in uence function TW(;PP) and @Fo is continuous and
de ned on the whole ofM (X ;H). If 0< Varpo [T (;PP)]< 1, then
n 0
lmP T(PP)2 T(P) P2B_ (P°) =P(] )

Proof sketch. We want to apply the extended delta method from Theorem 2.6.4 to

f=T, r="m X,=P% =PP and X=G:

We can rewrite
T(PP)= T(PP)+ Euo [TV(;PP)+ (PP);
where (P)= T(P) T(PP) Ep[TW(:PP):

Because
Z

@F(° PPz TO(PP) AP P00 = Epo[TH(:PO)  Fro TU(PO);
X {z

we can apply the Extended Delta-Method from Theorem 2.6.4 and get

PR B°)= PR T(E®) T(P®) Ep[TW(;PO)]

p

n TP T(P®) @Fo("n(P° PP) ™ 0 in probability:

. . f Dy ;
By [14, Lemma 16], this convergence even holds uniformly ove _ (BD), i.e.,

n 0
8 > 0: limsupP pﬁsup j (P)i P2B"_(PP) =0:
n!l
By de nition of
sup  (T(P) T(PP)) sup  (P)+ sup  Ep[TO(;PP);
p2B" (PP) p2B" (PP) P2B" (PP)
sup  Ep[TW(;PP)] sup  ( (P)+ sup (T(P) T(PP)):
P28’ (PD) P28’ (PD) P2B' (PP)

Applying uniform convergence, we obtain

"a sup  T(P) T(PP) S sup  Ep[TW(;PP)

P2B" (PP) P2B' (PP)

PS sup j (P ™ 0 in probability:
p2B" (PP)

By [14, Theorem 9],

q
R sup Ee[TO(:PP)]  PREm[TW(:PP)+  Var, [TO(:PD)]
P2B" (PP)
™ 0 in probability :
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By the Central Limit Theorem,

1

P Epo [TO(;PO)] FPD[T(E;(;PD); M N 0;Varps [TO(;PP)]

The sample variance is a consistent estimator, i.e.,
Var s [T® (PP ™ Varpo [T®(;PP)]:

Putting it all together yields

P T(PP) sup T(P) =P O Pa sup  T(P) T(PP)
p2B" (PP) p2B" (PP)
™ p o ) Varpo [TW(;PP)]+ N 0;Varpo [T®(;PP)]
=P b= N(0;1) :
By a symmetric argument on T (PP), we get
nil

P inf  T(P) T(PP) !

P N(0;1)
P2B' (PP)
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3 Reinforcement Learning

3.1 General

For a set X, let ( X) be the set of probability distributions on X. We consider aMarkov
Decision Process (MDP) (S;A;R; T;do; ).

S and A are the set ofstates and actions, respectively.

"R:S A S! ( R)isthe reward function that assigns a state-action pair a reward
distribution, but we are often going to treat R(s;a;s) as a random variable and write
r(s;a) = Es 1(s:0)[R(S; & 9]. We assume that the reward function is bounded almost
surely.

The transition probability distributions are givenvia T : S A ! ( S) and we write
T(s® | s;a) for the probability of transitioning into state s® 2 S when choosing action
a2 Ainstates2 S.

The initial state distribution isdy2 ( S).

The discount factor 2 (0;1], that is, we allow for our MDP to be discounted or even
undiscounted in certain cases.

For the sake of brevity, when we want to make claims for the state-spac& and state-action-
spaceS A at the same time, we simplyuse = Sor = S A. In case the state-action-space
S A s nite, we x some global enumeration. We write the column vector

F2(f(sa)sazs o for f:S Al R:

Also, for any operator A on these functions, we writeA for the operator on these column vectors.
In particular, this means that if A is linear, A will be a matrix. De ne the multiplication operator

Dwz:dw for w:S A! R; where d:S A! R:

Any sub or super scripts that d may have will get carried over to D. Note, that for a nite
state-action-spaceS A, the matrix version of the operator D will be a diagonal matrix

D =diag(d):
For convenience, we de ne

do(Soia0) = (aojSo)do(so) and T (s¥a%s;a)= (&% sYT(Ljs;a) for
(sp;a0)2S A and (s;a);(sta%2S A:

Assumption 3.1.1 (MDP ergodicity) . A nite MDP is said to be ergodic if for any policy,
starting from any state, it is possible to reach any other state (including itself) within a nite
number of steps with non-zero probability.
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The policy value (PV) of is dened as
mn #
- 1 t .
= ,L'.T PH—tE(So;ao) do; (st+15ate1) T (st;ar) R(st;a)
' t=0 t=0
In the discounted case, the policy value reduces to
n #
=1 )E(SO;ao) do; (Ste1at+1) T (St;at) tr(st;at) ;
t=0
where as the undiscounted case yields
" #
R 1 IX !
U2 M Esgiag) dos (sn ) T o) g T(Sta)
t=0

HI1
= lim Esgag) dy; (seersan) T (scaolf(SHian)l:

T HAO
The (state) value function and (state) action value function of are denotedV and Q ,

respectively. In the discounted case, the state- and action-value functions of are
n #

V:o(s)= EBao  (s0): st T(stian) tI'(St;a-t) So=S ;

W t=0 4
- R . So = S;
Q’ (sl a) - E(St+1 at+1) T (st;at) o tr(St, at) a=a !
in the undiscounted case, however,
mn #
L %
V'H(S)= E & () (r(se;ar) ) So=Ss ;
Stv1 T(St;at) t=0
#
i R x . So = S;
Q (S, a) - E(St+1 at+1) T (st;ar) o (r(St, at) ) a = a
The stationary distribution d of is de ned as
n #
X

Do 1
d (s;a) = I—IIIT PH—tE(SO;aO) do; (St+1;@t41) T (St:a) Is=s a=a
' t=0 . =0
#
Do 1 t
d(s) = ,_I",T P E(soia0) dy: (steriana) T (suar) 1g=5
t=0 t=0
In the discounted case, the stationary distribution d of reduces to
n #

t .
1S[=S; at=a
#

t .
1St=3 ’

d’ (81 a) = (1 )E(So;ao) dy; (st+1:at+41) T (St;ar)
w t=0

d' (8)=(1  )E(spian) dy: (ste1 @) T (stiar)
t=0

26



where as the undiscounted case yields

n #
1
d'i(s;a)= lim E EX lg-s a-=
’ Hil (so;a0) dg; (St+1:at+1) T (St;ar) H st=s; at=a
t=0

= M Plsoiao) doi (st i) T (stia)(SH = S3 an = @),
. n #

d'i(8)= im E(sag) dyi (suaiann) T (va) 7 Lsi=s
’ t=0

= |—||Ilr]11 Pso:a0) do; (strr;ater) T (stiar) (SH = 9):

For simplicity, we abbreviate the statements
(so=s;a=a)} ) S=5S a=a (s;a) T (st va 1);
(so=9s) 0 so=s; a (so); (s;a) T (st & 1);
() 0 so do; @ (so); (swa) T (st ma 1);
() 10 so do; a  (so); st T(st 1a 1);
and everywhere 8 =1;:::;t: (s;a) T (s 1;a 1):

Now, we de ne the expected reward and occupancy at some timé2 N as

re (s; a)=f E(so=s; ao=a) [ (St; &)l; d; (S;a)=f Po), (st =s; a = a);
re (8) = E(so=s) [r (st @)l d; (s) 2 P ), (st = 9):
Notice that
ro(s;a) = r(s;a); do(s; @) = do(s) (ajs);
ro(s)= Ea (glr(s;a)l; do(s) = do(s):
We can also recover the functiondQ andV ,
R R
Q (s;a) = 'ry(s;a) and V (s)= ry (9); (3.1)
t=0 t=0

as well as the stationary distribution

X X
d = lim td, t. (3.2)
' t=0 t=0

The discounted and undiscounted setting, respectively, yield

. X o 1 X1
d =(1 : = _ = :
( ) d; d }Lllr? H d; J'lql dy
t=0 t=0
For the sake of brevity, when we want to make claims forQ and V at the same time, we
simply usef = Q orf =V . This also applies to using none or other sub and super scripts.
Also notice that we overloadr, , d; and d as functions on states as well as state-action pairs.
In case statements are meant for both cases, we will omit the arguments.
Lemma 3.1.2 tells us something about the connection of the stationary distribution on the

state- and state-action-space.
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Lemma 3.1.2. Forany s2 Sanda?2 A, we have

r(s)=Ea (9l (si@)] and V ()= Ea (9[Q (s;a)];

as well as, for anys®2 S and a®2 A,
Z
d(sh= d(s5a)da’  d(s5a) = d(sh (%<9
ZA
and d (%= d (s*a) da® d (sta%)=d (59 (a°% $9:
A

Proof. All the equations, except the last two, follow directly from the de nitions. For the last
two equations, we can use the ones before and (3.2).
O

The functions Q , V and d are useful for policy evaluation, because they allow us to
describe the policy value in a simpler manner, as given in Lemma 3.1.3.

Lemma 3.1.3. For 0< < 1, we have
=1 )Espan) ¢,[Q(s0;a0)]=(1  )Es, d,[V(so)l: (3.3)
For 0< 1, we have
= E(sa) a [r(s;a)]: (3.4)

Proof. The rst equations follow directly from the de nition and Lemma 3.1.2. For the last
equation, we apply the theorem of total expectation and get

" #
| t ( ) X-l t
= lim E r(st; a
( H t St
Hi t=0 t=0
Xl t Xl t
= lim E(y [r(st; a)]
()t t) At
HI1 o t=0
_ X tX X X .
= |_||I|r'{] r(s;aPiy(st=s; a=a)
t=0 s2S a2A t=0
X X X X
= r(s;a) lim td, (s;a) t
%5 %A Hi t=0 t=0
= r(s;a)d (s;a)
s2S a2A

E(s;a) d [I’(S; a)]:
O

We can also give a more high level proof of Lemma 3.1.3. It does not use any explicit de nition
of Q ord . Instead, we can simply treat them as solutions to the Bellman equations (3.5) or
(3.7) and (3.9), respectively.
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Alternative proof of Lemma 3.1.3. We multiply the backwards Bellman equations (3.9) with Q
and use the fact from Lemma 3.2.3 thatP is the adjoint operator of P ,

R ;di=h ;@1 )+ Pdi=(1 ) ;dgi + hP Q ;di:
We subtract the last summand, and apply the forwards Bellman equations (3.5) or (3.7),
=(1 )R idi+ 12

hQ PQ:di+h 1_1:di
hBQ + 1 - PQ;di=mdi:

3.2 Bellman Operators and Equations

For functions Q;d: S A! R, we de ne the expected Bellman operatorand its adjoint as
Z

P Q(s;a) = - Q(s®a9T (s®ajs;a) ds®da’
= a0 7 (s [Q(s% &I); where G:a)2S A

P d(s®a) = d(s;a)T (s®a’js;a) ds da; where ta)2s A
s A

We can also make these de nitions forV;d: S! R,
Z Z

P V(s = ) SV(S,C)T(soj s;a) ds® (ajs) da
= Ea 7 ()i s° T(sa) [V (s9); where s2S;
P d(s9 = e d(s) (ajs)T(sjs;a) ds da; where P2 s:
Also, de ne the operators
A=l P and A 21 P:

Note, that P is a linear operator onC(). In case the state-action-space S A is nite, we
write

Po=(T (SO: an S;a))(s;a);(so;ao)zs A and P =(P )>:

It turns out that some of the properties of V , Q and d get preserved when applyingP
and P , respectively. We state them collectively in the following Lemma 3.2.1.

Lemma 3.2.1. Forany s2 Sanda?2 A, we have
Pri(s)=Ea (9P ri(s;a] and PV (s)=Ey ([P Q (s;9);

as well as, for anys®2 S and a®2 A,
Z
Pd(sh= P d(s2ad da’ P d (s%a)= P d, (s9 (a% s9;
ZA
and P d (%= P d(s®a)da’ Pd(stad=P d (59 (a°% sY:
A
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Proof. We use the corresponding identities from Lemma 3.1.2, withoutP . Firstly,

Ea (9P ri(s;a]= Ea (s) Es0a9 T (si)lre (SO; a(b]
= E, (s); s° T(s;a)[rt (Sc)]

=P ri(s);
and
Ea (9P Q (5;8)]= Ea () Es0a9 T (s:0)[Q (s%a%]
= Ea (g s0 T(s;a)[V (S%]
=P V (s):
Secondly,
zZ Z Z
P d, (s®a) da’= d, (s;8)T (s a°j s;a) ds da da®
A ZA ZS A 7
= d (s) (ajs)T(s'js;a)dsda (a9 dal= P d, (s9
A S A
I {z }
1
and 7 7
P d(s) (%)= d; (s) (ajs)T(sjs;a) dsda (a°jsY
ZA S

= d, (s;a)T (s%a’ s;a)dsda= P d, (s®ad:
s A

For the last two equations, we can use the two before, the linearity and continuity of theP
and (3.2).
O

Lemma 3.2.2. For all t 2 N it holds that
Mer = P res re =(P )'ro;
Opyg = P G d = (P )'dy:
Proof. Firstly,

X
P ry (s = re 1(s%a9T (s2a’js;a)
Sa®2A

= 322 3? . 00 -
- E(sozso; ap=a%; 1[r(5t 1; &t 1)]T (s,ajs,a)

s®2SafA
= E(so=s; ap=a). [F (St; )]
=1y (s;a):

Secondly, applying the theorem of total probability,
d; (s) =Py (st=s
(59 & )Q ¢ = 9 . |
= Poy(st=s"jst 1=s & 1= a)P(y(a 1=ajst 1= )Py (st 1=9)
%° %A
T(s%s;8) (ajs)d; 1(5)
s2S a2A

P d, (s9:
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Now, we just apply E; () or multiply with (a%j Y and use Lemmas 3.1.2 and 3.2.1 to also
get the result for only states or state-action pairs, respectively.
O

For some of the proofs later on we are going to need some more technical properties f
and P , which we summarize in the following Lemma 3.2.3.

Lemma 3.2.3. The expected Bellman operato® and P have the following properties:
1. On the Hilbert spaceL»() , P is the adjoint operator of P .
2. The operator norms onL1 () and Ly() , respectively, are

kP kLl 0 =1 and kP kLl() =1:

3. Given a probability distribution d2 () andp 1, we have
kP ki, =1 and kP ki p d) Ly =1:
In cased > 0, it also holds thatkD P Dk g = 1.
4. The spectral radius ofP , P andD P D is 1.

