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Kurzfassung

Die Bayes’sche Analyse bei der inversen Modellierung zielt darauf ab, die Wahrschein-
lichkeitsverteilung von unsicheren Parametern zu berechnen, die durch Vorwärtsmodelle
(PDE) eingeschränkt werden, wobei ein Vorwissen über den unbekannten Parameter und
verrauschte Beobachtungen vorausgesetzt werden. Prominente Beispiele sind Bayes’sche
inverse Probleme in der Medizin, Biologie, Bildgebung und unterirdischen Strömung sowie
Klima- und Wettervorhersagen. Eine der Hauptfragen, die sich hier stellt, ist, wie viel
und wie optimal man durch einen Bayes’schen Ansatz aus gegebenen Messdaten in einem
Experiment Informationen extrahieren kann. In dieser Dissertation beantworten wir diese
Frage, indem wir Methoden zur optimalen Versuchsplanung (OED) für inverse Bayes’sche
Probleme entwickeln. Zu diesem Zweck wird der erwartete Informationsgewinn (Expected
Information Gain, EIG) als Optimalitätskriterium berechnet, und zwar als erwartetes loga-
rithmisches Verhältnis zwischen der Posterior- und der Prior-Verteilung. Die Optimierung
dieses Verhältnisses führt zu optimalen Versuchsplänen mit den informativsten Daten.
Dies führt zu einer Verringerung der Unsicherheit bei den Bayes’schen Parametern, die im
mathematischen Modell von Interesse sind.

Der erwartete Informationsgewinn umfasst verschachtelte Integrale und lässt sich in der
Regel nicht in einer geschlossenen Form berechnen. In dieser Dissertation werden Double-
Loop-Monte-Carlo-Sampling-Methoden entwickelt, um den EIG in realen Anwendungen wie
dem inversen Problem der elektrischen Impedanztomographie (EIT) in der medizinischen
Bildgebung zu schätzen, bei dem es darum geht, die optimale Elektrodenkonfiguration zu
finden. Für dieses inverse Problem wird eine nichtlineare elliptische partielle Differenti-
algleichung, nämlich die Poisson-Boltzmann-Gleichung, als das entsprechende Vorwärts-
PDE-Modell verwendet. Da Double-Loop-Sampling-Methoden inhärent rechenintensiv sind,
wird eine Laplace-Approximationstechnik entwickelt, um dieses Problem zu überwinden
und das EIG schneller und effizienter zu berechnen. Darüber hinaus wird ein Ansatz zur
Varianzreduzierung entwickelt, nämlich die mehrstufige Quasi-Monte-Carlo-Methode zur
effizienten Approximation des EIG.
Die Bayes’sche Inversion und die optimale Versuchsplanung haben verschiedene Anwen-

dungen in den Computerwissenschaften und -techniken, der Medizin und der Biologie. In
dieser Dissertation wird als weitere Anwendung die Bayes’sche inverse Modellierung von
epidemiologischen Krankheiten erforscht. Um die Ausbreitung von Infektionskrankheiten zu
modellieren, wird ein SIR (susceptible-infectedremoved) System gewöhnlicher Differenti-
algleichungen entwickelt und Bayes’sche Inversionstechniken werden für die robuste und
zuverlässige Schätzung der unbekannten Parameter im epidemiologischen Modell eingesetzt.
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Abstract

Bayesian analysis in inverse modeling aims to compute the probability distribution of
uncertain parameters, constrained by forward (PDE) models, given a prior knowledge on
the unknown parameter, and noisy observations. Prominent examples include Bayesian
inverse problems in medicine, biology, imaging, and subsurface flow as well as climate and
weather forecasts. One of the main questions arises here is that how much and how optimal
information one can extract through a Bayesian approach from given measurement data
in an experiment. In this dissertation, we answer this question by developing optimal
experimental design (OED) methodologies for Bayesian inverse problems. To this end, the
expected information gain (EIG) is calculated as an optimality criterion which specifically is
the expected logarithmic ratio between the posterior and prior distributions. Optimizing this
ratio leads to optimal designs of experiments with the most informative data. This results
in the reduction of uncertainty in the Bayesian parameter of interest in the mathematical
model.
The expected information gain includes nested integrals and usually does not have a

closed form to compute. In this dissertation, double loop Monte Carlo sampling methods
are developed to estimate the EIG in real world applications such as electrical impedance
tomography (EIT) inverse problem in medical imaging, where the goal is to find the optimal
electrode configuration. For this inverse problem, a nonlinear elliptic partial differential
equation, namely, Poisson-Boltzmann equation is used as the corresponding forward PDE
model. Moreover, as double-loop sampling methods are inherently computationally expen-
sive, a Laplace approximation technique is developed to overcome this issue and to compute
the EIG in a faster and more efficient way. Furthermore, a variance reduction approach
namely the multilevel quasi Monte Carlo method for the efficient approximation of the EIG
is developed.
Bayesian inversion and optimal experimental design have various applications in com-

putational science and engineering, medicine and biology. In this dissertation, as another
application, the Bayesian inverse modeling of epidemiological diseases is explored. In order
to model the spread of infectious diseases, a SIR (susceptible-infected-removed) system of
ordinary differential equations is developed and Bayesian inversion techniques are deployed
for the robust and reliable estimation of the unknown parameters in the epidemiological
model.
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1 Introduction

1.1 Bayesian Inversion and Optimal Experimental Design

Various phenomena around us can be modeled by mathematical models, often with the
means of di�erential equations or systems. The coe�cients and parameters used in the
mathematical model are e�ective factors on the response variable, but they have unknown
and uncertain values in the sense that they can only be determined with the help of
measurement data, which always come together with measurement errors. The goal of
an inverse problem is to �nd the unknown parameters given some observations as the
measurement data. The parameters cannot be controlled during the experiments. However,
knowing the parameter values gives concrete information about the system behavior. To
this end, we need to solve the inverse problem.

There are various methods for estimating the parameter values and solving the inverse
problem. One can divide the statistical inference approaches into two categories: frequentist
and Bayesian inference. The di�erences between these two approaches stem from the way the
concept of probability is interpreted. In the frequentist approach, the unknown parameter is
assumed to be �xed and deterministic, and probabilities are de�ned as long-term frequencies
of occurrences of an event. The event has to occur many times. Therefore, in this approach
we collect data from a sample of the population and estimate its mean as the value which
agrees best with the data.

In contrast, in the Bayesian approach, the unknown parameters are assumed to be random
variables. In this technique, probabilities are rooted in degrees of belief and logical support
and can be used to represent uncertainties in any event, even in non-repeatable events.
In Bayesian inference, we de�ne probability distributions over possible parameter values
and use the data to update the distribution, which means that beliefs are updated in
response to new evidence. The updating is done by applying Bayes' theorem. In fact, the
new information (e.g., experimental data) makes the probability distribution more focused
around the true value of the unknown parameter. Thus con�dence intervals can easily be
calculated.

Prominent examples of exploiting Bayesian analysis for inverse modeling are in climate
and weather forecasts [1], subsurface 
ow [2], life sciences [3, 4, 5], and biomedicine [6, 7, 8].
Bayesian inference tools have been so far applied successfully to many inverse problems in
various applications (see for example [4, 9, 10]).

In Bayesian approach [11, 12, 13], in order to solve inverse problems, one considers the
unknown parameters as random variables and calculate the posterior probability density
that re
ects the distribution of the parameter values based on the prior knowledge and the
observations. Therefore, in this method, not a single parameter value but its probability
distribution is found. This is an advantage, since probability distribution conveys information
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1 Introduction

how well the parameters can be determined. To this end, we consider the error model:

Y = g(� ) + �;

whereY is the measurement data,g is the parameter-to-observable map and� is an additive
Gaussian noise with the mean 0 and covariance matrix �� . Moreover, it is assumed thatp(� ),
p(� jY ), and p(Y j� ) are the probability density functions of the prior, posterior, and (data)
sampling distributions, respectively. The density p(Y j� ) of the data provides information
from the measured data to update the prior knowledge, and it is usually called the likelihood
density function. The goal of Bayesian inversion is to estimate the posterior probability
density function p(� jY ), which re
ects the uncertainty about the quantity of interest � using
measured dataY . In Chapter 2, we present a brief introduction to the Bayesian inversion
concept and numerical algorithms including general Markov Chain Monte Carlo methods
and Delayed-rejection adaptive Metropolis-Hasting (DRAM). Furthermore, we present an
application of the Bayesian approach for a PDE-governed inverse problem in biology, based
on our work in [4].

But, how much informative is the measurement data? When it comes to challenging
�elds of study in computational science and engineering, where the experiments are too
expensive or rarely available to be carried out, the design of experiments plays an essential
role to overcome these issues. To obtain the most informative data, the experiments must be
set up under the best possible designs. The high quality and informative measurement data
gives a better quantitative and qualitative understanding of the problem, which leads to
the most accurate estimation of the unknown model parameters. However, the quantitative
methods for optimizing data acquisition have not been much explored. In this work, we aim
to obtain the designs under which the maximum amount of information can be extracted
from our experiments.

In order to optimize the design of experiments, there are various optimality criteria. In
statistical inversion models, the parameter(s) of interest is estimated via some proposed
estimators, and their mean value as well as covariance matrix. The inverse of the covariance
matrix is called the information matrix . Various criteria in optimal experimental design
are de�ned based on unique real-valued summaries obtained from the information matrix,
which are well-known as theinformation criteria . These criteria include

ˆ A-optimality, which seeks to minimize the trace of the inverse of the information
matrix. This criterion results in minimizing the average variance of the estimates of
the parameter of interest in the model.

ˆ D-optimality, amis to minimize the determinant of the inverse of the information
matrix. This criterion leads to maximizing the Shannon information content of the
parameter estimates.

ˆ E-optimality, which maximizes the minimum eigenvalue of the information matrix.

In order to measure the information which is gained through a parameter estimation,
one can use the Kullback-Leibler distance (DKL ) which measures the relative entropy. The
expected DKL is an indicator for measuring uncertainty and will be a criterion for the

2



1.1 Bayesian Inversion and Optimal Experimental Design

optimal experimental design, the so-calledExpected Information Gain (EIG) . The entropy
of a continuous parameter� is given by

H (� ) := �
Z

�
p(� ) log(p(� ))d�;

where � is the parameter space in the inverse problem. The entropy measures the degree
of disorder or lack of information carried by the pdf of � . Low entropy indicates that few
data is needed to estimate the true value of the unknown quantity which shows the less
uncertainty in the estimation, whereas a high entropy means that, in order to determine
the true value, a lot of data needs to be collected.

The Kullback{Leibler Divergence, DKL , quanti�es the discrepancy or closeness of two
probability distributions, and measures the amount of information of two di�erent pdfs.
The Kullback-Leibler divergence, or simply, the KL divergence, is a non-symmetric measure
of the di�erence between two probability distributions p(� ) and q(� ), and has been used
popularly in data mining literature. The continuous version of the KL divergence between
p(� ) and q(� ) is de�ned by

DKL (pjjq) =
Z

�
p(� ) log

p(� )
q(� )

d�; (1.1)

which is a non-negative quantity, and DKL (pjjq) = 0 if and only if p = q. In the case
that p and q are Gaussian distributions, i.e. p(� ) � N (� p; � p) and q(� ) � N (� q; � q), the
Kulback-Leibler distance has a closed form representation

DKL (pjjq) =
1
2

�
tr(� � 1

q � p) � n + ( � p � � q)T � � 1
q (� p � � q) + log(

det � q

det � p
)
�

;

where n = dim �. For a simpler case, if � p = [ � 1; : : : ; � n ]T and � p = diag([� 2
1; : : : ; � 2

n ]) and
q(� ) � N (0; I ), the KL divergence has a much simpler representation as following:

DKL (pjjq) =
1
2

nX

i =1

�
� 2

i � 1 + � 2
i � log(� 2

i )
�

:

We consider an inverse problem with design parameters� and the measurement model

Y� = g(�; � ) + �;

where Y� is the measurement data andg is the parameter-to-observable map. In this model,
� is an additive Gaussian noise with the mean 0 and covariance matrix �� . The goal is to
estimate the Expected Information Gain (EIG) for a given design � , which is de�ned by

EIG � (� ) = E[DKL ] =
Z

Y

Z

�
p(� jY� ) log

� p(� jY� )
p(� )

�
d� p (Y� )dY� ;

where � 2 � is the parameter of interest, p(� ) is the prior knowledge on � and p(� jY� ) is
the posterior distribution of the parameter of the interest. As the posterior distribution of
� is intractable, we will use Bayesian approach, and related numerical methods to estimate
the EIG for given design parameters which will be explained in Chapter 2.

3



1 Introduction

1.2 Electrical Impedance Tomography

Electrical impedance tomography (EIT) [14, 15, 16, 17, 18] is an imaging technology
which reconstructs electrical properties of the interior of a body using surface electrode
measurements. The electrical and physical properties of a human body produce great
information about the body interior for the identi�cation and characterization of inclusions,
for instance, cancerous tissues. This phenomenon is exploited in EIT, where the electrical
properties such as conductivity information is used to build images of the interior. This
technology has attracted lots of attention since it possesses lots of practical advantages such
as non-invasive, safe, portable and comparatively low cost devices. EIT technology has been
applied for imaging in various medical �elds; lung imaging [19, 20, 21, 22] for example for
the detection of pulmonary edema, breast imaging for the detection of abnormalities [23, 24]
and brain imaging for the study of epilepsy, migraine, and strokes [25, 26, 27] as a fast
neuroimaging tool. Despite of all advances, this charming technology is not yet competitive
with computed tomography (CT) and magnetic resonance tomography (MRI) and has not
yet been adopted widely as a clinical imaging tool; EIT is an ill-posed and nonlinear inverse
problem [28], which su�ers from low spatial resolution [29, 30] and a poor signal-to-noise
ratio (SNR) [ 31] compared to conventional tomographic imaging techniques such as CT and
MRI. Using more electrodes increases the spatial resolution, but housing many electrodes is
not always possible in real-life scenarios. Furthermore, using a smaller FEM mesh size may
improve the image quality, but results in higher computational time and cost.