Proof. 1. Using Fubini's theorem, we calculate

Z Z
hP Q;di = Q(s®a9T (s*a’j s;a) dsPda’ d(s;a) ds da
S A SA
= Qs a9 d(s;a)T (s®a’s;a)dsda dsPda’= hQ;P di;
z° 7 z S A
hP V;d = V(YT (%] s;a) ds (ajs)da d(s)ds

ZS A SZ 7
V(sY d(s) (ajs)T(s?js;a)dsda ds’= hv;P di:
S A S

2. Using the triangle inequality, we calculate
kP fk., () = ?l;p Ero 1 oyIf (1 9] IS;JPE! o1 H)if 195 k fky, (¢

Applying it again, this time together with Fubini's theorem,

z Z
kP dk (s a) = d(s;a)T (s®a’js;a) dsda ds’da’
ZS A S A 7
jd(s; a)j T (s5a°% s;a) ds”da’ ds da= kdk (s );
S A S A
| {z }
Z 22 !
kP dky,(s) = d(s) (ajs)T(s?js;a) dsda ds°
ZS A S 7 7
jd(s)j T(s% s;a) ds” (ajs)da ds= kdk,(s):
S A S
| {12 }
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Considerf 1 andd 0 for equality, respectively.
3. Similarly to before, we calculate,
kP fKi, @ =esssupEjo 1 ()[f (!9 esssuEo 1 1)if (1 9 k fke, (@
12 12

and use Jensen's inequality orP and monotonicity of the inner product with a non-negative
second factor, to calculate

kP fk} o =hiP fiP;di hP jfjPidi = hf PP di = kFkD o g
Considerf 1 for equality. Then, using Fubini's theorem again,
z 1 z
kD P Dwky,(q) = ———  d())w()T % 1)yd dt9Ydt?®

dg 0

Z

T (1% 1) d© jw(l)jd(!) d! = kwky,(qg):

| {12 }

Considerw 0 for equality.

4. 1t is well known that the spectrum of an operator is contained within the ball with its
operator norm as the radius. This bounds the spectral radius from above by 1. Now, by
de nition of P , the constant function 1 is an eigenvector with eigenvalue 1. It is also well
known that the spectrum of an operator is identical to that of its adjoint. Therefore, the
spectral radius of P is even equal to 1. Finally, note that similar operators share the same
spectrum and spectral radius.

O

ForQ:S A! R,V:S! Randd: ! R, dene the forwards Bellman operator B and
backwards Bellman operatorT by

B Q(s:a) = ro(s;a) + P Q(s;a) for 2 (0;1);
YT v (s;a) + P Q(s;a) for  =1;

B V(s) 2 ro(s) + P V(s) for 2(0;1);
- ro(s) + P V(s) for =1;

Td=@ )dy+ P d for 2 (0;1];
wheres 2 S and a2 A. We will also use the notation

Bi f=rg + P f; soB:BO.1 !f0<<l’
B’ if =1:

The following two Lemmas 3.2.4 and 3.2.5 are both Bellman equations. They have in common
that they describe the state-(action-)function and stationary distribution by means of a time
shift. The rst, better known result, uses states and actions after going forward in time by
applying P . Accordingly, the latter uses previous states and actions together withP .
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Lemma 3.2.4 (forwards Bellman equations). Let 2 (0;1),thenQ andV are xed points

of the Bellman operatorB: , i.e., solution to the (discounted) forwards Bellman equations
Q=ro+ P Q where Q:S A! R; (3.5)
V=ry+ PV; where V :S! R: (3.6)

Let =1,then ,Q andV are solutions to the (undiscounted) forwards Bellman equations

Q=ry + P Q; where 2R; Q:S A! R; (3.7)
V=r, + PV, where 2R; V:S! R: (3.8)

Proof. We rst show the claim for state-action-values,

Q (s;9) . 4
So = S;
= Eserian) T (scan ( tr(St;at) 1) a(;: a
w t=0 #
= . R t 1 . So=S;
- E(St;at) T (st nar 1) (r(so; @) 1)+ ( r(se; a) 1:-1) ap= a
t=1
=r(s;a 1-
(s;a) 1 . . ; 4
. So = S;
+ E(spia) T (s0:a0) E(saia) T (sian) ( ! 1r(5t,at) 1-1) a= a
t=1
= r(s;a) 1 . . "
x t so = S5
+ Estad) T (s;a) E(siriann) T (sia) ( r(s; &) 1) ao = a°
t=0

=r(s;a) 1o+ Ewag 71 (s;a)[Q (30; a(b]
=r(s;a 1.+ P Q(s;a):
By applying the expectation E, (s) on both sides and using Lemma 3.2.1, we get the claim for
the state-value function.
O

Lemma 3.2.5 (backwards Bellman equations) Let 2 (0;1], thend is a xed point of the
backwards Bellman operatorT , i.e., a solution to the backwards Bellman equations

d=(1 )do+ P d; where d: ! R: (3.9)

In case =1, we need to add the normalization constraint
Z

dl’)d! =1 and d O
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Proof. BecauseP is linear and bounded by Lemma 3.2.3, we get

X X
d = lim td,
HI1
t=0 t=0
H t H t 1 X-I t
= FI||Ir11 dg + |_||I'T P d 4
t=0 t=1 t50
H t 1 X-l t-
=1 Yo+ P Hll!gn ) d )
| = g =0 4
d

O]

It remains to be discussed, whetherQ , V and d really exist, i.e., they are well de ned,
and if they are unique as xed points of the corresponding Bellman operators.

Remark 3.2.6. For < 1, we can verify that B and T are -contractions with respect to

k ki, () andk ki,( ,respectively. Forf;;fo: ! Randdy;dz: ! R, we calculate
kB f1 B f2k|_1 O = k P (fy f2)kL1 O kP |(|_1 O kf 1 fszl 0 >
KT di T dak ,(y =k P (di da)kg,( KP ki () kdp  d2kg,(y :

By Lemma 3.2.3, the operator norms falls away. By Banach's xed point theorem,Q ,V and
d are xed points of B and T , respectively.

Remark 3.2.7. A more constructive alternative to Banach's xed point theorem uses the Bellman
equations (3.5), (3.6), and (3.9), and Neumann series. We start by rewriting the Bellman
equations as

(I P)=r, and (I P)d=(1 )do:
According to Lemma 3.2.3,
k P kL1 () = < 1 and kK P kLl() = < L
Therefore, we can construct the Neumann series expansions for the resolvents at
1 X 1 x
(I P) = ‘P ) and (I P) = P
t=0 t=0
We apply this and use Lemma 3.2.2, as well as (3.1) and (3.2), respectively, to get

b3 3
f= P )rg = ',
t=0 t=0

1
—

1
o

b3 b3
= d= (P )dy= ‘4
t=0 t=0
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Remark 3.2.8 For the undiscounted setting = 1, the Bellman operators are not a contraction
and the Neumann series expansion does not converge any more.

Oncef is xed, becomes a unique solution to the rest of the undiscounted forwards
Bellman equations (3.7) or (3.8), respectively. Any 2 R, suchthatf = B''f , causes

o=f f =Bf B 'Y =

The backwards Bellman equations (3.9) from Lemma 3.2.5 reduce to the eigenvalue problem
Z

P d=d; where d!)d! =1 and d O

Therefore, the question is, whetherP has eigenvalue 1 with a real-valued eigenvector. By
Lemma 3.2.3, the spectral radius ofP is equal to 1. For a nite state-action-space, we can
use the Perron-Frobenius Theorem 2.4.1 orP . In order for the matrix to be positive and
irreducible, we require Assumption 3.1.1. If so,d exists and is unique as solution to this
eigenvalue problem. For an in nite state-action-space, the theory gets more complicated and
beyond the scope of this work [26].

We can use the Bellman equations (3.5), (3.6), and (3.9), from Lemmas 3.2.4 and 3.2.5 to
derive some simple error bounds for the policy value and) ,V andd , respectively, in terms
of the according Bellman error. Unfortunately, the bound is only sharp for very low discount
factor

Proposition 3.2.9. Let < 1 Then,foranyQ:S A! R,V:S! R,andd:S A! R,
we have

E(sosa0) d, [Q(So; @0)] k Q  Qkiy (dy);
Es, d, [V (S0)] k' V. VK, (dy);
Esa) alr(s;a)] kd dkp, krk, () ;

and

1
kQ  Qki, (d,) 17k|3 Q Qki, (dy);
1
1

kd dkLl() %kT d dkLl() .

kv Vk|_1 (dy) kB V Vk|_1 (do);

Proof. For the rst inequalities, we use Lemma 3.1.3 and calculate

E(soran) d, [Q(S0; @0)] = E(spiap) 4,[Q (So;a0)  Q(so; ao)]
kQ Qki) kQ Qkiy (g
Eso d, [V (s0)] = Es ¢ [V (S0) V(s0)]

k %/ VkLl(do) = kV Vk|_l (do);
E(sa) alr(s;a)] = . Ar(s;a)(d (s;a) d(s;a)) dsda

k d dkLl() krkLl O -
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According to Remark 3.2.6, the Bellman operatorsB and T are -contractions with respect
to k k., () andk ki, ,wheref andd are xed points, respectively. Together with the
triangle inequality, this leads to

K fki, @)= KB T Tk, () KB T B Tk, @)*kBf Tk, (,
kf kal (d0)+ kB f kal (do);
kd dk,, =KT d dk,, KT d T dk, +KkT d dk

kd dkLl() + kT d dkLl() :

O]

So far, it has become clear that the discounted case is usually much easier than the undis-
counted. It is also more general.

Remark 3.2.1Q Let d and P be the stationary distribution and expected Bellman opera-
tor for some discounted MDP. Using the backwards Bellman equations (3.9), we can express
the expected Bellman operatorP : 1 for an equivalent undiscounted MDP, i.e., the stationary
distributions are the same.

Writing down the backwards Bellman equations for both settings, we have

(1 )+ P d=d=pPild:

Let be the Lebesgue measure 08 A. Becaused is a distribution, using (2.1), we get
Z
d = d (s;a)dsda=1:
s A

Hence, we de ne
Pil=(1 )dy + P’

Now, we want to calculate the adjoint operator P 1. We start with
z z

Q(s; a)dy(s; a) d(s®a% ds’da’ds da

ZS A 7 S A

hQ;dy d i

Q(s;@)dy(s;a) ds da d(s%a%) ds®da’= HEg [Q]; di:
S A S A

Since building adjoint operators is linear, using (2.1), we have
Pl=@1 )dy+ P’
In case the state-action-space is nite, we have
Pil=1 ) + P

This means that when transitioning from (s; a) to (s® a9 in the equivalent undiscounted MDP,
we transition, according to the transition probability T (s®a®j s;a) of the original discounted
MDP with probability and re-spawn at an initial state-action pair, according to the initial
state-action-distribution d (s;a) of the original discounted MDP, with probability 1
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3.3 Bellman Linear Programs

There are two types of Bellman equations that follow a somewhat similar structure, usingP
and P , respectively, raises the question of whether there is some way to unify them. Indeed,
the theory of Linear Programming allows this, provided that the state-action-space is nite. We
provide the result in the following Lemma 3.3.1.

Lemma 3.3.1 (Q-LP). Let 0< < 1. Then, the (discounted) primal Q-LP

= oin @ )Bspia) g, [Q(S0r20)] (3.10)

st. 8(s;a)2S A: Q(s;a) r(s;a+ P Q(s;a);
has the (discounted) dual Q-LP

= OI:SmAa}xR i E(s;a) alr(s;a)] (3.11)
st. 8(s;a)2S A:d(s;a=(1 Ydo(s;a)+ P d(s;a):
They have unique solutionsQ: and d- , respectively.
Let =1. Then, the (undiscounted) primal Q-LP

1= min (3.12)
QS Al R; 2R
st. 8(s;a)2S A: Q(s;a)=r(s;a) + P Q(s;a);

has the (undiscounted) dual Q-LP

i1 = :
- d;?% RE(s;a) d[r(S,a)] (3-13)
s.t. 8(3;)?) 2S A: d(s;a)= P d(s;a);
d(s;a)=1:
(s;@)2S A

They have solutions(Q:?1; 1) and d’?!, respectively, of which ‘1 is unique.

Proof. Let 0 < < 1 andLp(Q;d) and Lp(d; Q) be the Lagrangian of the primal and dual
Q-LP (3.10) and (3.11), respectively. By Lemma 3.2.3,P is the adjoint of P . Thus, the
conditions of Lemma 2.2.2 hold,

Le(Qd) =1 )E(spian) o, [Q(S0;@0)]+ hdir+ P Q Qi
=(1 )hQ;dyi + ;di+ hP Q;di h Q;di
= E(sa) alf(s;@)]+ MQ;(1  )dp+ P d di=Lp(d;Q):

Consider an arbitrary Q, which is feasible for the primal LP, i.e., Q B Q. SinceB is a
monotonic -contraction, we can apply Banach iteration to Q and get

QB Q (B)Q (B)Q Jim (B)'Q=Q’

Because we are minimizing the objectiveQ ' is the optimal solution.
The dual constraints are exactly the backwards Bellman equations (3.9). Their solutiond
is unique in the discounted setting.
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Now, let =1and Lp((;Q);d)and Lp(d;(;Q)) be the Lagrangian of the primal and dual
Q-LP (3.12) and (3.13), respectively. By Lemma 3.2.3P is the adjoint of P . Like before,

Lp((;Q);d)

+ hd;r +P Q Qi
hr;di + hQ;P di h Q;di+ h ;di
Esa) dlf(s;@)]+ hQ;P d di+ (1 hZ1di)= Lp(di(;Q)):
The primal and dual constraints are exactly the forwards and backwards Bellman equations

(3.7) and (3.9) respectively. Due to the objective of the undiscounted primalQ-LP (3.12), 1
must be the unique solution.

O]

Notice that applying Strong Duality yields Lemma 3.1.3. The primal constraints can be
viewed as a relaxation of the forwards Bellman equations (3.5), since the equality is replaced
by an inequality, while at the same time introducing a minimization to compensate for the loss
of information. Since the dual constraints are exactly the backwards Bellman equations from
Lemma 3.2.5, we establish a duality between these two notions.

One might wonder, if there is a reasonablé/ -LP, which would yield V as its optimal solution
[32, 31]. Indeed, there is, but the solution isV , where is the optimal policy. Therefore, it
is more related to policy optimization rather than -evaluation. Therefore, we will not discuss it
further.

3.4 Classical O -Policy Evaluation

We review the basics of the classical approach for OPE [38]. Consider an MDP with nite
horizon H and trajectory

= (S0;@0;S1;81;: 1 SH 1584 1;SH):
The probability of obtaining  via evaluation policy is
H( 1

Prl 1= do(so)  (acj S)T(Ste1 | St a):
t=0

Now, introduce a behavior policyb. Analogous to Assumption 3.5.1, we require b. Since the
initial state distribution dg and transition probabilities T stay the same, we get theimportance
sampling quotient (ISQ)

SPrpl Y . (@),
Pro[ ] G; Wwhere g =

=0 b(as j st)
We can use the I1SQ to restate the policy value as

DKt
=E[G]=EJG q]; where G = 'R(st; ar; St+1):
t=0

Let ( )L, be trajectories, sampled by using the behavior policyb. Since we have access to
both and b, we also get the evaluation- and behavior probabilities, respectively,

n n
( (agi J st )){_':01 1 and (b(agi | st )){_':Ol - :
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Using this, we can calculate the corresponding returns @ ;){; and ISQ (q,),. Then, ap-
proximate  via
.1 X . 1 X
"ss= o G.q; or AW|S='P_r17q G.q;:
i=1 =1 =

They are calledsimple (SIS) and weighted importance sampling (WIS)estimators, respectively.
They are consistent due to the law of large numbers. In order to see consistency of the second
one, we expand the fraction with 1=n and use the fact that Ep[q ] = 1.