The domain being considered in EIT problem is usually a cross-section of the main object
which contains inclusions representing a di�erent material than the background medium
and with several electrodes which are equidistantly attached to the surface of the main
body. The device with this con�guration will be used as the computational domain for the
underlying PDE problem later. In Figure 1.1, a schematic diagram of the device with one
of the measurement patterns is shown. In this pattern, a current is applied between two
electrodes, and the resulting potential is measured at the rest of the electrodes.

Figure 1.1: Schematic diagram of a cross-section of an EIT device.

The EIT forward problem is to �nd the electrostatic potential in the physical domain
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1.3 Laplace Approximation for Electrical Impedance Tomography Inverse Problem

and then to calculate the potential at the electrodes. Assume thatD � R2, is a closed and
bounded domain with a smooth boundary@D. Using the quasi-static approximation, the
electrical �eld E can be represented in terms of a scalar potentialu by

E(x) = �r u(x); (1.2)

where x 2 D. For simplicity, we assume direct current or su�ciently low-frequency current
such that the magnetic �eld can be neglected. The linear model of EIT problem

r � (Ar u) = 0 ; (1.3)

where A(x) is the conductivity of the tissue inside the domain. The linear model(1.3) is
widely used for modeling EIT; the Electrical Impedance Tomography and Di�use Optical
Tomography Reconstruction Software EIDORS [32] (http://eidors.org) is based on this
model equation.

Mathematical modeling and numerical simulations of the EIT problem including uncer-
tainty quanti�cation and e�ciently solving the tomography inverse problem are essential
for optimal and e�cient design of EIT devices in imaging technology. In Chapter 3 which is
based on our work in [7, 8], we develop a new PDE model for EIT and propose Bayesian
inversion techniques for solving a real-world EIT inverse problem. Furthermore, the well-
posedness of Bayesian inversion for the new inverse problem as well as numerical approaches
for estimating the conductivity of the domain as the unknown parameter are developed in
this chapter.

Beyond Bayesian approach for EIT, we explore the optimal design of experiment in
real-world EIT applications. The main question is: how and where should the electrodes at
the body surface be located to extract more informative measurement data? To answer this
question, we will maximize the expected information gain over the EIT design space. To
this end, the inversion recipe includes the presentation of optimal measurement frequency
and optimal electrode placement to collect the measurement data, which lead to estimate
the parameter of interest in the model, i.e., the conductivity of interior body. In Chapter
3, we also develop a double-loop Monte-Carlo (DLMC) method for the EIT problem to
calculate the expected information gain as well as a stochastic optimization to obtain the
optimal designs for the EIT problem.

1.3 Laplace Approximation for Electrical Impedance Tomography
Inverse Problem

In order to compute the expected information gain (EIG), we apply a double-loop Monte
Carlo method which is in fact a sampling-based method. It utilises the Bayes' rule and sample
from the prior distribution of the parameter of interest, and the likelihood distribution to
calculate the EIG. In this process, the data evidencep(y) has to be also calculated through
the inner loop, which results in high complexity in computations, specially when the forward
problem is not easily possible to assess, for instance in PDE governed inverse problems such
as EIT.

Instead of using the double-loop Monte Carlo method, which is computationally very
expensive, an alternative is to exploit a Laplace approximation to the posterior to reduce

5



1 Introduction

the computational complexity. This approach estimates the posterior distribution using a
Gaussian approximation and accelerates the estimation of the expected information gain
signi�cantly [ 33, 34, 35, 36]. Laplace approximation provides an analytical expression for
the posterior distribution of the unknown parameter � by �tting a Gaussian distribution
[37, 38]. The mean for the target Gaussian distribution is obtained via the Maximum a
Posteriori (MAP) estimation and the covariance of the distribution is found via the Fisher
information matrix, which is obtained through the Hessian inverse of the forward problem.

Assume � 2 RNp is the parameter of interest, and has a multivariate Gaussian prior
distribution. Further assume that the likelihood density function is de�ned by p(Y� j� ) :=
exp(� 1

2kg� (� ) � Y� k2
� noise

), where Y� = f Y i
� gM

i =1 are the measurement data (which are
obtained via the experiment with the design � ), and g� is the forward problem which is
in most of the cases a (partial) di�erential equation. The noise � = f � i gM

i =1 is assumed to
be a Gaussian additive noise� � N (0; � noise). According to the Bayes' rule, the posterior
distribution of the parameter � can be obtained by

p(� jY� ) / P(Y� j� ) P(� ):

which means the posterior of the parameter� is proportional to the product of the likelihood
function and the prior pdf, and it can be represented by

p(� jY� ) = p(� jf Y i
� g) /

MY

i =1

exp
�

�
1
2

(Y i
� � g� (� ))T � � 1

noise(Y
i

� � g� (� ))
�

p(� ):

The Laplace approximation of the posterior distribution is a Gaussian distribution

p(� jY� ) � N (�̂; � post);

where �̂ is the MAP estimation of the negative logarithm of the posterior pdf, and � post is
the negative inverse Hessian of the log posterior pdf evaluated at̂� .

Considering the Laplace approximation of the posterior, and a fast estimation of it
presented in [34, 36], the expected information gain (EIG) can be estimated in a much more
faster way than the double-loop Monte Carlo method. Using the Laplace approximation,
the complexity of having a nested integral will be reduced to an integral over the parameter
space, which can be estimated via a standard Monte Carlo method or multilevel approaches
[39, 40, 41]

In Chapter 4, we will consider a simpler version of the nonlinear EIT problem with
the same domain as it is considered in Chapter 3. To solve the proposed EIT model, the
�rst order Galerkin �nite element method is used and in order to illustrate the numerical
solution, a cross-section of a human right leg is assumed as the computational domain, where
eight electrodes are attached to its boundary. The main domain includes three di�erent
subdomains: bone, muscle, and fat. Each subdomain has its own electrical conductivity
and in the solution of the forward problem, the FEM mesh is aligned with the inclusions
such that each element has a constant value for the coe�cientA in the EIT model.

In Chapter 4, we will develop a Laplace approximation methodology for this PDE governed
inverse problem, and will estimate the posterior distribution for the conductivity of the
body interior tissues. We will also estimate the expected information gain (EIG) using the
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1.4 Multilevel Monte-Carlo Methods for Optimal Bayesian Experimental Design

Laplace approximation approach for this inverse problem for a given design of experiment.
We expect a signi�cant improvement in the performance in terms of computational cost
in the Laplace approximation comparing to the double-loop Monte Carlo approach as the
problem is reduced to a single-loop integration.

1.4 Multilevel Monte-Carlo Methods for Optimal Bayesian
Experimental Design

Despite the Monte Carlo and double-loop Monte Carlo methods are very useful approaches
for the estimation of expectations as well as nested expectations, they can be computationally
expensive, particularly when the cost of generating individual stochastic samples is very
high. This might happen when we are dealing with stochastic PDEs, or in the case of
PDE-governed inverse problems. In such problems, usually there are some features to
trade-o� between accuracy and computational costs in the evaluation of the underlying
function or equation that should be estimated for each sample in the Monte Carlo approach.
In the other word, higher accuracy leads to higher computational costs. As an example,
the computational cost and accuracy of the solution in a PDE with random input data
depend on the �nite element discretization and mesh sizeh. For the coarser mesh size the
accuracy is low while the CPU time for solving the PDE also decreases, but for �ner mesh
sizes accuracy and running time will be quite high. The creative idea here is to use some
levels in the Monte Carlo process to take most samples in the starting levels (with coarser
mesh size) with a low accuracy and corresponding low cost, and only very few samples
are taken in �nal levels with high accuracy and high cost. This approach and its various
extensions are the so-called Multilevel Monte Carlo (MLMC) methods which greatly help
to reduce the computational costs by distributing the samples among the levels.

Giles [42, 43] introduced the Multilevel Monte Carlo (MLMC) in the context of stochastic
di�erential equations (SDEs) for option pricing, however, earlier traces are back to the work
in parametric integration by Heinrich [ 44]. In MLMC approach, the telescoping sum is
being considered as

E[ZL ] = E[Z0] +
LX

`=1

E[Z ` � Z ` � 1];

in which each term on the right hand side can be computed using the standard Monte Carlo
method with N ` samples drawn in level`.

Since early works, the multilevel Monte Carlo method has been successfully applied
for various applications in computational science and engineering. These applications
include the stochastic drift-di�usion-Poisson system for modeling nano-scale semiconductor
devices [45, 46], applications to stochastic partial di�erential equations (SPDEs) or PDEs
with random coe�cients [ 47, 48], and computing posterior expectations in elliptic inverse
problems [49]. Sinha and Chakrabarty [50] present a review of the recent developments
on the Multilevel Monte Carlo (MLMC) approach with applications in option pricing and
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�nancial risk management. They discuss how to incorporate the importance sampling
in conjunction with the MLMC estimator in order to achieve variance reduction in the
estimator. They also discuss e�cient algorithms in order to estimate the risk measures
of Value-at-Risk (VaR) and Conditional Value-at-Risk (CVaR). To this end, an adaptive
sampling algorithm is constructed for e�cient estimation of the nested expectations, which,
in general is computationally expensive [51].

In spite of widely use of Multilevel Monte Carlo method, there are still many problems in
machine learning and statistics which involve nested expectations where the conventional
(multilevel) Monte Carlo (MC) estimation is not enough. Among various applications, we
focus on the calculation of the expected information gain (EIG) in the Bayesian experimental
design problems [52]. The general form of the EIG is the following nested integral

I =
Z

Y
f

� Z

X
g(y; x)dx

�
dy;

for which the standard method to estimate numerically is the double loop Monte Carlo
(DLMC) estimator [33], which is de�ned by

I DLMC =
1
N

NX

n=1

f
� 1

M

MX

m=1

g(y(n) ; x(n;m ) )
�

;

where y(n) and x(n;m ) are obtained by i.i.d sampling in the data and parameter spaces, i.e.,
Y and X , respectively. We will explain this approach in details in Section 2.5.

To exploit the MLMC idea to construct an e�cient estimator for the EIG, �rst we de�ne
an increasing geometric sequence,M ` = M 0 2` , for the number of inner samples at level
`, and to determine the number of outer samples in an optimal way [41]. Another option
is to use the multilevel approach to estimate the single integral over the parameter space
obtained through the Laplace approximation procedure [39] (see Chapter 4). In this case,
one should rely on the �nite element discretization mesh sizeh` in each level `. In this
approach, the coarser mesh sizes are used in early levels with more number of samples, and
on the opposite side, �ner FEM mesh sizes are used for the �nal levels in which the cost of
evaluating the forward PDE problem is high due to the smaller mesh sizeh` .

As an extension to (multilevel) Monte Carlo methods, randomised quasi-Monte Carlo
(ML)RQMC method is another sampling approach, where low-discrepancy sequences such
as the Halton sequence [53] and the Sobol sequence [54] are employed to achieve variance
reduction. The MLRQMC method was �rst introduced in [ 55] and developed for a PDE
problem in [56]. Figure 1.2 shows visually the points sampled in 2D with di�erent point
sets.

The main di�erence between the (multilevel) quasi-Monte Carlo and the original one is
the way the samples are chosen. Bartuska et. al. [40] developed a randomized quasi Monte
Carlo method to estimate nested integrals where they exploit this approach to evaluate the
expected information gain (EIG). In Chapter 5 of this thesis, we present a new approach
by combining multilevel double-loop Monte Carlo and a randomised quasi Monte Carlo
method, namely multilevel double-loop randomised quasi Monte Carlo (ML-DL-RQ-MC)
for the estimation of the EIG, where we use Goda's [41] approach for the nested integrals.
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1.5 Epidemiological Models

Figure 1.2: 200 points sampled in 2D with a uniform random (left), Halton (middle), Sobol
(right) sequences.

1.5 Epidemiological Models

Mathematical modeling of epidemiological diseases using di�erential equations are of great
importance in order to recognize the characteristics of the diseases and their outbreak.
The coronavirus COVID-19 pandemic was a new infectious disease in recent years which
emerged from China in fall 2019 and then spread around the world. The limitations in
result of this outbreak did in
uence all people and countries in social, economical, political
aspects. This pandemic spreads through (micro-) droplets and its outbreak speed was very
high. The �rst reported case of SARS-CoV-2 was identi�ed in Wuhan, China. The �rst
case outside of China was reported in Thailand on 13 January 2020 [57]. Since then, this
ongoing outbreak had spread all over the world [58]. In the �rst wave of this pandemic, till
May 21st 2020, the number of 5 230 000 individuals this pandemic had infected around the
world and more than 335 000 deaths was reported. Despite restrict measures and limitations
by governments, this pandemic which lasted for couple of years through di�erent waves.
In the very �rst wave, out of more than 2 780 000 active cases around the world, 2% were
critical patients, in the time of publication of our work in [ 59]. One of the main sources
which collected the data of pandemic in each country separately was the Johns Hopkins
CSSE database (https://github.com/CSSEGISandData/COVID-19). On March 10, 2023,
the Johns Hopkins Coronavirus Resource Center ceased its collecting and reporting of global
COVID-19 data.

The COVID-19 pandemic was �rst o�cially con�rmed to have spread to Austria on 25
February 2020 and till May 21st 2020 (which is considered for the modeling at the time
of publication of [59]. This period of time covers almost the �rst wave of the pandemic
in Austria) more than 16 400 people were infected and 633 deaths and 833 active cases
were reported. Various databases have reported di�erent numbers and some of them
update their daily reported data even for preceding days. For instance, the Federal
Ministry of Social A�airs, Health, Care and Consumer Protection, Republic of Austria
(https://info.gesundheitsministerium.at), has updated the number of deaths till May 21 to
657. However, here we have used the Johns Hopkins CSSE database. Figure 1.3 displays
daily con�rmed cases in Austria as well as the total cumulative count of con�rmed, active,
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and fatality cases in Austria. By removing deaths and recoveries from total cases, we obtain
the \currently infected cases" or \active cases" (cases still awaiting an outcome).