A major drawback of these estimators is that in many applications we do not have direct
access to the behavior policyb. Even worse, the variance of §,g increases exponentially as
H 11 . Thisis known as the curse of the horizon [42]. To see this, rewrite the ISQ as

K 1
q =exp log :
t=0

By the Central Limit Theorem, we have

K 1 : .
logg N( H:;H 2); where = E[logq] and 2= Var[log ql:
t=0

This means that q is asymptotically logN( H ;H ?2) with variance e ® 1. The algorithms
of the subsequent section apply IS di erently and circumvent these issues.

3.5 Stationary DI stribution C orrection E stimation

In many applications we are limited to data that was collected independently of any RL algo-
rithm. On top of that, we are often not informed on the distribution of the data. In a more
concrete manner, we are provided with a dataset of experiend® = (( So;i; Si; a&;ri;SY) in=1 , Where

samples are drawn according to

so do (s;8) d°r R(sas); s° T(sia); or forshort, (so;s;airs) p°:

We assume no prior knowledge of the distributionsdg, d®, R and T. Motivated by the lack of
knowledge of our behavior policy and its stationary distribution d®, we call methods that work
within this setting behavior agnostic Even though we do not knowd® explicitly, we assume
that D provides enough data, to include all the states and actions that we would visit under
the evaluation policy , as stated in Assumption 3.5.1.

Assumption 3.5.1. The stationary distribution d of the evaluation policy is absolutely
continuous with respect to the distribution d® of the datasetD, i.e., d d® or

d(s;a)>0 =) d°(s;a)>0 forall (s;a)2S A:

Many of these methods start 0 by a marginalized version ofimportance sampling (IS). Using
Assumption 3.5.1, applying IS tod in (3.4) from Lemma 3.1.3, we get

= Esa) wolr(s;@W-p(s;a)]; where w_p=d =d: (3.14)
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For any (s;a) 2 S A, such that d°(s;a) = 0, we leave w-p(s;a) unde ned. This works as
long as we multiply it by zero every time we use it.

Approximating this stationary distribution correction (SDC) w - p by somew- ; is referred to
as (stationary) di stribution correction estimation (DICE) . We can use the empirical densityp®
to further approximate by a simple Monte Carlo estimate or, sinceE(s5) o [W=p(S;d)] =1,
by a weighted Monte Carlo estimate, respectively,

X

) 1
"s = E(spisiars9 po [r(s;aW=p(s;a)] = B riw=p(si;a); (3.15)
i=1
- Eleaonir r(s;aW-p(s;a X0
Ay = (So,s,TE,r,s") eo [ (s; @) . p(s; )] - P 1 _ - o (S a): (3.16)
(s;a) @[W:D(S7a)] i=1 WZ D(Sllal) i=1

Let P = Er and P denote the expected Bellman operatorand its adjoint. Lemmas 3.2.4
and 3.2.5, theforwards and backwards Bellman equationsstate that Q orV andd are xed
points of the forwards and backwards Bellman operatorsB and T , respectively.

We want to formulate modi ed backwards Bellman equationsfor the stationary distribution
correction w - . To this end, de ne

T,w=D T Dw=@ )D Ydy+ D P Dw;
for 2 (0;1],andd:S A! Rsg,wherew:S A! R, aswellas
Dw(s;a) = d(s;a)w(s;a) for (s;a)2S A:

Now, we can de ne the modi ed Bellman operator T = Tp- Forany (s;a 2 S A, such that
dP(s;a) = 0, we leave T, w(s; a) unde ned.

Lemma 3.5.2 (modi ed backwards Bellman equations). Let 2 (0; 1], thenw - p is a solution
to the modi ed backwards Bellman equation forw : S A! R:

DPw=T DPw=(1 )dy+ P DPw and w= Tyw: (3.17)
In case =1, we need to add the normalization constraint
E(s:a) a0 [W(s;a@)] =1:

Proof. The rst equation follows from the backwards Bellman equations (3.9) and the fact that
d = DPw_.p. Forthe second equation, note thatw - p is not de ned i Tp W= p is not de ned.
Otherwise, we can apply OP) ! to the rst equation.
By de nition of w_-p,
z z
Eia) a0 [W=p(s;a)] = < A d°(s;a)w-p(s;a) ds da= < A d (s;a)dsda=1:

O]

Remark 3.5.3 For < 1, w-p is the unique solution to the modi ed backwards Bellman
equations (3.17). Foranyd:S A'! R o, we can verify that T; is a -contraction with
respect tok k,(q). We calculate

de W1 T d Wszl(d) = kD 1P D(W]_ WZ)kLl(d) kD lP DkLl(d)kwl WZkLl(d):
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Note, that although T; and D 1 are not always well de ned, since there may be§;a)2 S A,
such that d(s; a) = 0, this problem can be ignored within the norm k k). By Lemma 3.2.3,
the operator norm falls away.

Remark 3.5.4 For =1, w-p is the unique solution to the modi ed backwards Bellman
equations (3.17) given one of two conditions.
1. We include the constraintw 0 and the stationary distribution is unique [44]. To see
this, notice that d = DPw 0 is a distribution, because the normalization constraint leads to
z z

d(s;a) dsda= w(s;a)d®(s;a) ds da = E(s:a) oo [W(s;a)]=1:
s A s A

Additionally,
d=DPw=T DPw=T d=P d:

This means that d is a stationary distribution, satisfying Assumption 3.5.1. Since we assume
that it is unique, we get d= d and hence

w=d=P =d =d® = w_p:

2. The state-action space is nite and Assumption 3.1.1 is satis ed [41]. Now,DPw is an
eigenvector ofP with eigenvalue 1. According to the backwards Bellman equations (3.9) this
also holds ford . By Assumption 3.1.1, our MDP is ergodic, soP is a hon-negative irreducible
matrix. Hence, we can apply the Perron-Frobenius Theorem 2.4.1 td® . In this case, it says
that the eigenspace of the eigenvalue 1 is one-dimensional and we get a scala R, such that

DPw= d:
We use the fact that d is a distribution and the normalization constraint, to show that
= hr;ti=ht; &i=h;Dw = DP1;wi = OP;wi =1:

Hence,DPw= & ,ie., w= w_-p.

We can derive a simple error bound for the policy value and stationary distribution cor-
rection w - p, analogous to Lemma 3.2.9.

Proposition 3.5.5. Let < 1and d® > 0. Then, for anyw:S A! R,

Es:a) oo [r(s;@)w(s; )] kKw=p WK (o)krky, ap);
and
l .
kw - D WkLl(dD) TkTD W WkLl(dD)'
Proof. For the rst inequality, we use (3.14) and calculate

Esia) a0 [r(s;@)w(s;a)] = Ea) wlr(s;a)(w=p(s;a) w(s;a)]

k W=-p Wk|_l(dD)k|’k|_1 (dD):
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According to Remark 3.5.3, the modi ed backwards Bellman operator T, is a -contraction
with respect to k ki, o). By the modi ed backwards Bellman equations (3.17),w-p is a xed
point. Together with the triangle inequality, this leads to

kW:D WkLl(dD) = kTD W-p WkLl(dD) kT pW=p T DWkLl(dD) + kTDW WkLl(dD)

kw=p WK (o) *+ KTpw WK (gp):
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4 Algorithms

This chapter describes the theoretical background of the algorithms used to generate our nu-
merical results. This includes

Tabularvafe , estimating the state-
action value function Q with an approx-
imate linear equation system of the for-
wards Bellman equations (3.5),

TabularDice , estimating the stationary
distribution correction w - p with an ap-
proximate linear equation system of the
modi ed backwards Bellman equations
(3.17),

TabularDualDice , setting the gradi-
ent of the primal objective (4.3) of
DualDICE to zero,

TabularGradientDice , setting the gra-
dient of the primal objective (4.5) of Gra-
dientDICE to zero,

" NeuralDualDice , performing stochastic

gradient descent and ascent on the dual
objective (4.6) of DualDICE,

NeuralGenDice, performing stochastic
gradient descent and ascent on the dual
objective (4.7) of GenDICE,

NeuralGradientDice performing
stochastic gradient descent and ascent
on the dual objective (4.8) of Gradient-
DICE,

NeuralCoinDice , using theorem 4.6.10
and stochastic gradient descent and as-
cent to obtain approximations of policy
value con dence intervals.

Using the methods described above, we give detailed derivations and discuss the theoretical
signi cance of the hyperparameters. We also provide convergence and consistency proofs along
with assumptions that support the theoretical justi cation of the algorithms.

4.1

Summary

This section provides a compact description of the algorithms, su cient to interpret the numer-
ical results at a high level. Further details are given in the subsequent sections.

We divide this summary section into two parts, where the state-action spaceS A is nite
and in nite, i.e., the Tabular Case and the Continuous Case respectively.

4.1.1 Tabular Case

We can rewrite the modi ed Bellman equations (3.17) as

1 )dy=(I P )DPw_p

w-p =(DP) P DPw.p;

for 0< < 1;
(4.2)

h®;w_pi=1 for =1:

The second equation is only de ned for 6;a) 2 S A, such that d®(s;a) > 0. Accordingly, it
is no problem that some diagonal elements oDP are zero and OP) 1 is not invertible.
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For < 1 and from Assumption 3.5.1, we get unique solvability, assuming thatd® > 0, as
discussed in Remarks 3.2.6 and 3.2.7. For = 1 and Assumption 3.1.1, we can apply Lemma
3.2.3 and the Perron-Frobenius Theorem 2.4.1 td® .

Replacing by Law of Large Numbers estimates (4.9), (4.10), (4.11), and (4.12), we get some
approximate modi ed Bellman equations. Using (4.13), (4.14), (4.15), and (4.16), we can write
these as

(1 )dp=(DP Py )W_p for 0< < 1
W-p =(DP) P, Wop; HP;Wopi=n for =1:

Now, the primal objectives for DualDICE [34], GenDICE [44], and GradientDICE [41], re-
spectively, are

(4.2)

min _J v); min_ Jgen(W); min ~ Jgradient (W)
v:S Al' R Dual() w:S R o Gen( ) w'S Al R Gradlent( )

Al
where
Jpuar (V) = (1 )E(so;a0) o, [V(So;@0)] + E(s;qy o[ ( P Vv(s;@) v(s;a)l; (4.3)
Jgen(W) = D (DPwk T DPw)+ 5 Esa wlW(sia)] 1 ‘, (4.4)

1 2
JGradient (W) = ékTDW Wkiz(dD) + E(s;a) oW 1 (4.5)

2
The objectives (4.3) and (4.5) are unconstrained. Since they are all quadratic, setting their
gradient to zero yields a linear equation system.

Choose = %( )2 and perform the same replacements as before. This gives us the respective
approximate linear equation systems

AloAT =1 )dy and W-p= (A1»(DP) )¢
A7 (DP) A+ ﬁdo(do)> W_p=(1 )AJ(DP) dy+ dy:

For0< < 1, we also performvalue function estimation (VAFE) , by using the approximate
version of the forwards Bellman equations (3.5),

r=( P)HQ; ~ =@ Qi

Some practical considerations lead us to two aws in our algorithms, which both occur due
to possible inadequacies of the underlying dataset. For each of these, we employ a heuristic,
whose negative in uence decreases as the quality of the dataset increases.

" It may not always be possible, to gather samples for all¢;a) 2 S A and assure that
DP is invertible. There may appear (s;a) 2 S A, whered®(s;a) = 0. According to
Assumption 3.5.1, the corresponding row and column insidd® should also be zero. By
manually de ning 0=0, we can still work in this situation.

However, in case Assumption 3.5.1 is not satis ed, we can project into the subspace
Risupp(d®)i RIS Aj: solve using our estimator, and then embed back into the original
space. All further steps never use any values of our stationary distribution correction
estimate W - p(s; a), where d°(s;a) = 0. Therefore, it does not matter anyways, what
values we set them to. We chose 1 for error handling.

We cannot guarantee that the Perron-Frobenius theorem 2.4.1 holds for the approximating
matrix in the eigenvalue problem (4.2). Thus, we chose an eigenpair whose eigenvalue is
closest to one and take the absolute value of the eigenvector.
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4.1.2 Continuous Case

The objectives (4.3), (4.4), and (4.5) have expectations inside non-linear functions. This pre-
vents us from performing SGD directly. However, applying Fenchel-Rockerfeller duality 2.2.10,
respectively, yields [34, 44, 41]

max min J V;W); min max J W;V; u);
viS Al Rw:S Al R Dual (V; W) w:S Al R oviS Al R u2R Gen( )
min max J ient (W; V; U);
w:S Al RviS Al R u2R Gradient ( )
where
) h [
Jpual (VW) = E(so;s;a;r;s o) pP L(v;w;so;s;a; 50) + (w(s;a) ; (4.6)
h i
: 1
Jeen(W;V;U) = E(syisars 9 po L(ViW;Sp;S;a; )+ N(w;u;s;a) Zrv(s; a)?w(s;a) ; 4.7)
h i
: 1
Jeradient (W;ViU) = E(spisars 0 po L(ViW;So;s;a;s) + N(w;u;s;a) Sv(s; a)?; (4.8)

Liviw;sois;as) = (1 )Eqy  (so)[V(Soi@0)] + W(s;a) Enpo (so[v(s3ad] v(s;a) ;
1 : 1
(x) = BJXJp; P>1 NWwusa= uwsa 1) u*; >0
In order to parameterize v and w, we use neural networksvx and w , respectively, with a
single hidden layer. To provide non-negativity, we add ()? to the nal layer [44].
Every 100 steps, we store the policy value and the average loss. If we have an analytical
solution for the the policy value  and stationary distribution correction w -, we also store

the error j» jand the MSEE g4 gojws W= pj?. In addition, the Bellman residual angle
(BRA) between the gradientsr P vy and r »vy is stored.

4.2 Tabular stationary DI stribution C orrection E stimation
Let the state-action space be nite. De ne the matrices
Py, = P (DP)? and A,= A(DP)?; where p2R:

SinceD is a diagonal matrix, its powers can be de ned via component wise application. Using
the Law of Large Number approximations for do(So), T(s%] s;a), and d°(s; a), de ne

X

: . 1
&O = (aOJ SO)E 1SO= S0;i ; (49)
i=1 (s0;@0)2S A
R b .
= = lesaza ;. DP = diag(dP); (4.10)
n i=1 (s;a)2s A
lp-n lece ama - «0= o0 .
P2 (@jOHL P T Taems A= P (4.11)
n i=1 1s= Si; a=a; (s%a9%;(s;a)2s A
Po, = P (B°)P: A, = ADP)P; (4.12)
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Notice that

1 1
do = pdo; P =Py (D) % Py = PR
1 1
BP = HDD’ A= A]_(DD) 1; Apz ﬁAp,
where
. X .
do = (20 J S0;) Lso=so; (50:30)2S A’ (4.13)
i=1
d® = (ls=s;a=a)(saes a; D = diag(d”); (4.14)
i=1
P = % ) 1s=s;; aza; , AZDP P 4.15
i=1 (@) )5 o oo (s%a9i(si@)2S A (4.15)
Py, = Py, (DP)P & Ap2 A((DP)? % (4.16)

Let x:S A! RX be afeature function and consider the feature matrix

X = (%500 %¢) 2 RIS Al K. (4.17)
From this, we can derive the linear parameterization function space
. n _ o]
F=z w=z=X~ "2RS (4.18)

In order to approximate the stationary distribution correction exactly, we would need to chose

the feature matrix such that assumption 4.2.1 is satis ed. Note, that the choiceX = | cor-

responds do a one-hot-encoding. In particular, this choice of feature matrix would satisfy the
assumption 4.2.1.

Assumption 4.2.1. The stationary distribution correction w_ p is part of the column span of
the feature matrix X.

Oftentimes, our feature matrix is not representative enough. An algorithm working with the
feature matrix X will, at best, approximate the projection Pw - p of the stationary distribution
correction onto the range of X. Finally, Remark 2.4.4 tells us that this projection can be
expressed as

P=X(X>DPX) 1Xx>DP:

4.3 Dual stationary DI stribution C orrection E stimation

Using the Q-LP from Lemma 3.3.1 directly as a way of policy evaluation bears a major problem
for applications, where the state-action space is in nite. To circumvent this issue, Nachum et
al. [34] introduce the algorithm DualDICE .

We merge the contents of Nachum et al. [34] and [31] to create a better understanding of
DualDICE. On top of that, we include all the technical details, omitted by Nachum et al. [34].
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4.3.1 Objectives
Primal Obijective

We consider the dualQ-LP (3.11). Since it is over-constrained, the optimal solution does not
change if we substitute the objective by the -divergence D (d k d®). Even though this has
no impact on the divergence, we will assume that is de ned for all real numbers. We get

max D (dkdP)
&S Al R o

st. 8(s;a)2S A: d(s;a=(1 )do(s;@) + P d(s;a):

Now, this is not an LP anymore, since the objective is not linear any more, but merely convex.
However, it is a Fenchel optimization problem

mdinf(d)+ g(Ad); where
f(=D (dkd®); g= @ jyo; A=1 P:
Building the dual, we get
max f( Av) g(v); where
f =Epl OO 9=@0 )Eq [l A =1 P

resulting in

min I A Esay 6 M08+ B ol (P V(sia) V(s

Dual Objective

Unrolling the de nition of the convex conjugate in the second expectation ofJ (v), we get

E(s:a) wl (P v(sia) v(s;a)]
= Esa) a0 [rvpzag( P v(s;a) v(s;a)w (w)]

= max Egy wl( P V(sia) visa)wsia)  (wisia)

= W;rsn% R E(s;a) dP; (s%a% T (s;a)[V(SO: a()W(S;a)]
E(s:a) oo [V(S; @)W(s;a)]
E(s;a) db [ (w(s;a)l:

This leads to the dual objective

min max J(v;w)
viS Al Rw:S Al R

2(1 )Esoian) d, [V(S0;20)]
+ Esa) (29 T () W(Si@) V(sha) v(s;a)
E(s;a) o[ (w(s;a))]:
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4.3.2 The Dual Variable
For any function v: S A ! R, consider the change of variablesx = A v. According to
Remark 3.2.7,A is bijective, so we can also reverse this substitution. Now, calculate

E(s:a) d [X(s;a)]

= E(sa) d E(s0a0) T (s;a)[V(Sov a%] v(s; a)
s

=(1 ) tE(s;a) d, E0a0) T (s;a)[V(SO; a%] v(s;a)
t=0

b3 b3
=1 ) ot E(s0a9 d,, (%) @ ) tE(s;a) d, [v(s;a)]
t=0 t=0

= (1 )Espao) d,[V(so;a0)l:
This lets us reformulate the primal objective

J(v) = E(sje) wl (X(s;a)]  Ea o [X(s:8)]

= (x(s;a))d°(s;a) x(s;a)d (s;a):
(s;@)2S A

By taking the derivative with respect to x and setting it to zero, we gather that for the optimal
X , we get

C Av)= x)=d = = w.p:

Alternatively, we can use the optimal solution v of the dual Fenchel optimization problem to
derive that for the solution d of the primal we have

d=d=f% Av)=d® °%C Av):

Fora xed v:S A R, taking the derivative of J(v;w) with respect to w and setting it to
zero, we gather that

Mw)= Pv v= Av:

By Lemma 2.2.9, we have (9 1= 0 so

w=9Av)=d=d®=w_p: (4.19)
4.3.3 Implementation
Tabular
For a nite state-action space, and = %( )2, we can rewrite the primal objective with vector
notation as

.
JV) =@ Hhv;dyi + ékA>vk?2(dD):
Using Remark 2.4.2, we can build the gradient

ryJ(v)=(1  )d, + ADPA™v:
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Setting the gradient to zero, we get the linear equation system
A1ALY =(1 )dy:
Using (4.19), and = %( )2 from Example 2.2.5, we get
W_p= A ¥:

Considering the law of large numbers approximationsd,, A, and BP, A, from (4.9), (4.10),
(4.11), and (4.12), respectively, we get the approximate linear equation system,

RLA0=@1 )b and w-p= A¢:

Continuous

We specify = %( )P, for somep > 1. For v and w we use the function classe$, and F,,
respectively, e.g. by parameterization using neural networks. Now, we have access to samples
taken with respect to p° and even explicit access to . This lets us perform SGD onv and
SGA onw. Since we have a saddle point problem, we use SGDA, i.e., each time we sample a
batch of experience to approximate the gradient, we perform a gradient step on bottv and w

in parallel. Building the gradients, we get

Fad(Vesw ) =0 )Esgan) d,[F #Ve(So; @0)]
+ E(s;a) dP; (s%a% T (s;a)[W (S;a)( r #V#(SO; a% r #V#(S; a))];
rJ(va;w )= Ea) ao; (s0a9 T (s;a)[(V#(SO; a() Va(s;Q)r w (s;a)]
Esa) oo W (s;@)P 't w (s;a)]:
4.3.4 Convergence

Parameterizingv and w in J(v;w), e.g. by neural networks, induces an inherent approximation
error approx (Fv; Fw). We can apply SGDA to J(v;w), and obtain an approximation - of
W-p. Let opt denote the error, we get from SGDA. Finally, we can get the approximation "

of ,asin (3.15). The MSE of ~ is discussed in Theorem 4.3.3.

Assumption 4.3.1. The stationary distribution correction is uniformly bounded, i.e.,

9Cy > 0: sup jw-=p(s;aj Cu:
(s;@)2S A

Assumption 4.3.2. The observed rewardr”is uniformly bounded, i.e.,

9C,; > 0: sup ji(s;a)j C:
(s;@)2S A

Theorem 4.3.3. Let Assumptions 4.3.1 and 4.3.2 hold. Also, choose = %( )2. Then, the
MSE of DualDICE's estimate is bounded by

. . 1
Ej" 12 = Olog  approx(FviFw) + opt + pﬁ
The expectation is taken with respect to randomness both in the sampling Bf pP and in the

algorithm. O,og simply ignores logarithmic factors.
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4.4 Generalized stationary DI stribution C orrection E stimation

A major downside of DualDICE is that it only works in the discounted setting. On top of that,
pushing the discount factor towards 1 has a negative in uence on the estimators accuracy [44].
The algorithm GenDICE by Zhang et al. [44] aims to also include the undiscounted setting in
its policy value approximation and improve stability for higher discount factors.

4.4.1 Objectives
Primal Objective

The idea behind GenDICE is to nd the stationary distribution correction w_p, by starting
o with the modi ed backwards Bellman equations (3.17). A naive approach to the solution
of these equations in the continuous setting is to use a positive de nite discrimination function
D( k ) and consider the optimization problem

min  D(MDPwkT DPw):
w:'S Al R ¢
Now, w - p would indeed be a solution, but any scaled versiortw_-p by a constantc 0 also

solves the problem. In particular, the trivial degenerate solutionw 0 cannot be ruled out.
Therefore, consider thenorm penalization coe cient > 0 and the optimization problem

: 2
; - D D .
s rr/ll!nR 0J(w) =D(D"wkT D"w)+ > Eisa) o W(s;a)] 1

According to Remarks 3.5.3 and 3.5.4, the stationary distribution correctionw - p is the only
solution to J(w) =0.

Dual Objective

However, since we only have access to samples ©f DP, we cannot evaluate it at arbitrary
points. Therefore, the objective becomes intractable. In order to make our objective tractable,
we must further specify our discrimination function. Using a -divergence,

Z

D .
D (T DPw k d®w) = P (s awsa D Wsia)

s A dP (s; a)w(s; a) ds da:
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We apply the Fenchel{Moreau Theorem 2.2.10 to and get

Z
T DPw(s®ad
D (0 Q ) 0 40
. Ad (s® adw(s® a9 MaX Do aw(s0 ey (v) ds%da
=  max T DPw(stadv(s®a) dP(s®a%w(stad (v(s®a%) ds®da’
v:S Al RZS A
_ 0;
= max 2 n (L )do(s) (% $9
+ T (s®a% s;a)d°(s;a)w(s;a) ds da v(s®ad
s A
dP(s® a(ﬁwésu, a% (v(s®aY) ds®da’
_ a a 0 40
= nax %(1 Z) . Av(s,a%do(s,a() ds®da
+ w(s; a)v(s2adT (s®a’j s;a)d(s;a) ds da ds® da’

ZSA S A

w(s®a% (v(s®a%)dP(s®ad ds®da’
A

= max (1 E/ .. v(s:;a
v:iS Al R( ) (s;a) do[ (s;a)]

+ E(s;a) dP; (s%a% T (s;a) [W(S; a)V(SO; a(b]
Esia) o [w(s;a) (v(s;a)l:

Also applying it to 3()? gives us a dual objective

min max J(w;v;u)
w:S Al R gviS A! R; u2R
=(1 )E(so;ao) d, [V(so; ao)]
+ Ea) o (s2a9) T (s;a)[W(S;a)V(SOv a(b]
E(s;a) db [W(S; a) (V(S; a))]

1o

+ E(s:a) oo [Uw(s;a) U] Eu

4.4.2 Implementation
Continuous

The 2-divergence was chosen as ain-divergence. By Example 2.2.12, this results in

min max J(w;v;u)
w:S Al R gviS A! R; u2R

=(1 )E(so;ao) dy [V(so; ao)]

tBsa) @ (20 T () WS V(i) V(sia)
1

+ 2B @ w(s; a)v(s; a)?

1o

+ E(s:a) oo [Uw(s;a) U] Su
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The functions and ()? are convex. Therefore, the objectived (w;Vv;u) is convex in w and
concave inv and u and we have aconvex-concave saddle-point problem (CCSP)Recall the
estimation from DualDICE. For w and v, We will use function spacesF,, and F, respectively.
The variables w and v are parameterized by neural networks. Call the parameters;# 2 RX,
respectively. To assure that the rst network only outputs non-negative values, an extra positive
neuron was added to the end, such as

exp(); log(1+exp()); or ()% (4.20)

Building the gradients, we get

rJ(W;ViU) = Eggay ao; (029 T (ssl(V#(s58)  Vve(sia)r w (s;a)
1
7B @ [vg(s;a)’r w (s;a)]

+ UE(ga) oW (s;9)];
Fad(Wvgu) =1 )Esgag) a1 #Ve(So; @)l

+ Esay) a0 (029 T (sa) W (S:8) 1 ave(sGa) 1 4vu(s;a)

1
SEsa) @ W (S;a)va(s;a)r #va(s;a)];
roJ(w ;vgu) = Esa) oW (s;@) 1] u

4.4.3 Convergence

Since we now also include the undiscounted setting = 1, we have to include the additional
Assumption 4.4.1.

Assumption 4.4.1  (Markov chain regularity) . The backwards Bellman equations (3.9) have a
unique solution, i.e., the stationary distribution d exists and is unique.

Theorem 4.4.2. Let Assumptions 4.3.1, 4.3.2, and 4.4.1 hold. Also, let be Lipschitz-
continuous, let the psuedo-dimension of,, and F, be bounded and
9Cg, > 0: 8w 2F : kwky Cg,:

w*

Then, the error between GenDICE's estimateWw - p and w - p is bounded by

1
EJW-p) J(W-p) =Oig approx(FwiFv)+ opt+ pﬁ

The expectation is taken with respect to randomness both in the sampling Bf p® and in the
algorithm. Oog simply ignores logarithmic factors.

4.5 Gradient stationary DI stribution C orrection E stimation

GenDICE xes some of the problems that DualDICE has. However, in doing so, it introduces
other problems [41].

Firstly, note that f -divergences are originally de ned only for probability distributions. Ex-
tending the inputs of D to generic functions will cause it to lose non-negativity. For example, if
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g>p> 0,thenDgk_ (pk g < 0. However, as long as mifp; gg > 0, we still haveD 2(pkqg) 0,
which is fortunate, since GenDICE actually uses thisf -divergence.

Nevertheless, another problem arises when using the extra non-linear positive neuron (4.20),
to ensurew 0. Since objectiveJ (w;v;u) is not necessarily non-decreasing in each;, we
cannot assure thatJ(w ;vg;u) is convex in , even if the extra positive neuron is convex [12,
p. 86].

Based on the ideas of GenDICE, Zhang et al. [41] present the algorithnGradientDICE. . It tries
to solve the problems of GenDICE mentioned above, by using thé »(d®)-norm instead of the
2_divergence, thereby removing the the necessity of the constraintv 0.
Not only do we cover the algorithm as in this section, we also mention important details,
omitted by Zhang et al. [41].

4.5.1 Objectives

Primal Obijective

The primal objective that GradientDICE uses is similar to GenDICE,

. -1 2
min RJ(w): ékTDw WkEg(dD)"' Esay aoW(s;a)] 1

w:S Al E
Dual Objective

We apply the Fenchel{Moreau Theorem 2.2.10 to%( )2 and rewrite the rst summand as
h [ h [

1 2 — 1 2 _ 1 2
5kTDW WKL, oy = Eao E(TDW w)° = Ego TzaRX(iTDW W) v 5V
1
= max Egp (DP) 1 1@ )dy+ P DPw v  Egplwy] éEG.D[VZ]:

. . . 1 .
= ax (1 )hdy;vi+ hP DPw;vi h DPw;vi  ZhdP;V2i
V.

Al R 2

. . o1 .

= max (1 )hdg;vi+ hP;wP vi h d®;wvi Zhd®;VAi:
v:iS Al R 2

Also doing this for the second summand, like we did for GenDICE, we get an objective

min max J(w;v;u)
w:S Al R gviS A! R; u2R

(1 )Espan) d, [V(S0;20)]

+ E(sa) do: (020 T (sa) W(S;@) V(s3a) v(s;a)
1

SBsa) @@ V(S a)?