Figure 1.3: (left) Daily con�rmed count of coronavirus infected cases and (right) total
cumulative count of con�rmed infected, active and fatality cases (till May 21st
2020) in Austria.

Infected people needed breathing assistance and a large number of them required medical
treatment in an intensive care unit (ICU). Countries which were a�ected by COVID-19
attempted to keep the daily number of cases below the capacity of their health care
system. In order to avert the disastrous inundation of hospitals, the virus had be kept
from spreading fast. To this end, countries implemented protective measures such as
closing schools, canceling mass gatherings, working from home (home o�ce), self-quarantine,
self-isolation, avoiding crowds, social distancing, wearing protection masks, etc.

In Chapter 6 which is based on our published work in [59], we propose Bayesian inference
for the analysis of the COVID-19 data in order to estimate the crucial unknown quantities
of the pandemic models. We use an adaptive MCMC method to �nd the probability
distributions and con�dence intervals of the epidemiological models parameters using the
Austrian infection data. We use this analysis for the prediction of the duration of the
epidemic in Austria as well as the total number of infected people and fatalities. The model
validation shows a very good agreement between the computational and measurement data
of infections in Austria which proves the reliability and the accuracy of the predictions. This
is of great importance for making governmental decisions in implementing the measures in
order to prevent the spread of the virus.

The estimated parameters and the analysis of fatalities provide useful information for
decision makers and makes it possible to perform more realistic forecasts of future outbreaks.
According to our Bayesian analysis for the logistic model, the growth rate and the carrying
capacity are estimated respectively as 0:28 and 14 974. Moreover for the parameters of
the SIR model, namely the transmission rate and recovery rate, we estimate 0:36 and
0:06, respectively. Additionally, we obtained an average infectious period of 17 days and a
transmission period of 3 days for COVID-19 in Austria. We also estimate the reproduction
number over time for Austria. This quantity is estimated around 3 on March 26, when the
�rst recovery was reported. Then it decays to 1 at the beginning of April. Furthermore,
we present a fatality analysis for COVID-19 in Austria, which is also of importance for
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governmental protective decision making. According to our analysis, the case fatality rate
(CFR) is estimated as 4% and a prediction of the number of fatalities for the coming 10
days is also presented. Additionally, the ICU bed usage in Austria indicates that around
2% of the active infected individuals are critical cases and require ICU beds. Therefore, if
Austrian governmental protective measures would not have taken place and for instance if
the number of active infected cases would have been around �ve times larger, the ICU bed
capacity could have been exceeded.

1.6 Conclusions

The focus of the thesis is on the inverse UQ methods and more speci�cally on the Bayesian
inversion and optimal experimental design for inverse problems. After giving some prelim-
inaries in Chapter 2, we focus on developing theory and numerical methods in Bayesian
inversion and optimal Bayesian experimental design to estimate posterior distribution as
well as the expected information gain (Chapters 3-6). The applications include electrical
impedance tomography (EIT) in medical imaging, an inverse problem in Biology and
Medicine, as well as in epidemiological models. The main part of this dissertation is based
of following publications of the author:

ˆ A. Karimi , C. Heitzinger, Laplace Approximation for PDE Governed EIT Inverse
Problems. (2024), preprint.

ˆ A. Karimi , L. Taghizadeh, C. Heitzinger, Optimal Bayesian experimental design for
electrical impedance tomography in medical imaging, Computer Methods in Applied
Mechanics and Engineering 373 (2021) 113489.

ˆ L. Taghizadeh, A. Karimi , B. Stadlbauer, W. J. Weninger, E. Kaniusas, C. Heitzinger,
Bayesian inversion for electrical-impedance tomography in medical imaging using the
nonlinear Poisson{Boltzmann equation, Computer Methods in Applied Mechanics
and Engineering 365 (2020) 112959.

ˆ L. Taghizadeh, A. Karimi , E. Presterl, C. Heitzinger, Bayesian inversion for a bio�lm
model including quorum sensing, Computers in Biology and Medicine 117 (2020)
103582.

ˆ L. Taghizadeh, A. Karimi , C. Heitzinger, Uncertainty quanti�cation in epidemio-
logical models for the COVID-19 pandemic, Computers in Biology and Medicine 125
(2020) 104011.
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2 Optimal Bayesian Experimental Design in
Inverse Problems

In this chapter, the goal is to explain the Bayesian optimal experimental design approach
for inverse problems. As this method is based on the statistical Bayesian inversion, we �rst
give a brief overview on Bayesian inverse problems and the so-called Markov Chain Monte
Carlo (MCMC) methods. Then we will switch to optimal experimental design.

2.1 Bayesian Inverse Problems

Bayesian inversion is a statistical inference approach, which is a robust and reliable technique
to quantify the uncertain parameters of mathematical models including partial di�erential
equations. In this section, �rst, we explain the formulation of Bayesian inverse problems in
the �nite-dimensional setting using Bayes theorem, and then we aim to describe the Bayesian
inversion in the in�nite-dimensional setting in the sense of Radon-Nikodym derivative.

Assume a given probability space (
; F; P ), where 
 is the set of elementary events (sample
space),F a � -algebra of events, andP a probability measure. The solution of the Bayesian
inverse problem is the posterior density that best re
ects the distribution of the unknown
parameter based on the given a prior knowledge on the parameter (prior distribution) as
well as the observations (data likelihood distribution). Hence, the measurement model is
de�ned by

Y = g(� ) + �; (2.1)

where � is the measurement noise, which is a mean-zero random variable,� 2 � denotes the
uncertain parameters of the model,Y 2 Y is a given random variable representing observed
data or measurements, andg: � ! Y is the parameter-to-observable map[1].

Bayes' Theorem in terms of probability densities can be written as

p(� jY ) =
p(� )p(Y j� )

p(Y )
(2.2)

with

p(Y ) :=
Z

Rn
p(� )p(Y j� )d� 6= 0 ; (2.3)

where the unknown parameters� = ( � 1; : : : ; � n ) 2 Rn and the observed dataY are realiza-
tions of the random variables of the quantity of interests and measurement data, respectively.
Furthermore, p(� ), p(� jY ), and p(Y j� ) are the probability density functions of the prior,
posterior, and (data) likelihood distributions, respectively. A probability density function
is density of a continuous random variable, which is used to specify the probability of the
random variable falling within a particular range of values. The density p(Y j� ) of the data
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provides information from the measurement data to update the prior knowledge, and it is
well-known as the likelihood density function. The goal of Bayesian inversion is to estimate
the posterior probability density function p(� jY ), which re
ects the uncertainty about the
quantity of interest � using measurement dataY .