1
+  E(ga woluw(s;a) u] iuz
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4.5.2 Implementation
Tabular

Using Remark 2.4.2, we can build the derivatives

1 D D2 _ 1 2
@LKT DPw DPwie . = @k )dp A,
= @1 )d Aw (DP) !x

(1 X&) (DP) *Ai+ w AT (DP) Ay

(6p)" w  1)(6)”
w o (dp)” (d)7;

@5(@%) w12

hence, the gradient is
rwl(w)= A7(DP) *Ai+ do(d)” w (1 )AT(DP) '+ dp :

Setting the gradient to zero, and applying Remarks 3.5.3 and 3.5.4, we get the linear equation
system

1(DP) AL+ dy(d)” w-p =(1 )AT (DP) tay + do:

Considering the Law of Large Numbers approximationsdy, A, and DP, A,, from (4.9), (4.10),
(4.11), and (4.12), respectively, we get the approximate linear equation system,

A7 (OP) A+ do(dy)” wep=(1 HAI(OP) '+ dy:

Continuous

The implementation for the continuous setting is similar to that of DualDICE. In contrast to
GradientDICE, we do not require our parameterization for w to ensure non-negativity. Building
the gradients, we get

r o J(W Vg u)= Egay ao: (020 T (sl V#(s33)  va(s;a)r w(s;a)]
+ UEgqa aolr w(s;a);
r+J(w ;vgu)=(1 )E(So;ao) d, [r #V#(So; a0)]
+ Esa) d0; (020 T (sa) W (S;8) 1 ave(s2a) 1 pve(sia)
Es:a) oo [Va(S;@r #vu(s;a)l;

roJ(w ;vgu)= Esa) oW (s;@) 1] u

4.5.3 Convergence

We now want to prove some convergence results for GradientDICE, using a linear parame-
terization. To this end, consider the feature functionx : S A'! RX and feature matrix
X 2 RIS Al K from (4.17) and linear parameterizations

w (s;a) = hx(s;a); i and vg(s;a) = hx(s;a);#i for (s;a)2S A:
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We can choose a constant 0 and perform ridge regularization,

min  max J (W ;vgu) = J(W;vgu)+ =k k3
2RK #2RK : u2R 2

Building the gradients, using Remark 2.4.2, we get

rJ(Wiveu) = Egay ;029 T (s:) (85 @) #ix(s; a)]
E(s:a) oo [X(s;a); #ix(s;a)]
U E(say oo [X(S; )]
+
Fad (Wivgu) =0 )Esgan) d, [X(So; @0)]
T Bsa) ;%0 T (sa)[X(s18); ix(s5 a9
Es.a) a0 [(X(s;8); ix(s;a)]
E(s:a) oo [X(s; @); #ix(s; )l

rod (W;vgu)= hEgay o X(s;@)]; 1 1 u
Replacing the expected values by samples,

(sor:suass) P°; aor  (son); @l  (s)):
Xox = X(Sot;@0n); Xt = X(sp;a); x0= x(s%ad);

and choosing a learning rate sequence ()2 n, satisfying the Robbins-Monro conditions (2.18),
we get the SGDA formulation

t+1 =t ¢ & #Hixe hxg#ixe+ U+ ¢
Bl = #+ ¢ (L )Xo+ Mg dx? hxe tdixe hxeg#ixe
Uiep = Up+ ¢ (e ¢ 1 up):

We can collect all parameters into a single vector = ¢ #7;up). Then, we can rewrite a
stepas t+1 = ¢+ (Gi+1 t+ G+1), Where
0 1 0 1
_ I xt(xe x9>  xy _ 0
G = @ (x¢  x9x7 XtX; 0 A and g1 2= @1 HxpA:
X ¢ 0

We want to calculate the expected valuesG = E[Gi+1] and g = E[g+1]. For the individual
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parts we have

Exi(xt  xD7]

= E(sa) do; (sta T (s;a)[XO(S;a)(X(S;a) X (SO- a())>] 1

X
x(s;a)dP (s; a) @x(s; a) T (s®a’ s;a)x(s® a%A
(s;@)2S A (s%a%2s A

>
x>pPa PHYX= X0 P )DPX ;

X
Elx] = Es) oo [X(s:0)] = x(s;a)dP(s;a) = X d°;
(s;a)%(s A
X (s;a)2S A
E[tht>] = X(S; a.)dD(S;a)X(S;a)> - X>DDX:
(s;a)2S A

We de ne the matrices
E 2X>( P)DPX and Eg= X”DPX:

Then, we get

0 1 1
| E~ X >dP 0 0
G= %) E Eo 0 X and g= @1 )X>O‘0Ai
(Xx>a)> ©

Now, we can nally formulate the SGDA convergence result in Theorem 4.5.6.
Assumption 4.5.1. X has full rank, i.e., linearly independent columns.

Remark 4.5.2 If we assume thatDP > 0, Assumption 4.5.1 implies that E is positive de nite.
Furthermore, since Eq 2 RX X is symmetric, k kg, is a norm onCX .

Assumption 4.5.3. E is non-singular or > 0.

Remark 4.5.4 Sutton and Barto show that (| P )DP is positive de nite for O < 1138,
pp. 206{207]. By Assumption 4.5.1,E is positive de nite. Remark 2.4.3 further implies that
Assumption 4.5.3 is satis ed for O < 1, even without ridge regularization, i.e., =0.

Assumption 4.5.5.  The featuresxo;, Xy and x? have uniformly bounded second moments.

Theorem 4.5.6. Let Assumptions 4.5.1, 4.5.3, and 4.5.5 hold. Then, we have

lm = G g almost surely.

Proof. Our goal is to apply the ODE Lemma 2.5.7. Rewrite the update for ; as

1 = 1+ t(Gur 1+ @)= ¢+ (N )+ Mua); where (4.21)
h()=G +9g; and Mu =(Gi+1 G) t+(g+1 Q-
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1. We show that Assumption 2.5.5 is satis ed. For the rst part, we verify that the sequence
(Mp)i2n is @ martingale di erence sequence with respect to the Itration

Fe= (0 oMby = (Xoisxisxdit

Because all the random variables thatG;+; and g+1 are constructed from arexgy, X; and x?,
they are independent toF;. On the other hand, the way we have rewritten ; in (4.21), we can
obtain it by using ( i)}:ol and (M;)!_,, so it is F;-measurable. This leads to

E[(Gt+1 G) tjFi+ E[g+1 gjFt]
E[Gtv1 GjFt t+ E[g+«1 9gjFi]
(E[Gt+1 JFt] G) t+(E[g+1 jFt] 9)
=(E[Gt+1] G) t+(E[g+1] 9 =0:

E[M+1 j Fy]

For the last part, we de ne Gtz:Gt Gandgfz:gt g. Note that for all x 2 R,
0 (x 1)%=x% 2x+1; so X x?>+1 2x2+1:

Now, de ne C; = 2maxfk Grug k2 + kGisq k ker+1 K; ker+1 kg and use the Cauchy-Schwarz in-
equality, to show
kM+1 k? = kGie1 k% +2MGra1 t6he1i + Korer K2
K Gis1 tk®+2kGs1 tk Kers1 k+ Kepsr K2
k Gir1k?k (k% + KGrs1 k(2K (K)Ker+1 K + Kers1 K2
k Gia1 k2(2k k% + 1)+ kGpsp k(2k (K? + 1) keps1 k + kepe1 k2
(KGi+1 k% + kGrsr k Ker+1 K)(2k k% + 1) + kepe1 K2
Ci(k {k?+1):

Again, C; is independent of F; and { is F{-measurable, so

EkMus1 K2 jF(]  E[Ci(k {k*+1) jFy]

E[C: j Fi(k k*+1)

E[C(k (k?+1) SupE[Ci](k (k?+1):
i2N

Since we assumedoy, X¢ and x? to have uniformly bounded second moments, we also get
supan E[Ci] < 1.

2. We show that Assumption 2.5.4 is satis ed.
i. The function h is indeed Lipschitz continuous, because

kh(y1) h(y2)k=k(Gyr 9) (Gy2 gk=KkG(y1 y2)k k Gk kyi yok:

De ning the function hy (y) = Gy, we get
g

h(r 1
W) b = ey ¢ ey = koK

ril 0:

ii. We need to prove that the origin © 2 R" is an asymptotically stable equilibrium of the
ODE y{qt) = h; (y(t)) = Gy(t). This can be done by checking that the real parts<(l) < 0 for
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all eigenvalues| of G. For now, let | 6 O be an eigenvalue ofG with normalized eigenvector
60,ie.,, ™ =k k®=1.Ifwelet > =( >;#;u),where 2 CK,#2 CK andu2 C, then

01,0 1o 1
g | E > X > P
=17 =G = @A EJ) E Eo 0 X @A (4.22)
u (X>a®)> © u
= T 4+ E# u X*d® FE ¥ Eq#+ uX>d®)> au
= kK k#k2, jul+= TE# #FE = u X7 ux )

In order to show that <(l) < 0, we consider two cases. When< 1, we have =0and |60
implies that # 6 O oru 60. When =1, we have > 0 andl 60 impliesthat 6 0,# 6 0,
oruéoO. ]

iii. It only remains to show that = G lgis the unique globally asymptotically stable
equilibrium for the ODE y{qt) = h(y(t)) = Gy(t) + g.

Firstly, we want to show that G is non-singular, so we check for detG) 6 0. Applying (2.15)
twice, we get

_ | E” 1 AXed)(xTdaP)> o
det(G) = det E Eq + o 0

_ 2K +1 I+ (X>d®)(x>a®)> E”

=( 1) det E Eq

=( 1)**! det(Eg)det | + (X~ aP)(X”d°)” + E*E,'E

Now, because > 0, all of our summands are positive semi-de nite. According to Assumption
453, | or E7E, 'E is strictly positive de nite. Because the sum of positive semi-de nite
matrices is positive semi-de nite, and even positive de nite if a single summand is positive
de nite, this ensures det(G) 6 0. Since G is now veri ed to be non-singular, the linear equation
systemO=h( )= G +gonlyhas as solution, which means that it is the unique equilibrium.

For the global asymptotic stability, we use Ljapunov's method and L(y) = %kGy + gk2.
Applying the chain rule and Remark 2.4.2, we getr L(y) = G” (Gy + @). To verify that L is a
strict Ljapunov function for h, we considery 2 R", which is not an equilibrium, i.e.,y 6 G !g.
This means that = Gy + g 6 0 is a real vector. We can reuse our calculation (4.22) from
earlier, and conclude analogously that

hrL(y);h(y)i = lG”(Gy + 9);Gy+gi= "G = kk* Kk #kE,  juj®<o0:

Thus, L is a strict Ljapunov function. Now, check that is a strict minimum of L. We
notice that r L( ) = 0 and the hessian matrix r 2L(y) = GG” is positive de nite, since G is
non-singular, so for ally 2 R¥*1,

Y r2L(y)y=(G’y)’(G’y)= kG"yk?*=0  Gy=0() y=70
0

Remark 4.5.7. A di erent perspective to solving for the optimal solution of our objective is to
set its gradient to zero. To do this as e ciently as possible, we combine our arguments into a
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>

single vector = ( 7;#”;u) again. Then we can simplify the objective even more as

min  max J (W ;Vg;Uu)
2RK #2RK: u2R

1
=5 1 # X DPX# uu
% #X>(1 P)DPX + *X>(1 P )DPx#
1
5 u (X>a®)> + > (X~a®)u
>
1 X’d # u
- = >H + g> ;
where
0 1
_ | E> x~>d°
H = %) E Eo 0
(X>a®)> 0
Now, the overall gradient is simply
r-J(w;vgu)=H +g:
De ne the invertible matrix = diag( Ik ;lk;1). Since the -component ofg is 0, we have

g = g. Also, by de nition, H = G. If we set the gradient to zero and multiply with , we get

0= (H +9=G +g:

We now want to prove some consistency results, i.e., that the algorithm actually approximates
the stationary distribution correction w-p.
To this end, we invert the matrix

0 | E> | X >&)1
G=% E Eo | o X:
(x>d®)> o |

Then, we use Theorem 4.5.6, to obtain , the part of 1 , which relates to w-p. We do this,
by using Lemma 2.4.5 twice.
Firstly, we de ne
I E>

M= Eo and = (M=Eg) '=(1 +E”E,'E ) L

Note that by de nition of Eg, we have that is symmetric. We apply (2.17) to M and get

E>E,?

M 1=
Eo'E  Eol+El'E EE,?
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Secondly, we de ne

zz X7d® and = Z( G=M)
1 >
=2 (X>a®) oM ! x@aD
=1+ (X~dP)” ( X~>a°)
=1+ z~ 1z
Now, we can calculate the blocks of G ! as
> 1
M T+M 1 XOGD  x*®y oMt
! !
M L 1 X > aP X>aP
E,'E X>a® E,'E Xx>dP '
v 1 ( X>dP)(X> ) ( X>dP)(X>P)” E*E,t
Eo'E ( X>aP)(X>aP)> Eo'E ( X>aP)(X>aP)> EE,!
_ + lzz> E>E01 lzz>E>EOl .
T E,E 4+ E E 222 Eyl+ El'E ETEL? E E zZ7E”E, T
!
v 1o XTe o X~ dP _ 'z
0 Eo'E X~>dP lEglE z

— x> oM = 1 (x>aP)>  (x>d®)> E”E,’

= 1z 122E>E, L
Finally, we use (2.16) to calculate
0 1
+ 1ZZ> E> Eol 1ZZ> E> Eol 1Z
G 1:% E,'E + e, 227 Ey '+ E,'E ETE,? YE,E zZ7ETE, e, tE zE:
1Z> 1Z> E> EO 1 ‘ 1

Multiplying with g, we can derive a formula for
1 = E’Ey? L2Z7EE,Y 1 )XTd+ 'z
=(1 ) EPEX7dy+ 121 @ )ZETEX7dp (4.23)

While Zhang et al. [41] have a consistency proof for the undiscounted case with Proposition
4.5.10, they are missing one for the discounted setting. We add such a statement in the form
of Proposition 4.5.8.

Proposition 4.5.8. Let Assumptions 4.5.1, 4.5.5 and 4.2.1 hold. Furthermore, assume that
=0 and E is non-singular. Then

X 1 = W-p:
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Proof. By the de nition of the stationary distribution correction w_.-p, and the backwards
Bellman equations (3.9) respectively,

(DP) & =w.p ( & =DPw_p;
a=q@1 a,+ P a 1 )dy=(I P )d = Ajw_p:
The following matrix can be checked to be a projection onto the range oX,
P2 X(X”AX) IX>Aq:
Applying both of these identities yields
1 )XE X”dy=Pw-p:
Because =0, we have
1= E”E,'E ; z=E Eo(E )X~ a°;
= E Eo(E YH7; z2 =(d?)”XE Eo(E Y):
Putting it together with (4.23), we get
X 1 =1 )XE 'Eo(E V) E E X"
+ 220 @ Na&P)’XE 'Eo(E Y ETE,IX7dp)
=1 )XE X d,+ 20 @ )&P)’XE X”dy)

1 (@)Y Pw-p
1= +27 1z °

= PW=D+

Finally, we use assumption 4.2.1 to get
Pw-p=w-p and (d°)"Pw.p=(a) w-p =1:

O]

Remark 4.5.9. Unfortunately, in practice we are faced with the issue of having to chose the
feature matrix X ad hoc. This means that we cannot take assumption 4.2.1 for granted.