Equation (2.2) gives the posterior density and summarizes our beliefs about� after we
have observedY . Therefore, Bayes' Theorem for inverse problems can be stated as follows.

Theorem 1 (Bayes' Theorem for inverse problems [1, 2]). Let p(� ) be the prior probability
density function of the realizations � of the random parameter of interest. Let Y be a
realization of the measurement data. Then the posterior density of� given the measurements
Y is

p(� jY ) =
p(� )p(Y j� )

p(Y )
=

p(� )p(Y j� )R
Rn p(� )p(Y j� )d�

: (2.4)

Computing the integral appearing in Bayes' Theorem 1 is costly especially if the parameter
spaceRn is high-dimensional. Another problem with quadrature rules is that they require a
relatively good knowledge of the support of the probability distribution, which is usually
part of the information that we seek [1, 2]. In Section 2.2 we shortly discuss the numerical
algorithms for Bayesian estimation, namely generating samples by Monte-Carlo methods,
which do not require evaluations of the integral. An advantage of the �nite-dimensional
setting is the existence of the Lebesgue measure, in the sense that the prior and posterior
measures possess a density with respect to the Lebesgue measure.

To describe the Bayesian approach on function spaces, we formulate Bayes' Theorem
in a measure-theoretic framework, which is suitable for problems on in�nite-dimensional
spaces. To this end, assume that (�; k � k� ) (in�nite-dimensional) and ( Y; k � kY ) (possibly
in�nite-dimensional) are separable Banach spaces and� 2 � is a random variable distributed
according to prior measure� 0 on �, in which our prior beliefs about the unknown parameter
� are described. We assume the distribution of the measurement error� (data likelihood) is
de�ned by

� (Y j� ) := � (Y � g(� )) : (2.5)

Then, the posterior probability measure � Y for � 2 � given Y 2 Y , is de�ned by

� (� jY ) =
� 0(� )� (Y � G(� ))R

� � 0(� )� (Y � g(� ))d �
(2.6)

using Bayes' formula, where� 0 and � are the prior and posterior density functions and
correspond to the probability measures� 0 and � Y , respectively. Thus, we have

� (� jY ) / � 0(� )� (Y � g(� )) (2.7)

with a constant of proportionality depending only on Y .
As in in�nite-dimensional spaces there is no density with respect to the Lebesgue measure,

Bayes' rule should be interpreted as providing the Radon-Nikodym derivative between
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the posterior measure� Y (d� ) = P(d� jY ) (with density � (� jY )) and the prior measure
� 0(d� ) = P(d� ) (with density � 0), yielding

d� Y

d� 0
(� ) / � (Y � g(� )) : (2.8)

Without loss of generality, since the density � is nonnegative, we can view the right-hand
side as the exponential of the negative of �(�; Y ), where � : � � Y ! R is a potential
function [3]. Hence, equation (2.8) can be rewritten as

d� Y

d� 0
(� ) / exp (� �( �; Y )) ; (2.9)

which gives a more general de�nition for the posterior measure in the in�nite-dimensional
setting using the Radon-Nikodym derivative, and generalizes the Bayes rule for the function
spaces. According to this equation, the prior measure should be absolutely continuous with
respect to the posterior measure, i.e.,� 0 � � Y .

More precisely, the posterior measure� Y can be formulated as

d� Y

d� 0
(� ) =

1
C(Y )

exp (� �( �; Y )) ; (2.10)

where C(Y ) is a normalization constant and chosen such that� Y is a probability measure,
i.e.,

C(Y ) :=
Z

�
exp (� �( �; Y ))d � 0(� ): (2.11)

Furthermore, we assume that� 0(�) = 1 holds for the in�nite-dimensional separable Banach
space �. This was a brief explanation on the �nite- and in�nite-dimensional setting of
Bayesian inverse problems. For more details, we refer to [1, 3].

It is worth to mention that usually the posterior distribution is intractable and has no
closed form. However, it is well known that Gaussian prior and likelihood measures, and a
linear parameter-to-observable mapg lead to a Gaussian posterior measureN (mpost ; � post).
More precisely, we assume a Gaussian prior� 0 = N (m0; � 0), and that the data is given by

Y = g(� ) + � = A� + �; � � (0; � � ); (2.12)

where A is the matrix corresponding to the linear parameter-to-observable mapg. Then
the posterior measure has a Gaussian distribution with the following covariance and mean:

� post :=
�
AT � � 1

� A + � � 1
0

� � 1 (2.13)

and
mpost := � post(AT � � 1

� Y + � � 1
0 m0): (2.14)
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2 Optimal Bayesian Experimental Design in Inverse Problems

2.1.1 Well-posedness of Bayesian Inversion

In this subsection, we give a brief overview for the well-posedness of the Bayesian inversion
according to [3]. To this end, we �rst de�ne the Hellinger distance between probability
measures on �, and then we de�ne the well-posedness of Bayesian inverse problems.

De�nition 1 (Hellinger distance). Suppose� 1; � 2 and � denote probability measures on�
such that � 1; � 2 � � . Then, the Hellinger distance between� 1 and � 2 is de�ned by

dHell (� 1; � 2) :=
� 1

2

Z

�

� r
d� 1

d�
�

r
d� 2

d�

� 2
d�

� 1
2 : (2.15)

De�nition 2 (Wellposedness). The Bayesian inverse problem given by(2.10), for any prior
measure� 0 on Banach space� and any likelihood potential function � , is well-posed if the
following two properties are satis�ed:

1. (Well-de�nedness) There exists a unique posterior probability measure� Y given by
(2.10), where � Y � � 0.

2. (Stability) The posterior measure � Y is Lipschitz continuous with respect to the data
Y in the Hellinger metric, i.e., there exists a positive constantC = C(r ) such that

dHell (� Y1 ; � Y2 ) � CkY1 � Y2kY : (2.16)

for all Y1; Y1 2 Y with max (kY1kY ; kY2kY ) < r , and for any r > 0.

The following assumptions ([3, Assumption 2.6]) on the log-likelihood function � guarantee
that the corresponding Bayesian inverse problem in the in�nite-dimensional setting is well-
posed.

Assumptions 1. Assume that � and Y are Banach spaces, and potential function� : � �
Y ! R satis�es the following properties:

1. For an � 1 > 0 and every r > 0, there is a constant M (� 1; r ) 2 R such that for all
� 2 � and y 2 Y with kYkY < r

�( � ; Y ) � M � � 1k� k� :

2. For every r > 0, there exists a constantK = K (r ) > 0 such that for all � 2 � and
Y 2 Y with maxfk � k� ; kYkY g < r

�( � ; Y ) � K:

3. For every r > 0, there exists a constantL = L(r ) > 0 such that for all � 1; � 2 2 � and
Y 2 Y with maxfk � 1k� ; k� 2k� ; kYkY g < r

�
� �( � 1; Y ) � �( � 2; Y )

�
� � Lk� 1 � � 2k� :
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2.2 Markov-Chain Monte-Carlo Methods

4. For an � 2 > 0 and for any r > 0, there exists a positive constantC = C(� 2; r ) such
that for all � 2 � and Y1; Y2 2 Y with max (kY1kY ; kY2kY ) < r ,

�
� �( � ; Y1) � �( � ; Y2)

�
� � exp(� 2k� k� + C)kY1 � Y2kY : (2.17)

The following two theorems state the well-de�ndness and stability of the Bayesian posterior
measure if Assumptions 1 hold true.