Now, we cannot say anything about the expectation of our projected stationary distribution
correction Pw-p being equal to one. Hence, the fraction as in the proof of Proposition 4.5.8
does not necessarily vanish.

Also, it is unclear, whether P is an orthogonal projection onto the range ofX with respect
to the scalar product hyia,. In Remark 4.5.4 we already established thatA; is positive de nite,
but it is not necessarily symmetric. By the Hilbert space projection theorem, this would have
led to

Pw.p =argmin kw w-pki, w2 ran(X)

Non-singularity of E for O < 1is discussed in Remark 4.5.4. In case = 1, we cannot
apply Proposition 4.5.8, but we still have Proposition 4.5.10.
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Proposition 4.5.10. Let Assumptions 4.5.1, 4.5.5 and 4.2.1 hold. Furthermore, assume that
=1 and XE, 1X> is non-singular. Consider the eigendecomposition

E”E,’E =V V7, where
V orthogonalt =diag( 1;:::; r;05::0); 1 r > 0

#0
X 1.1 W-p:

Proof. Since XE , 1X > is symmetric and positive semi-de nite and we assumed that it is non-
singular, it even is positive de nite. Therefore, according to Remarks 3.5.3 and 3.5.4, it su ces
to show that

#0

()2 kDPTyX 1. DPX 1 Ko 1! 0 and H()z=(x*d)” .. 170
0

We calculate the auxiliary quantities
=( 1+V V) PVl +) V) P vy v
z=V(I +) WxTad =v(l +) v
=1+ (@)yxXv (1l +) v>x*a® =1+ v>(1 +) v
Applying this, together with =1, to (4.23), we get
1:= lz= @+ vl +) vy v+ e
Firstly, we take care of

1()= k(- PODPX 1 K 1y

= 7. X°DP(1 P )XE 'X>(1 P )DPX ;.
= i:E>E01E 15
=( >1;)>(V>1;)
(L +) A
S A+ v r) P

Secondly, we treat
2()+1=(d°)’X 1,
@+v(l +) v ¥@yxv(r+)
_ v +) v
Cl+ v (l+)

Notice that

V(1 +) ?v= V|2+7| and v (1 +) lv= V2

Sincev; 6 0 and applying L'Hospital's rule, respectively,

|I2’(1] 1()=0 and |II’;’]O 20 )+1=1:
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4.6 Con dence In terval DI stribution C orrection E stimation

In order to obtain con dence intervals instead of point estimates, in the o ine behavior agnostic
setting, via distribution correction estimation, Dai et al. [13] introduce the algorithm CoinDICE .
Similar to DualDICE, it formulates an objective based on the Q-LP from Lemma 3.3.1.
Similar to an approach by Duchi et al. [14], Theorem 2.6.8 is applied to obtain an asymptotic
con dence interval for the policy value.
Not only do we cover the algorithm as in this section, we also mention important details,
omitted by Dai et al. [13].

4.6.1 Embedded Q-LP

Just like DualDICE, CoinDICE takes the dual of the Q-LP from Lemma 3.3.1 as a starting point.
However, a feature map :S A! RK is chosen and we consider a relaxation that embeds
the constraints in a function spaceF . For any 2 RX we de ne the function Q = > . We
collect them inside the K -dimensional subspace

F 2fQ j 2RKg=spanf ig;:
We get back our original formulation by choosing
K=jS Aj and (s;a) =(1ls=s; a%=a)(sta92s A-

The following Lemmas 4.6.1 and 4.6.2 discuss afr -embedded version of theQ-LP from
Lemma 3.3.1.

Lemma 4.6.1 (embeddedQ-LP). Let 0< < 1. Then, the primal embeddedQ-LP
= rr;i}gK (1 )E(sqia0) d,[Q (So;@0)] (4.24)
st. 8(s;a)2S A: Q(s;a) r(s;a+ P Q (s;a;
has the dual embeddedQ-LP

] e / 4.2
as AL R , &) alr (s; @) (4.25)

st. h;di=h; (1 )dy+ P di:
Proof. Let Lp(;d) and Lp(d; ) be the Lagrangian of the primal and dual embeddedQ-LP
(4.24) and (4.25), respectively. By Lemma 3.2.3P is the adjoint of P . Thus, the conditions
of Lemma 2.2.2 hold,
Le(;d)=(1  )E(span) q,[Q (So;a0)]l+ ;B Q Qi
(1 )Q ;dyi + h;di+ hP Q ;di h Q ;di
Esa) dlf(s;@)]+ “h; (1 )dg+ P d di=Lp(d ):

Lemma 4.6.2. Consider the modi ed primal embedded Q-LP
Tg; kQ  Q ki) (4.26)
st. 8(s;a02S A: Q(s;a) r(s;a+ P Q (s;a):

It shares the same optimal solution with the primal embedde@-LP (4.24).
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Proof. Consider an arbitrary 2 RX, where Q is feasible for the primal embeddedQ-LP
(4.24),i.e.,Q B Q . SinceB is a monotonic -contraction, we can apply Banach iteration
to Q and get

Q B Q (B)YQ (B)RQ Jm(B)'Q =Q:
Therefore, we can omit the absolute value insidkQ  Q kLl(dO) and get

Eq, [Q ]+ZkQ Q Kiy(dy) 5
= Q (s;a)dy(s;a) ds da+ (Q (s;a) Q (s;d)dy(s;a) dsda
s A s A
= Eq,[Q I

BecauseEq [Q ] = is constant in
arg min Eq,[Q J=arg min kQ  Q Ki,(a,):

O]

We can use Lemma 4.6.1 for Theorem 4.6.3. It states that the error we make, by embedding
our constraints, for estimating the policy value by , can be bounded by how well we can
approximate Q by functions from F .

Theorem 4.6.3 (CoinDICE approximation error) . Assume thatF contains the constant one
function. Then

0 2mnkQ Q ki:
2RK

Proof. Consider the optimal solution to the embeddedQ-LP from Lemma 4.6.1,

(d; )=argmin - omax L(;d):

Furthermore, let

;2argmin kQ Qki and =min kQ Qki =kQ Q,ki:
2 RK 2RK '

By the forwards Bellman equations (3.5) and the fact that the forwards Bellman operator is
a -contraction with respect to the norm k ki , we get

BQ, Q sup B Q.(s;a) Q(s;a)j=kBQ, B Qki
(s;@)2S A
Now, let
| -1+ ..
@ Je+@+ ) =00 c= 7 =) @ ) +ijg)=2:

Because the expected Bellman operatoP is linear,

B, ¢o=r+ P(Q, o=r+ PQ, c=BQ, c
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By de nition of -, and , we have

Q=Q,+Q Q, Q,+:

Putting all of this together yields

B(Q, ¢9=BQ, ¢

Q + c

Q.,+ + c

=Q, c+(1 Je+(1+ )
=Q, c

Recall that the solution Q to the primal Q-LP (3.10) is better than the solution Q to the
embedded primal Q-LP (4.24). Thus,

0 =1 )E(s;a) dy Q1 (1 )E(s;a) dy QI

By our assumption, Q , c2F . Therefore, there exists a 2 RK,suchthatQ = Q, c
We have just shownthat Q B Q . So,Q is a feasible solution. By Lemma 4.6.2Q is
the optimal solution to the modi ed embedded primal Q-LP (4.26). Therefore, we further get

1 )kQ Q ki) @ )kQ  Q kijy):

Becaused, is a distribution, k k_,q,) k k 1. Applying the triangle inequality, we further
calculate

@ )kQ Qki (@ )kQ Q.ki +kQ, Q ki)
=@ g+ )=2:

The claim follows from the de nition of

4.6.2 Generalized Estimating Equations

We now want to rewrite the dual constraints from the embedded Q-LP in Lemma 4.6.1 as
generalized estimating equationsin Lemma 4.6.4. To this end, we introduce a notation to
bundle the samples in the spaces

XS S A R S and Y=S A S A R S A

Foranyw:S A! R g, de ne the function

. Y! RK
W@ ) sna)t wisia( (L) (sa):

Integrating over ag and a® by using , we de ne

(X I RK
X7 Eay (so): 20 (9l (So;a0;s;a;1;8%a%w)l:

(iw):
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Lemma 4.6.4 (generalized estimating equations) Forany d2 (S A) we letw = d=cP
and foranyw:S A! R owith Ea go[w(s;@)]=1, we letd= wdP. Then, we have

hidi=h; 1 )dog+ Pdi( E ol (;W)]=70
Proof. Firstly,

Z
E(soia0) d,[(1 ) (So;a0)] = . A(1 ) (So;a0)dy(So; a0) dso dag = h; (1 )doi;

and secondly,

E(52) ® (a0 T sayW(s;a)( (s58)  (sia)]
Z
d(s; a)
S A S A dD(i?a)
(s®ad d(s;a)T (s®a s;a) ds da ds® da’
S Ay sA 5
(s;a)d(s; a) T (s*a’ s;a) ds®da’ds da
7 s A s A 7

(s®a% P d(s®a) ds’da’ (s:a)d(s;a) ds da
s A s A

h; P d h ;di:

( (s%a) (s;a)T (s*a’ s;a)d°(s;a) ds da ds® da’

Therefore,

Ex ol (KW= E(spiag) o, [(1 ) (Soj@0)]
+ E(s;a) dP; (s%a% T (s;a)[W(S;a)( (Sot aO) (s; )]
=h; (1 Jdo+ P di h ;di:
O

By substituting w = d=d® and using the generalized estimating equations, we rewrite the
dual embeddedQ-LP (4.25) as

T e By a0 [W(S;)r(s;2)] (4.27)
st. By po[ (X;w)] =1

Consider the Lagrangian integrand

. YI R
(Gwi ) e
y 7' w(s;a)r(s;a) + (y;w):
We can rewrite it as
(ysw; ) = w(s;a)r(s;a) (4.28)

+@1 )~ (so;a0)
+w(s;a)( (%) 7 (sia)
=1 )Q (so;a)
+w(s;a(r(s;a+ Q (s%a) Q (s;a):
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Integrating over ag and a® by using , we de ne

X! R
X7 Eay (so): a0 (0 (Soia0;s;a;rsbalw; )

S w; )
Now, (4.27) is an LP. By Lagrange duality (2.9), we get

= Jmax i min Ex wl[ (Xsw; )] = min - max, oEX o[ (Gw; )] (4.29)

4.6.3 Con dence Interval Derivation
We now want to leverage Theorem 2.6.8, to nd a con dence interval for our estimator . Our
con dence interval can be formulated by using (4.27) or (4.29), as

Cr = max  Ex pwsiar(sia)] p2 B (0°): Ex pl (xiw)]=0

. N - f D
W:Sn,]A?XR 0 Tg}l Ex p[ (X’W1 )] P2 B:n (p )

: , N f  (aD
T s Bl G 2B ()

Since the objective ofCI]. R is convex in p and the constraints are a convex, the set is
also convex. The same goes for closedness. Therefore, we are dealing with a closed interval.
Theorem 4.6.9 claims, thatCI]. is a con dence interval.

Assumption 4.6.5 (Stationary ratio regularity) . Let H,, be a bounded RKHS, with kernel
function k bounded byK < 1 . The stationary distribution correction w - p is part of a compact
subsetF,, H ., where

9Cy <1 : 8w2F: kwky Cw:
Assumption 4.6.5 together with (2.10) shows that
8W2Fy; 8(s;8)2S A:jw(s;a)j Kkwkg,:

Assumption 4.6.6 (Embedding feature regularity). Let F RK be a compact set of feature
coe cients. The features and their coe cients are universally bounded, i.e.,

9C <1 :kky, C and 9C <1 :8 2F :kky, C:
Assumption 4.6.6 and the Cauchy-Schwarz inequality imply
8 2F ;8(s;a)2S A:jQ(s;a)j=j ~ (s;a)j k kok (s;aky C C:

Lemma 4.6.7. Let Assumptions 4.6.5 and 4.6.6 hold. Then'(y;w; ) is bounded andC:-
Lipschitz-continuous in (w; ) with someC- 2 R.

Proof. 1. "(y;w; ) is bounded, because

Plysws )= )iQ (sosao)j + jw(s;d)j(ir(s;a)j+ jQ (sSa9%j +jQ (s;a)j)
(I )CC +Cu(rmax+(1+ )C C):
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2. “(y;w; ) is Lipschitz-continuous in (w; ), because
Jyswas 1) (yiwz; 2)j
= wi(s;ar(s;a+ (1) (soia0)+ wa(sia)(  (sa)  (sia))
wo(s;a)r(s;a)+ >((1 ) (sorao)+ wo(s;a)( (s%a)  (s;a)
1 i1 27 (soa0)i+ j(wi(s;a)  wa(s;a)r(s;a)]
+ wi(s;a) 7( (s%8)  (si@) + wi(s;a) 5( (s58)  (sia))
wi(s;a) 5( (s58)  (s;a) wa(s;a) 5 ( (s58)  (s;a)
L i1 27 (s;a)j+ jwi(s;a)  wa(s;@)r(s;a)j
+wisia)( 1 27 (%) (sia)
+ (wi(s;a) wa(s;@) 2( (s5a)  (sa)

(I )k 1 2kok (so;ag)kz + jwi(s;a)  Wa(S; @)jrmax
+jwi(s;a)jk 1 2kao( k (s®a%ks + k (s;a)ko)
+jwi(s;a)  wo(s;a)jk oko( k (s®a%k. + k (s;a)ks)

(I )k1 2keC + Kkwy Wokr, I'max
+ Cywk 1 2ko(1+ )C + kwy wokg,C (1+ )C

C(k 1 2ko+ kwy wokg,);

where

C Z=maxf(l+ Cy)l )C :Krmax +(1+ )C C g:

Lemma 4.6.8. Let Assumptions 4.6.6 and 4.6.5 hold. Consider the class of functions
H=f (;w; )jw2Fy; 2F g
and the functional

(P(X)! R
P 7! min 22 maxwzr, Ep[ (;w; )I:

Let
P2P(X) and ( ;w) ::arg min max Ep[ (;w; )]
2F  W2F
Then L is Hadamard di erentiable at P tangentially to B(H;P) L1 (H)
with Hadamard derivative
@lLMH)=H (;w; ); where H2B(H;P):

In particular, @I, is a bounded linear functional on the space of bounded measures with the
canonical gradient as in uence function

LOGPY=" (w; ) Ep[ Gw; )
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Proof. Chose ¢h)n2n R and (Hp)nan H , such that

tn ™ 0, kHy Hk, @™ 0 and P+ t,Hy,2P(X)forall n2N:

Firstly, we show upper bound convergence. Start with
L (P+tyH,) L (P)
=min max Ep[ (;w; )]+ taHn (;w; min max Ep[ (;w;
LA Pl Gws I+ taHn ™ Gws ) DE woes L CGiwi )l
max Ep[" (sw; )+ taHa™ Ciws ) B[ Gws )]

max thnHn™ (;w; :
WZFW n n ( )