Theorem 2 (Well-de�nedness, [3, Thm. 4.1]). Suppose that� and Y are Banach spaces
and the likelihood potential function � satis�es Assumptions 1 (1), (2) and (3). Further
assume that� 0 is a Gaussian measure with� 0(�) = 1 . Then, the posterior measure� Y in
(2.10) is a well-de�ned probability measure on� .

Theorem 3 (Stability, [ 3, Thm. 4.2]). Suppose that� and Y are Banach spaces and the
likelihood potential function � satis�es Assumptions 1 (1), (2) and (4). Further assume
that � 0 is a Gaussian measure with� 0(�) = 1 , and that � Y � � 0 with Radon-Nikodym
derivative given by (2.10). Then, the posterior measure� Y is Lipschitz continuous in the
data Y with respect to the Hellinger distance.

If the observation space is �nite-dimensional, the well-posedness Assumptions 1 on the
potential function are reduced to the following two properties [3]:

Assumptions 2. Assume that � is a Banach space with� 0(�) = 1 , and the parameter-to-
observable mapg: � ! Rm satis�es the following two conditions:

1. For every � > 0, there exists a constantM = M (� ) 2 R such that for all � 2 �

kg(� )k� � � exp(M + � k� k� ):

2. For every r > 0, there exists a constantL = L(r ) > 0 such that for all � 1; � 2 2 � with
maxfk � 1k� ; k� 2k� g < r ,




 g(� 1) � g(� 2)






� �
� Lk� 1 � � 2k� :

Then, the likelihood potential satis�es the well-posedness Assumptions 1.

2.2 Markov-Chain Monte-Carlo Methods

Markov-chain Monte-Carlo (MCMC) methods are a class of Monte-Carlo methods with the
general idea of constructing Markov chains whose stationary distribution is the posterior
density of the unknown parameter, given a prior density and the measurement data [1]. In
the following subsections, �rst we introduce the standard random-walk Metropolis-Hastings
(MH) and then an adaptive MH algorithm.
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2 Optimal Bayesian Experimental Design in Inverse Problems

2.2.1 Standard Metropolis-Hastings algorithm

The Metropolis-Hastings (MH) algorithm is an MCMC algorithm to draw samples from a
desired distribution by building a Markov-chain of accepted values (out of proposed values)
for the unknown parameter as a posteriori distribution. In this algorithm, the �rst state of
the chain � 0 is given and the new state� k ; k = 1 ; 2; : : : ; N of the chain is constructed based
on the previous state� k� 1. To this end, a new value� � is proposed using the proposal density
function J (� � j� k� 1) = N (� k� 1; � 2

n ), where � n is the proposal covariance. Admissibility of
this proposed value is tested by means of calculating the acceptance ratio� (� � j� k� 1), which
is de�ned by

� (� � j� k� 1) = min
�

1;
p(� � jY )

p(� k� 1jY )
�

J (� k� 1j� � )
J (� � j� k� 1)

�
; (2.18)

where p(� jY ) and J are respectively posterior and the proposal distributions. Applying
Bayes' Theorem of inverse problems, we calculate� as

� (� � j� k� 1) = min
�

1;
p(Y j� � )p(� � )

p(Y j� k� 1)p(� k� 1)
�

J (� k� 1j� � )
J (� � j� k� 1)

�
; (2.19)

where J (� k� 1j� � ) = J (� � j� k� 1) for symmetric proposal functions and p(� ) is a given prior
distribution. Furthermore, p(Y j� ) is the likelihood distribution which is de�ned by

p(Y j� ) = N (Y; � 2
L ) =

1
(2�� 2

L )n=2
e� S� =2� 2

L ; (2.20)

where � L is the likelihood covariance,S� :=
P L

i =1 (Yi � g(� ))2 is the sum of squares error and
g(� ) denotes the parameter-dependent model response. If the proposed value is admissible,
it is accepted as� k , otherwise the old value is kept. The mechanism of acceptance and the
evolution of the chain are clearly described in Algorithm 1, which is an adaptive MCMC
algorithm and will be explained in the next subsection. More details can be found for
example in [4, 5, 6, 7] and we refer the reader especially to [1, Chapter 8].

Although the convergence speed is determined by the choice of a good proposal distribution,
at least tens or hundreds of thousands of samples are necessary to converge to the target
distribution. Choosing the optimal proposal scaling is a crucial issue and a�ects the MCMC
results; if the covariance of the proposal distribution is too small, the generated Markov
chain moves too slowly, and if it is too large, the proposals are rejected. Hence, optimal
proposal values should be found to avoid both extremes, which leads to adaptive MCMC
methods [8, 9, 10]. In the following section, we will consider an adaptive algorithm that
helps sample from potentially complicated distributions.

2.2.2 Delayed-Rejection Adaptive-Metropolis algorithm

Searching for a good proposal value can be done manually through trial and error, but
this becomes intractable in high dimensions. Therefore, adaptive algorithms that �nd
optimal proposal scales automatically are advantageous. The delayed-rejection adaptive-
Metropolis (DRAM) algorithm is an e�cient adaptive MCMC algorithm [ 9]. It is based on
the combination of two powerful ideas to modify the Markov-chain Monte-Carlo method,
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2.2 Markov-Chain Monte-Carlo Methods

namely adaptive Metropolis (AM) [ 11, 12] and delayed-rejection (DR) [13, 14], which are
used as global and local adaptive algorithms, respectively. AM �nds an optimal proposal
scale and updates the proposal covariance matrix, while DR updates the proposal value
when � � is rejected.

The basic idea of the DR algorithm is that, if the proposal � � is rejected, delayed rejection
(DR) provides an alternative candidate � �� as a second-stage move rather than just retaining
the previous value � k� 1. This process is called delayed rejection, which can be done for
one or many stages. Furthermore, the acceptance probability of the new candidate(s) is
calculated. Therefore, in the DR process, the previous state of the chain is updated using
the optimal parameter scale or proposal covariance matrix that has been calculated via the
AM algorithm.

The AM algorithm is a global adaptive strategy, where a recursive relation is used to
update the proposal covariance matrix. In this algorithm, we take the Gaussian proposal
centered at the current state of the chain� k and update the chain covariance matrix at the
k-th step using

Vk = snCov(� 0; � 1; : : : ; � k� 1) + "I n ; (2.21)

where sn is a design parameter and depends only on the dimensionn of the parameter
space. This parameter is speci�ed assn := 2 :382=n as the common choice for Gaussian
targets and proposals [15], as it optimizes the mixing properties of the Metropolis-Hastings
search in the case of Gaussians. Furthermore,I n denotes then-dimensional identity matrix,
and " � 0 is a very small constant to ensure thatVk is not singular, and in most cases it
can be set to zero [9].