De ne
Wn=:arg max Hy,™ (;w; ):
W2F w

Then,
vrvggl>W<Hn‘(;w; ) VEQEDVEH‘ (sw; ) Ha (5w, ) H (Gwys ) kHao Hk, (wy:
Therefore,

. L (P+tyH L (P

lim sup ( nHn) Py Giw; )

nll th

Secondly, we show lower bound convergence. De ne
wa( ) =arg max Ep[ (;w; )]+ taHn' (iw; )
Then,
L (P+tyHp)
= min max Er[" (5w )]+ taHn™ (Gw; )
=min Ep[" (Gwa( ) )]

+th Hoo (swa( ) ) HY Gwa( ) ) +taH (iwa(); )
min Ep[" (swa( )5 I+ takHn  HKL, ) + takH KL, ()

ngén Ep[ (swa( ); )]+ O(tn):
De ne the -ball
S0 < : <
B(P)= °2F  maxBe[ (;w; 9 min maxEp[ (;w I+

For every n 2 N, take a solution ,, 2 Bo(P + thHp). According to the above, this means
that there exists a C > 0 such that |, 2 B, c(P), for every n 2 N. This means that ( ,,)n2n
is bounded and therefore, has a convergent sub sequence against 2 Bo(P). W.Lo.g. let
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( n)n2n be that sub sequence itself. Because ( ;w; ) is bounded and Lipschitz-continuous in
(w; ), we have that

n|!I:ILTI v@?é Er[ (;w; ,)]1=L (P):
Due to optimality, we also have

inf mgx Er[ (;w; )1 L (P):

n2Nw2F w
De ne
Wy = arg max Ep[ (;w; p)I:
W2F
Then,
L (P+tyHy) L (P)
max Ep[" (;w; )]+ thHno (5w; ) max Ep[ (sw; )]
W2F w W2F w
Ep[ (sWny o)+ thHn™ (Gwns ) Ep[ (was p)l
= thHn (swns )
Also, we havew, "™ w , so
jHn™ (iwny n) HY (Gw ;o )j
i Hoo (iwns n) HY (Giwns )i+ jH (GGwes ) HY (GGwg )]
KHn Hk, gn+iH Gwes ) H Gw; )™ o
Therefore,
fiming = (P taHa) L (P)
n!l tn

O]

Theorem 4.6.9 (CoinDICE asymptotic coverage). Let D contain i.i.d. samples and the em-
beddedQ-LP from Lemma 4.6.1 have a unique solution. Also, let Assumptions 2.6.6, 4.6.5 and

4.6.6 hold. Then, we have thaC . 21 is an asymptotic(1  )-con dence interval of , i.e.,
e
- fooo_ 2
nI!llm P 2C. =P 0

Proof. We will apply Theorem 2.6.8 to prove this claim. Recall the de nitions in lemma 4.6.7
4.6.8. By Lemma 4.6.7,” (;w; ) is bounded and Lipschitz continuous in (w; ). By Assump-
tions 4.6.5 and 4.6.6, the set$~,, and F are both compact. Finally, H L,(PP). By Lemma
2.6.5,H is p®-Donsker with L »-integrable envelope. Lemma 4.6.8 provides the last requirements
to apply Theorem 2.6.8.

O
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4.6.4 Con dence Interval Calculation

In the following Theorem 4.6.10, we discuss how to calculate the lower and upper bound for our
con dence interval C;; :

Theorem 4.6.10 (CoinDICE upper and lower con dence bounds) Let I, and u, denote the
lower and upper con dence bounds oC;; , respectively. Then

[h = min max min E xows )L
n 2RK w:S A!' R opZBf:n (pD) X p[ ( )]

. . (X wg
= min max min E, oD f # —+ :
2RK w:S A! R o 2R yo; n
2R

Up= max_ min  max Ex [ (x;w; )I:
w:S AR o 2RC pogf (pP)

. . T(xpw; )
max min min E, o f —_— + —+
w:S Al R g 2RK 2R o;
2R

>

The optimal weights for lower and upper con dence bounds, respectively, are

p=f0 W) Dy and pe= 0 —WED) gy, (4.30)

Proof. W.l.o.g. we only calculate the upper bounduy,.
By (4.28), one can see that'(x;w; ) is linear in w and , respectively. Also, szn (pP) is

compact and convex andRK is convex anyways. Therefore, we can apply Sion's theorem and
get

Un max max_ min Ex o[ (X;w; )]

pZBf:n (pD)W:S Al R o 2RK

max max min E To(xw;
w:'S Al R OPZszn (P°) 2RK X P[ ( )]

max min  max Eyx o[ (x;w; )
w:S Al R o 2RK pZBf:n (pP)
This proves the rst claim.
For the second claim, we rewrite the inner maximization in terms of a Lagrangian. Since

D¢ (p k pP) and kpk; are convex and linear inp: S A ! R o, respectively, we can apply
Lagrange duality (2.9) and get

max Ex p[" (x;w; )]

p2BL, (p°)
= max_ min Ex o[ (x;w; )] D (p k p°) (kpky 1)
0p p° 2R o;
2
= min _max Ey o[ (xw; )] Ds (p k p°) (kpky 1)
2R 0,0 p pP
2R

Again, we rewrite the inner maximization. This time, we use the substitution

q=pxp° for 0 p pP° p=q° for g:S A! R g
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We get
p(x)

On;a?()D Ex o[ (Xsw; )] Ey po f 0 (x) - Ex p[]+
= M3 Ec ol (awi )al B lf (@0 Ex olaCl+ o+
_ C (5w )
= Ey g0 qrzrgglxo ———=—q f(g + ﬁ+
= EX oD f M + ﬁ.|.
Now, the optimal q(x) is given by
C (5w )

fO

By applying our substitution p(x) = g(x)pP (x), we prove the second claim.
O

We now want to leverage Theorem 4.6.10, to come up with an explicit algorithm, to calculate
the lower an upper con dence bound.
Remark 4.6.11 Consider a distribution p2 g . By (2.2) it takes the form

X
Pilsy =so; si=s; a=a; =50 Where p=(puiiipn)” 2 M
i=1

Therefore,
X0
Ex o (Gw; )= pili(w; )= hp;Y(w; )i;  where

i=1
(W) 2 (soissirarishw )y i =1;n

We can obtain ~(w; ) from the dataset D and evaluation policy

For now, we will x 2R andw:S A! R o From the KKT-conditions, we gather
that

X

Dt (pk p°) = % f (np;) = o (4.31)
i=1

In order to apply (4.30), we need to further specify ourf -divergence. We consider the modi ed
KL divergence (2.23). Using Lemma 2.2.9, we get

fqx) =2 Iogx+x% 2=2logx and foqy)=(f9Y (y)= &%

Plugging into (4.30) gives us

1 N
pi = exp 5 ~=exp 2—' n exp

™|
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Now, we use the fact that p must be a distributional vector and get
X X
i nex —

P 3
Finally the optimal weights for lower and upper con dence bounds, respectively, are

= softma —
P =S X 5

where we have to chose the 0 such that p that satis es the KKT-condition (4.31).
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5 Environments

5.1 General

Since we require our environments to have an in nite horizon, but in practice, this is rarely the
case, we apply two customWrappert objects from OpenAl Gym to still achieve it.

" AbsorbingWrapper. In this scenario, once theterminate ag is True, the environment
neglects all actions. It either stays in the same absorbing state [38] or acts on \auto
pilot," e.g. in Cartpole the pole would swing without the cart moving. In any case, some
absorbing reward (usually zero) is handed out.

" LoopingWrapper. Instead of neglecting actions, the environment is immediately reset
using its initial state distribution, applying Env.reset() . Assuming that the state-action-
space is nite and it never enters any loops prior to termination, we achieve ergodicity.
This makes looping an attractive option for the undiscounted setting.

Remark 5.1.1 For applications where we want to achieve a speci ¢ goal similar to reaching the
end of a maze, e.g. successfully curing a patient, we apply absorbing with absorbing reward
zero. As reward function we use

1; if the goal is reached ins® but not in s;

R(s;a;s‘bé 0; else

Also, let H be the (possibly in nite) random variable hitting time for the time step at which
the goal is rst reached, i.e.,
H =infft 2 N j goal is rst reached at time tg:
Considering our reward function, the policy value is computed as follows
=1 E["I

For lower , we get a higher penalty for taking longer to reach the goal. The closer moves
towards 1, the lower this penalty gets. Taking the limit and using dominated convergence, we
see that the scaled policy value converges towards the success rate, i.e.,

: Hy— i H Hig = -
I|!mlE[ ]_I|[nl F[ J{J2|< 1}] P(H < 1)+|E[ JZ—l}] PH=1)

<1

= E lim H H< 1 P(H< 1)= P(goal is reached)

Lhttps://gymnasium.farama.org/api/wrappers/
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5.2 Boyan Chain

In order to compare our algorithms in an environment, where we can determine the stationary
distribution correction w-p and policy value  analytically, we use BoyanChain[11, 41]. The
initial state distribution d,, transition matrix P , and reward function r are explicitly stated
in Figure 5.1. We choosed® to be uniform on' S A. With this information, we can solve the
modi ed backwards Bellman equations (3.17) explicitly.

ag ag ag aog ao ag
R
al al a ap ap

Figure 5.1: We follow the setup by Yao and Liu [11]. The initial distribution is uniform over all
states. Foralli 2, ag transitions from s; to s; ; and a; from s; to s; ,, Both cases
yielding areward of 3. For < 1, ats; both ag and a; lead towards sy and we get
areward of 2. We considersy an absorbing state and let both actions steer fronmsg
back to sp, with a reward of 0. For =1, we want to ensure ergodicity, hence, ats;
and sy, both actions reset the environment using the initial state distribution, with
rewards 2 and O, respectively. This boils down to using absorbing and looping.

Considering the reward function, we notice that the goal of this environment is to reachsy as
quickly as possible. Hence, the optimal policy always chooses over ag. However, our policy
has

(apjsi)=0:1 and (a1jsi)=0:9 forall i=0;:::;N:

We generate a dataset ofn = 100;000 samples for our numerical results and seN = 12
following Boyan et al. [11]. Since this environment is tabular, we use one hot encoding, to
embedS into [0; 1N *1,

5.3 OpenAl Gym

To further investigate the performance of our estimators, we test them on the OpenAl Gym
environments FrozenLake?, Taxi 3, and Cartpole 4. Following Dai et al. [13], we use looping for
the rst two instances and apply an absorbing state with a reward of 1 for the latter.

For FrozenLake, we have adeterministic and stochastic version, depending whether the pa-
rameter is _slippery is False or True, respectively. In both cases, we generata = 100;000
dataset samples using a uniform dataset distributiond® on S A. The initial state distri-
bution d,, transition matrix P , and reward function r are obtained analytically. Just like in
BoyanChain we can then solve the modi ed Bellman equations (3.17) explicitly. The evaluation
policies are trained with PPO [37, 35], without looping in the environment.

In Taxi, we use the same environment, behavior policy, and evaluation policy as Dai et al.
[13]. We gather 1Q000 trajectories with a length of 200.

2https://gymnasium.farama.org/environments/toy  _text/frozen _lake/
3https://gymnasium.farama.org/environments/toy  _text/taxi/
4https://gymnasium.farama.org/environments/classic _control/cart _pole/
Shttps://stable-baselines3.readthedocs.io/en/master/modules/ppo.html
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With Cartpole , however, we train a behavior and evaluation policy for 10000 and 100000
steps, usingPPQalso without absorbing in the environment. Here, we gather 500 trajectories
with a length of 200. In all of these time steps, the behavior and evaluation policies manage to
balance the pole roughly 70% and 100% of the time, respectively.

5.4 Medical

We use a set of prerecorded data of septic patients and their treatment fromAmsterdamUMCdb
[39, 8]. Each state is composed of certain sensory data, such as blood pressure, blood oxygen
saturation, etc. Actions are clustered administered dosage of the drudnydrocortisone. Once
a patient's treatment ends successfully, a reward of 1 is handed out, otherwise, we only get O.
The evaluation policy is obtained in the same way as Bologheanu et al. [8].

In order for the policy value to be easily interpretable, the setup from Remark 5.1.1 serves
as a basis for our environment. When a patient is cured or passed away in the statsy, all
subsequent states are chosen to be the same absorbing state, i®.= sy forallt H. Inorder
to implement this setup, we pad each ending of a trajectory with the respective nite state.

The evaluation was performed using this data directly viaNeuralDualDice , NeuralGenDice,
and NeuralGradientDice , as well as in a clustered form, as described in Figure 5.2. Clustering
the dataset lets us construct a simulator and use algorithms with a more solid convergence
theory.

Shttps://scikit-learn.org/1.5/modules/generated/sklearn.cluster. KMeans.html
"https://gymnasium.farama.org/api/env/
8https://sb3-contrib.readthedocs.io/en/master/modules/ppo  _mask.html
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Figure 5.2: We start by splitting the preprocessed data seinto a training and testing data set
We select some features from the un-clustered observations in the training data set
and train a KMean% model from Scikit-learn with 256 clusters, which we use to
extract clustered observations from the training and testing data set. Two addi-
tional clusters, representing \recovered" and \deceased," are added at the end of
each trajectory. The clustered observations are stored in theclustered training and
testing data sef together with the patient IDs, time stamps, actions, and rewards.
From these, we construct atraining and testing simulator in the format of an Env/
from OpenAl Gym, by approximating the initial state distribution and transition
kernel, respectively. We make sure for each environment to allow an actiom in a
state s only if (s;a) is part of the associated clustered dataset. On the training sim-
ulator we apply MaskablePP® [17] from Stable-Baselines3 to train anexploratory
and evaluation policy. We apply these policies to the testing simulator, to produce
a exploratory and evaluation data set Together with the clustered testing data
set, Monte Carlo agents use their rewards to approximate their respective policy
values via on policy evaluation. Additionally, we use the VAFE and DICE agents
TabularVafe , TabularDice , TabularDualDice , and TabularGradientDice , which
take the action distributions from the evaluation policy as well as the rewards and
state distribution from these datasets to produce an o policy estimate of the eval-
uation policy value.

e



6 Numerical Results

We conducted experiments using both tabular and continuous algorithms with various hyper-
parameters, selecting those that yielded the best performance. We briey summarize their
functionality.

The most important hyperparameter is the discount factor , which lets us control how much
weight is given to rewards further along a trajectory.

The objectives (4.4) and (4.5) also include the norm penalty coe cient . It determines, how
high the approximate stationary distribution correction should be penalized, when its expected
value under the dataset deviates from one.

The boolean hyperparameterweighted lets us choose between a simple (3.15) and weighted
Monte Carlo estimator (3.16) for the policy value, provided, we are already given an approxi-
mation for the stationary distribution correction.