The adaptive Metropolis algorithm employs the recursive relation

Vk+1 :=
k � 1

k
Vk +

sn

k

�
k� k� 1�

>
k� 1 � (k + 1) � k �

>
k + � k � >

k

�

to update the proposal covariance matrix, where the sample mean� k is calculated recursively
by

� k = � k +
k

k + 1
(� k� 1 � � k ):

A second-stage candidate� �� is chosen using the proposal function

J2(� �� j� k� 1; � � ) := N (� k� 1; 
 2
2Vk ); (2.22)

whereVk is the covariance matrix produced by the adaptive algorithm (AM) as the covariance
of the �rst-stage and 
 2 < 1 is a constant. The probability of accepting the second-stage
candidate, having started at � k� 1 and rejected � � , is

� 2(� �� j� k� 1; � � ) := min
�

1;
p(� �� jY )J (� � j� �� )(1 � � (� � j� �� ))

p(� k� 1jY )J (� � j� k� 1)(1 � � (� � j� k� 1))

�
; (2.23)

where � is the acceptance probability (2.24) in the non-adaptive approach. The acceptance
probability is computed so that reversibility of the posterior Markov chain is preserved
(for more details see for example [1, Section 8.6]). The DRAM technique is summarized in
Algorithm 1.

25



2 Optimal Bayesian Experimental Design in Inverse Problems

Algorithm 1 The DRAM algorithm
Initialization:
Choose the �rst state of the chain � 0 such that p(� 0) > 0.
Choose the numberNsamples of samples or iterations.
Choose the parameter" .
Choose the initial proposal covariance matrixV0 (diagonal or symmetric).
Choose the factor
 (often 
 := 1=5) for the second-stage proposal distribution.
for k = 1 : Nsamples do

1. (Adaptivity:) The covariance matrix Vk in the k-th step is updated by (2.21).

2. A �rst-stage proposal � � is generated fromJ (� � j� k� 1) := N (� k� 1; Vk ).

3. The new value� � is accepted with probability

� (� � j� k� 1) = min
�

1;
p(� � jY )

p(� k� 1jY )
�

J (� k� 1j� � )
J (� � j� k� 1)

�
: (2.24)

4. If the new state is accepted, we set� k = � � . Otherwise:

a) (Delayed rejection:) A second-stage proposal� �� is generated from proposal
density

J2(� �� j� k� 1; � � ) := N (� k� 1; 
 2
2Vk ); (2.25)

where Vk is the adapted covariance matrix.

b) The new value � �� is accepted with probability

� 2(� �� j� k� 1; � � ) := min
�

1;
p(� �� jy)J (� � j� �� )(1 � � (� � j� �� ))

p(� k� 1jY )J (� � j� k� 1)(1 � � (� � j� k� 1))

�
:

(2.26)

c) If the new state is accepted, we set� k := � �� , otherwise � k := � k� 1.
end for
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2.2.3 An Application in Biology

In order to understand the growth of bio�lms in biology, we have developed a mathematical
model based on parabolic partial di�erential equations (PDE) that describes the time-
dependent evolution of the size of the bio�lm [16]. The model contains parameters such as
growth rate and cooperation that cannot be determined directly from experimental data.
We therefore solve the corresponding inverse problem to estimate these important parameter
values. Here, we use Markov-chain Monte-Carlo techniques and speci�cally the DRAM
algorithm for a simpli�ed version of the original model.

This section is a part of author's work in [16].

The original model (1-3) in [16] can be rewritten in polar coordinates as

@u
@t

= A
@2u
@r2

+
A
r

@u
@r

+ �u (1 � u=� ) � 
 (t)(1 � v)u; (2.27a)

@v
@t

= � max
�
0; arctan

�
� (q(u) � � )

��
v � �v 2; (2.27b)

where
q(u)( t; r ) :=

�
u(t; �) � rG(�)

�
(r ) (2.28)

and

G(r ) :=
1

2�� 2 exp
�

�
r 2

2� 2

�
; (2.29)

with the initial conditions

u(t = 0 ; r ) = exp( � r 2=10); (2.30a)

v(t = 0 ; r ) = exp( � r 2=10); (2.30b)

which are symmetric, and with zero Neumann boundary condition foru. Here, A, � , � ,
� , � , � and � denote positive constants which describe the growth of the bio�lm. For
more detail on the model, we refer to our work in [16]. We have implemented the PDE
model (2.27){ (2.30) of growth and degradation of bio�lms including quorum sensing by
means of the method of lines (MOL) and present the results in the the rest of this section.
MOL is a technique for solving partial di�erential equations by discretizing in all but one
dimension and then integrating the semi-discrete problem as a system of ODEs. Here,
the discretization in space is done utilizing the �nite-di�erence method, and the resulting
ODE system in time is solved using a multistep solver based on numerical di�erentiation
formulas (NDFs). Here, we present simulation results for the model(2.27){ (2.30). We
assume a circular dish with diameter 35mm centered at the origin as the growth space and
the computational domain for the bio�lms, which are initially located at the center of the
dish. Bio�lm growth is monitored for about six hours. The goal is to calculate the area
covered by the bio�lm every hour. In these simulations, the initial bio�lm was located at
the center of the dish. We �nd the largest circle in the computational domain where the
concentration is above a certain threshold and calculate the relative coverage using the area
of this circle.
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Fig. 2.1 shows concentrations of bio�lms for three di�erent growth rates � = 1 :01, 1:03
and 1:05. In fact, if two populations of bacteria start to grow with the same di�usion
constant but di�erent growth rates, the one with higher growth rate creates a much more
concentrated and thicker bio�lm. Furthermore, the numerical results show larger coverage
area for a bigger growth rate.

Figure 2.1: Bio�lm concentration for � = 1 :01 (left), � = 1 :03 (middle), and � = 1 :05
(right).

The approach here to solve the bio�lm inverse problem is Bayesian PDE inversion
[1, 17, 18]. In this method, we consider the unknown parameters as random variables and
calculate the posterior probability density that re
ects the distribution of the parameter
values based on the observations. Therefore, in this method, not a single parameter value
but its probability distribution is found. This is an advantage, since probability distribution
conveys information how well the parameters can be determined.

Fig. 2.2 illustrates the 9D Bayesian estimation results and it displays the marginal
histograms of the resulted posterior distribution of nine parameters of the bio�lm model
together with their mean values. The results give us con�dence intervals for each of the
unknown quantities as well.

The correlation between some of the model parameter pairs is illustrated in Figure 2.3 by
showing two dimensional histograms of the posterior distribution of the pairs calculated by
the DRAM algorithm. For the rest of the pairs, similar histograms have been obtained.

In order to verify the response of the presented bio�lm model, we compare the simulated
coverage using the optimal parameter values with the experimental data. Figure 2.4
illustrates this assessment and shows a very good agreement between the simulations and
the measurements, which proves the e�ciency of the presented mathematical model as well
as the robustness of the applied inverse methods for parameter estimation.
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