Tabular algorithms also include projected . If active, we rst project all vectors and matrices
onto the subspace of all indices whose corresponding state-action-pairs actually occur in the
dataset, before approximation. Afterwards, we embed back into the original space. In some
cases, it is necessary to enforce this assumption in order to satisfy the requirements set forth in
Assumption 3.5.1. If already satis ed, it does not make a di erence for the estimator.

Finally TabularDice has the boolean hyperparametemodified , which dictates whether to
use the standard backwards (3.9) or modi ed backwards Bellman equations (3.17).

6.1 Boyan Chain

BoyanChain Tabular. This environment was used to investigate the performance of our tabular
algorithms, as we increase the number of states. In the episodic variant Sub gures 6.1a and
6.1b, the policy value drops as the chain lengthN increases. Recall that as the end of the chain
is reached, reward zero, instead of 3 and 2, is handed out. Similar behavior can be found
in the continuing variant Sub gure 6.1c. The Sub gures 6.1d, 6.1e, and 6.1f, show the policy
value error in more detail. We see that our tabular algorithms perform similarly well, if not
better than on-policy evaluation. In the episodic setting, the error increases as the number of
states goes up. This is not the case with regard to the continuing domain. The underlying
cause of this behavior is likely an increase and subsequent decrease in the discrepancy of the
rewards, respectively. However, an examination of the stationary distribution corrections, as
illustrated in Sub gures 6.1g, 6.1h, and 6.1i, reveals an increase in the MSE as the number of
iterations N increases. This means that this experiment was successful and the analytical value
was approximated properly.

BoyanChain Continuous. Here we provide an environment with a continuous state space and
access to an analytical solution to the stationary distribution correction w - p and policy value

. The Sub gures 6.2a, 6.2b, 6.2c, and 6.2e, 6.2f, 6.2g show that the analytical policy value
can be approximated decreasingly well as the discount factor increases. This can be observed
in more detail in Sub gures 6.2i, 6.2], and 6.2k, respectively. Also, the weighted estimator
(3.16) performs a more accurate approximation than the simple estimator (3.15), especially for
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NeuralGenDice. As suggested by Nachum et al. [34] and Zhang et al [41], the performance of
NeuralDualDice , approximating the stationary distribution correction, is signi cantly impaired
when the discount factor is increased.NeuralGenDice and NeuralGradientDice also follow this
patter, but are more robust in this regard. Mao et al. [25] claim that a small Bellman residual
angle of the gradientsr 4P vy andr 4vx may be responsible for the instability associated with
a higher discount factor, as the gradients cancel each other out more and more. In Figure 8.21
we see that the BRA is indeed quite small, at aboutg. Even so, in Sub gures 6.2d, 6.2h, and
6.2, it is evident that the undiscounted case, with discount factor =1, o ers an excellent ap-
proximation performance, albeit it based in a slightly di erent environment. We have the same
setup as Zhang et al. [41]. However, our results foNeuralDualDice and NeuralGradientDice
show an even smaller MSE on the stationary distribution correction. We also get lower MSEs
for the continuing setting. Our analytical solution for the stationary distribution correction was
calculated by solving the eigenvalue problem (4.1) and not by iteratively applying the transition
matrix to the identity matrix 10 ;000 times [41]. This may explain the better performance.

6.2 OpenAl Gym

FrozenLake. This environment lets us observe the in uence of adding randomness to the tran-
sition dynamics. Comparing Sub gures 6.3a and 6.3b, we notice that approximating the policy
value () gets harder, not only as the discount factor increases, but also when we switch
from deterministic to stochastic transitions. For those algorithms that allow for an undiscounted
evaluation, the undiscounted counterparts converge to their evaluation outcome, with increasing
discount factor. This is not the case for episodic on-policy evaluation. The rationale behind this
phenomenon can be elucidated with relative ease. We are dealing with a looped environment,
but can only gather nite trajectories. With a higher discount factor, rewards further along the
episode are given a higher weighting. Not sampling them is equivalent to setting them to zero,
which biases the estimator.

Taxi. Here we provide a deterministic environment similar to FrozenLake, in terms of its
objective, but has a signi cantly higher state space. As a consequence, gathering experience
by means of a behavior policy is harder, since we must satisfy Assumption 3.5.1. Numerical
evidence for this claim can be found when comparing Figures 8.18 and 8.19. There, we see
that the approximations of the initial state distribution c’i\o and the transition matrix P are
already awed. Further evidence is given in Sub gure 6.3c, which shows that approximating
the policy value does not work as well as folFrozenLake. Nevertheless, the approximations are
still reasonable, especially for a higher discount factor. This means that our algorithms are to

a certain extent robust against aws in the dataset.

Cartpole . This classical environment serves as a more sophisticated continuous state space
testing environment than BoyanChain Continuous. Although an analytical solution is lack-
ing, we can still undertake a comparison with on-policy evaluation alone. The performance of
NeuralDualDice in Sub gures 6.3g, 6.3h, and 6.3i, is comparable to Nachum et al. [34]. Except
for NeuralGenDice with the discount factor = 0:1, the weighted estimators in Sub gures
6.3d, 6.3e, and 6.3f, perform better than their simple counterparts in Sub gures 6.3d, 6.3e,
and 6.3f, respectively. This does not agree with the comparison irBoyanChain Continous,
which shows that there is \no free lunch.” NeuralGenDice is as accurate asNeuralDualDice

for =0:1,0:5, but for = 0:9 it underestimates the policy value. For NeuralGenDice, this
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Figure 6.1: BoyanChain Tabular. The horizontal axis shows the length of the chain, i.e.N +1
is the number of states. The columns of the multi-plot, 6.1a, 6.1d, 6.1g and 6.1b,
6.1e, 6.1h and 6.1c, 6.1f, 6.1i, represent the same runs, displaying the (approximate)

policy value , policy value error j» j and stationary distribution correction
MSE Epjw-p W-pj2. We use various discount factors and the same norm
penalization coe cients =10 ©. We plot the sample-mean and an area spanning

half the standard deviation using runs on four datasets, generated by di erent seeds.

is already the case for the lower discount factors. Taking a closer look at the loss functions,
plotted in Figures 8.10, 8.11, and 8.12, we see that they move increasingly closer to zero, the
higher the discount factor gets. Presumably, the Bellman error P v v in the loss de nition is
responsible. Figure 8.22 supports this claim, by showing a small Bellman residual angle below
15- As already discussed irBoyanChain Continuous, this leads to many parts of the gradients

r 4P vy andr xvy canceling each other out. Since the BRA inCartpole is half of the BRA in
BoyanChain Continuous, this may explain why the approximation in this application is even
worse for the high discount factor =0:9.
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Figure 6.2: BoyanChain Continuous. The horizontal axis shows the training step. The
columns, 6.2a, 6.2e, 6.2i, 6.2b, 6.2f, 6.2j, 6.2c, 6.2g, 6.2k, 6.2d, 6.2h, 6.2I, represent
the same runs, displaying the analytical and approximate policy value , using
the simple (3.15) and weighted (3.16) estimator, and the MSEEpjW-p W= pj?
to the analytical stationary distribution correction w_-p. We use various discount
factors and norm penalization coe cients . We plot the sample-mean and an
area spanning half the standard deviation using runs on four datasets, generated by
di erent seeds.

6.3 Medical Application

Medical Tabular . In order to be able to perform on-policy evaluation, we cluster our medi-
cal dataset, extract the necessary distributions and build a simulator, as described in Figure
5.2. Similar to Nachum et al. [34], we want to compare policy evaluation algorithms, using
various datasets. As illustrated in Figure 6.4, the clinician, exploratory, and evaluation policy
each demonstrate a distinct level of policy value, with each outperforming the others. Figure
6.6 depicts the convergence of policy values towards respective treatment success rates across
datasets. Since the goal of our algorithms is to approximate the evaluation policy value, we
notice that resampling the dataset by means of the exploratory policy 6.4b yields the best ap-
proximation. The clinician dataset 6.4a is likely too dierent from the trajectories that the
evaluation policy would follow. The dataset resampled with the evaluation policy 6.4c, on the
other hand, does not sample enough experience for Assumption 3.5.1 to be satis ed. Similarly
to Taxi, this can be supported by noticing the already awed approximations of the initial state
distribution d\o and transition matrix P , as illustrated in Figure 8.20. For each algorithm and
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Figure 6.3: OpenAl GymThe top three plots, 6.3a, 6.3b, and 6.3c, show the policy value ( )
against the discount factor close to one, forFrozenLake and Taxi. The dotted
lines mark the respective undiscounted results for the policy value, i.e., = 1. The
bottom three plots, 6.3g, 6.3h, and 6.3i, present the policy value with discount
factor = 0:1, 0.5, and @9, respectively, plotted against the training step of the
respective algorithm, for Cartpole . Only the algorithms that yield su cient results
were chosen. In all of the plots, we present the behavior- and evaluation policy
values as a reference point.

the onpolicy evaluation, consider the right most point on their respective curve, i.e., where the
discount factor is the highest. The di erences between the points of an algorithm and on-
policy evaluation, are less than 5%, 1%, and 5%, respectively. These serve as error margins on
the evaluation policy treatment success rate, respectively. Since the di erence of the treatment
success rates of the clinician and evaluation policy is more than:3%, this is already enough to
con rm superhuman performance.

Medical Continuous . The primary motivation for this work is to evaluate a policy, treat-

ing septically ill patients, using o ine behavior agnostic policy evaluation algorithms. This
means that we operate directly on a dataset, without clustering or inferring the distribution
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of the behavior policy. In Figure 6.5, we illustrate the best results available. For all numbers
of hidden neurons, NeuralDualDice and NeuralGradientDice consistently produce a policy
value above the clinician's behavior, even when accounting for the standard deviation. Here,
we chose thesimple policy value estimate. In Figures 8.14 and 8.15, we see that theveighted
estimator is biased upwards [38, p. 105]. On the other handNeuralGenDice produces unstable
learning curves. This is probably due to a high variance of the stationary distribution correction
approximate W - p, resulting in some of its components being much higher than others. Conse-
guently, in Figure 8.16, the simple policy estimate skyrockets or oscillates immensely, while the
weighted estimator nulli es this e ect. The choice of the low discount factor = 0:9 signi -
cantly decouples the scaled policy value from the treatment success rate, as shown in the Figure
6.6. However, the policy gets a higher penalty for taking too many steps per episode. Also, the
estimators are more stable and less biased, while a discount factor of= 0:99 already leads to
implausible results. Our ndings in Figure 6.5 are consistent with Bologheanu et al. [8], who
used the same method to obtain the evaluation policy. As already discussed fdBoyanChain
Continuous and Cartpole , the Bellman residual angle can give an insight into the performance
of the estimator. Just like BoyanChain Continuous in Figure 8.21, NeuralGradientDice in
Figure 8.15 shows a BRA of just underg. On the other hand, NeuralDualDice in Figure
8.14 and NeuralGenDice in Figure 8.16 have a BRA slightly below 1z, similar to Cartpole

in Figure 8.22. In the same way that the results forBoyanChain Continuous are superior to
those of Cartpole , NeuralGradientDice produces more stable policy value and loss curves
than NeuralDualDice and NeuralGenDice.

(@) (b) ©

Figure 6.4: Medical Tabular . These three plots show the scaled policy value ( )=(1 ),
plotted against the discount factor close to one. The dotted lines mark the re-
spective treatment success rate for the clinicians, exploratory and evaluation policy.
The data for the VAFE and DICE algorithms is either taken from the clustered test
dataset directly 6.4a or resampled using an exploratory policy 6.4b or the evaluation
policy 6.4c.
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Figure 6.5: Medical Continuous . Here, we show the mean and standard deviation of the scaled
policy value with a discount factor of = 0:9. The objectives use the same norm
penalization coe cient = 1:0, as suggested by Zhang et al. [44, 41]. The primal
and dual neural networks have a single hidden layer, with di erent numbers of neu-
rons, speci ed on the horizontal axis. The samples were taken from the marked
parts of the learning curves in Figures 8.14, 8.15 and 8.16, where the policy value
estimate and the loss function settle in an equilibrium and oscillates with a con-
sistent amplitude. For each algorithm, we chose either the simple or the weighted
estimator, depending on which produced the more plausible output, respectively. As
a reference, we also show the clinician's scaled behavior policy value on the dotted
horizontal line.

Figure 6.6: We plot the error between the scaled on-policy value \ )=(1 ) and treatment
success rate , for the clinician as well as an exploratory- and the evaluation policy.
As we increase the discount factor towards one, the scaled policy value converges
linearly against the success rate.
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7 Conclusions and Future Work

In this work, we described methods that approximate the policy value for tabular environments,
based directly on the Bellman equations (3.5) and (3.9), solving linear equation systems and
eigenvalue problems and collected the most prominent DICE methods for continuous environ-
ments.

We tested these algorithms on various well established environments retaining certain selected
properties, analyzed the results and made connections to the underlying theory. Finally, we
executed the algorithms on a carefully constructed environment for medical applications, where
the policy values are easily interpretable.

We saw that our estimators yield good results, as long as we provide adequate data. For
the clustered medical application, our estimators achieved errors on the treatment success rate
ranging from 1% to 5%. This is especially interesting, since practical and theoretical evidence
con rms that classical o -policy evaluation methods based on importance sampling su er from
high variance [42]. They also explicitly require the distribution of the clinician's behavior policy,
which can only be approximated at best [19, 8].

Theoretical guarantees that the estimator will work in the undiscounted setting are di cult
to provide, when dealing with complex continuous environments. However, there are even some
issues relating to stability and bias, if one chooses to evaluate in the discounted setting with
a high discount factor. It is important to further develop stable and precise algorithms for
continuous environments. A clustered environment simulator always deviates from the original.
Possible solutions might adapt ideas from Mao et al. [25] from policy optimization to policy
evaluation. An alternative to DICE by Mousavi et al. [28] involves the use of reproducing kernel
Hilbert spaces and maximum mean discrepancy. Building upon their approach is to nd kernels
that provide accurate estimates.

Also, the need for safe policy evaluation for medical applications calls for algorithms capable
of providing rigorous con dence intervals on the policy value. Algorithms like these, which also
only have the requirements of those discussed in this work, i.e., o ine and behavior agnostic,
should be developed further and tested in the same way that we have done here [13].

It is still an open task, to run these o ine behavior agnostic policy evaluation algorithms on
more and bigger dataset, including di erent clustering techniques and feature selections, perhaps
also with other treatment objectives. Nevertheless, the medical policy evaluation results are
very promising so far, showing that there is a lot of potential for RL and medicine to work
together.
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8 Appendix

8.1 Additional Numerical Results

This section presents supplementary graphs and analyses that, while not central to the main
contributions of this work, provide valuable insights into the behavior of our algorithms. These
results help to contextualize and explain some of the phenomena observed in our main nd-
ings. Speci cally, we include plots that illustrate the e ects of di erent learning rates and key
statistics of our algorithms. These additional visualizations support claims about why perfor-
mance varies under certain conditions and o er a deeper understanding of how our methods
respond to di erent parameter settings. Collectively, this evidence underscores the robustness
and adaptability of our approaches across a range of scenarios.
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Figure 8.2: BoyanChain Continuous - episodic - NeuralDualDice
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